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Outline

@ Nonlinear contact problems: examples, pictures, set—up
@ FE-BE coupling, error estimates, adaptivity

@ Numerical examples

@ Stabilized mixed high—order boundary elements

Two references:

HG, M. Maischak, E. Schrohe, E. P. Stephan, Adaptive FE-BE coupling for strongly
nonlinear transmission problems with Coulomb friction, Numer. Math. (2011), 26 pages.

L. Banz, HG, A. Issaoui, E. P. Stephan, Stabilized mixed hp-BEM
for frictional contact problems in linear elasticity, Numer. Math. (2016), 47 pages.
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Laplace equation as energy minimization

Q) C R" bounded Lipschitz domain, f € H~1(Q).

Recall:

u € H'(Q2) solves the Dirichlet problem —Av =f, v|gq =0
<= uminimizes E(v) = 3 [(Vv)> = (f,v) over H}(Q)

inhomogeneous/anisotropic energy:

E(u) = %fQ(Vu(x))’D(x)Vu(x) —(f,u), D=D"> 0 ~> —div (DVu) =f
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Examples of nonlinear operators

E(u) = %fQ(Vu(x))’D(x)Vu(x) — (f,u) ~ —div (DVu) = f
p-Laplace: E(u) = 117]9 |VulP — (f,u) ~ —div (|VulP~2Vu) =f ,
p € (1,00)

@ models non-Newtonian fluids, Hencky materials in elasticity
@ p < 2 hair gel, glaciers, p > 2 thick emulsion of sand and water

phase transitions / bistable materials: double—well potential

(from S. Miller)

Ew) = [ [Vu— (1,0)PVu— (0. )F - {f.u)
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Boundary conditions

Neumann and Dirichlet:

Contact: Signorini (= nonpenetration, L. wall) and friction (|| wall)

(Our results are new even without these.)
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Nonlinear transmission problems with friction

transmission
u] — U2 = UQ
Fl B Pl IV’(Vul) = BV'U.Q = t(]

R"\ 0
—div Vua = —Aua =0

v - W' (Vui) — dyua = to, |z/ . W"'(Vul)‘ <g
v W (V) (ug + ug —ug) + gl(ug +us —uy)| =0
contact

How bad can W’ be? p-Laplace, double-well
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numerical error is large!

Vienna 2016 6/32



FE/BE approximation

Equivalent formulation W < W’:

E(u,uz) = [oW(Vuy) + 3 — Jofur — (to, u2]o0)

+j((ua — uy + uo)|r,) — ming

C = {(u1,u) of finite energy : (u1 — uz)|r, = uo , ur € Lo},
Lo~{w:Aw=0 inR"\Q, w—0atoo}.

jv) = / 8

Friction: E ¢ C!, because j ¢ C'.
Other contact conditions: E ¢ C! or min¢ (C closed convex).

Green’s formula = [0 (—0uum)uy =: [5o,(Suz|aq)uzlaq -
S Dirichlet-Neumann operator, ¥DO on 0.
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FE/BE approximation

Equivalent formulation W < W’:
E(u,uz) = [o W(Vur) + 3 [50(Sualon)usloq — [ofur — (to, u2]a0)
+ Jj((ua — uy +up)|r,) — ming
C = {(u1,up) of finite energy : (u; — uz)|r, = up , uz € L},
Lo~{w:Aw=0inR"\Q,w—0atoo}.

jv) = /F 8l

Friction: E ¢ C!, because j ¢ C'.
Other contact conditions: E ¢ C' or min¢ (C closed convex).

Green'’s formula = faQ —Oyr )uy = faQ(Su2|8Q)u2|8Q )

S Dirichlet=Neumann operator, ¥DO on 0f).
up =u; —upg+v, suppv C I's.
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FE/BE approximation

Equivalent formulation W «» W':

= Jo W(Vu) + 3 [0 (S(ulag + v)(uloq +v) — [o.fu— (to,v)
+jv)+C — ming

C = {(u,v) of finite energy : supp v C I',},

Friction: E ¢ C', because j ¢ C'.
Other contact conditions: E ¢ C' or min¢ (C closed convex).

Green’s formula = [0 (—0uu)uy =: [5c,(Suz|aq)uzlaq -
S Dirichlet-Neumann operator, ¥DO on 0.

up =u; —ug+v, suppv C I'y.
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FE/BE approximation

Equivalent formulation W « W’:
E(u,v) = JoW(Vu) + 3 [50(S(uloq +v))(uloq +v) = [of = (to,v)
+j(v)+C — ming

Numerical approximation: Finite Elements / Boundary Elements
(((+ convexify if W nonconvex)))

1
Ep(up,vy) = | W(Vup) + = (Sn(unloq + vi)) (unloq + vi) + L(up, vi)
Q 2 Joa

+jlvn) — n}in
‘h

Cn = {(un,vi) wwp =3 i 5jn, vie = 3 pvindy nloat -
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Dirichlet-Neumann operator — Why?

!Vu2!2=/ (—auuz\asz)uzlaQ:/ (Suz|aq)uz|a0
Q° 09 29

4 dim 992 = n — 1, 92 bounded

+ hp-boundary element methods: exponential convergence
+ compression/preconditioning: dense matrices ok

— homogeneous linear equations

— dense matrices: storage, time ~ (DOF)?, need optimization
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Dirichlet—Neumann operator / Multi-layer potentials

S elliptic pseudodifferential operator of order 1 on 992 (if 902 € C*)

Hz (0Q)—coercive: (Sulsq, ulan) > oju H2 o)

Computation via multi-layer potentials: S = W + (1 — K')V~1(1 - K)

| N _
Vo) = [ k)0 ds,. k<x,y>:{lzﬂloglx W

I el n=3.

W, K, K’ similar using normal derivatives of k.
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Final set—up

p>2: XP =W (Q)xH2(Ty), H2(Iy)={uecH2(dQ):suppu C Iy}
(VI): Find (it,v) € XP s. t. V(u,v) € XP:

(W' (Vir), V(u— i) + (S(itlog + V), (u — it)|ag +v — V)
+jv) —j») > Llu—i,v—1).

Theorem

(VI) is equivalent to contact problem / energy minimization,
unique solution if W(Vu) strictly convex.
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Final set—up

p>2: XP =W (Q)xH2(Ty), H2(Iy)={uecH2(dQ):suppu C Iy}

(V])hZ Find (Ifth,f/h) € XZ s. t. V(uh,vh) S Xi’:

n

(W' (Va), ¥ (up, — itn)) + (Su(iin|oq + Vn), (un — @n)|oq + vi — Vn)
+j(V]1) _J(‘A}h) > L(uh - I:lh,Vh - f)h) .

Theorem

(VI),, is equivalent to discretized energy minimization,
unique solution if W(Vu) strictly convex.
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Final set—up

p>2: XV =WW(Q)xH2(Ty), H2(Ty)={uecH2(Q):suppuc L}

(V)2 Find (iip, vs) € X s. 1. V(up, vi) € X

h-

(W' (NVip), V (uy, — an)) + (Sh(in|oq + Vi), (un — itn)aq + v — )
+jvn) —jn) = L(up — bp, v — Vi) -

Theorem

(VI),, is equivalent to discretized energy minimization,
unique solution if W(Vu) strictly convex.

p<2: WY(Q)3urs (Suls,ulsq) notcontinuous!

XP = {(u,v) € WP(Q) x W 0P () : utv e H (OQ))
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Theoretical results

Monotone problems

a) unique solutions i, i,

b) convergence: ||i — it, v — V4||x» — O if dist(X}, XP) — 0

c) a posteriori bounds for error in  and 92 can be coupled (adaptivity)
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Nonconvex functionals: Microstructure

Double-well (with Signorini contact):

/W(vu):/ |Vu — (—=1,0)? |[Vu — (0,1)?
Q Q

No existence / No uniqueness: Young measure solutions
Convexification: stable computation of macroscopic quantities
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Theoretical results

Monotone problems

a) unigue solutions i, i,

b) convergence: ||it — ip, V — Vylx» — O if dist(X},X?) — 0

c) a posteriori bounds for error in Q2 and 92 can be coupled (adaptivity)

Nonconvex problem: double-well

a) solution not unique

b) all solutions have same stress DW**(i), region of microstructure,
boundary value u|5q + v, some directional derivatives

c) convergence for these quantities as dist(X}, X”) — 0

d) a posteriori bounds for these quantities can be coupled (adaptivity)

o
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Adaptive algorithm in practice

error in energy norm (H1)

10

0.001

conf-uni-h-4 ——
conf-uni-h-3
adap-residualn.3, theta=0.90
f-uni-h-3-indic &
adap-residual-h-3, theta=0.60-indic
s
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=
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degrees of freedom

@ Start with coarse grid: (Ax); = hy VA;
@ Solve Eh(uh, Vh) — minch
© Compute error indicator n(A;)

Q (A

i) > Onmax —> refine
@ GOTO?2.

Heiko Gimperlein
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W(Vu) =

uy =

(e + |Vul)?,

p=3ande =107,

2/3s1n,,(<,0— %) .

Vienna 2016 14/32



Adaptive grid refinement (monotone problems)

Gradient recovery in Q as in Carstensen, Liu, Yan (Math. Comp. 2006)
Residual type estimator on 952

z node, ¢, nodal basis function, Kj . triangle containing z, Z;V:Z] aj, =1

Ghuh = Z(Ghvh)(z) QOZ, Ghvh Za, zvuh|K,

Z
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A posteriori estimate (monotone, p > 2)

Theorem (with G, 5(x,y) = [y[*[(lx| + [y)°(1 + |x[ + |y[)'=°1"~)

it = dip, & — Vull} S 0@ +1f + 05 +mg+m;, where

77%2 = Z /Gpﬁ(VI:th, Vith — Ghlfth),
keT; ’ K

= /,(Gp’,l(WﬁhV’_lth(ffK))

KeT;,

ms= Y he l|0:{Vén + (1 — K)(@loa + 9 — u0) 72 e
ECOQ

M= Y hello—v- W (Vi) — Wlinla + 9 — uo) — (K" = ) éull7> s
ECo9

27 R /
M=l W (Van) = )+l 1,

+/-(yu-w’(va,,)y — 2)_ ol +2/ (v W (Vin)on)_ -

I’y
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cor‘]f-uni-h-A —
conf-uni-h-3
adap-residual-h-3, theta=0.90 ---*---
conf-uni-h-3-indic &
adap-residual-h-3, theta=0.90-indic
1k 4
a
= =
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o
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L-Shape W|th degrees of freedom

Q= [_%’ %]2\[07 %]27115 = (_%7 _%)(£7 _%) U (_%’ _i)(_%v %)
W/(t) = (e + |t])P7%t,withp =3 and e = 1075, Ty = ()
u; = r*/3sin %(go — %), uz = 0. Uzawa with p = 25, Newton’s method in

every Uzawa-iteration step
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Uzawa algorithm

@ Choose 0¥ € Ay = {0y € HX(Ty) : on(x)| < 1 a.e. onT}..

@ Forn=0,1,2,...find (u},v}) € X! such that
(G'y, un) + (Su(uyloa + i), unloa + va) + Jp. gohvids = Mn(un, vi)
for all (un, vi) € X7.

Q OZ+1 = Pa(o}, + pgvy), p>0, Px(6) =sup{—1,inf(1,0)}

© Repeat with 2. until a convergence criterion is satisfied.

DOF Eh(l:th, f/h) OE), QEg, Ituawa T(S)
28 -0.511609 0.017249 — 2 0.190
80 -0.517938 0.010920 -0.435 2 0.640

256 -0.521857 0.007001 -0.382 2 2.440
896 -0.524293 0.004566 -0.341 2 11.05
2
2

3328 -0.525841 0.003017 -0.316 61.85
12800 -0.526865 0.001993 -0.308 437.5
50176 -0.527571 0.001287 -0.320 2 4218.

Table: Convergence rates and Uzawa steps for uniform meshes
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Nonconvex functionals

Example

1
Esimple(”) = / dx (‘Bx”(x)‘z - 1)2
0
inf{Egimpie(w) : u € H}(0,1)} =0, oo-many minimizers

inf{ Egimpre (1) + fol dx |u(x)]* : ue HY0,1)} =0, no minimizers

But: u, minimizing sequence =
]2 — O, Dyt ~ £1 (with probability 1 each)

Convexification stable, suffices for some macroscopic properties

1
v o) = /0 dx (10u(0) 2 — 1L gpuioro 1y
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Double-well potential: many minimizers

Convexification ®**: 3 minimizer, possibly not unique

Lemma
a) {minimizers (i, v)} # (), bounded in X*
b) independent of minimizer (i1, v):
@ boundary value i) s + ¥
@ region of microstructure {x € Q : |Vi(x) + (1, = 1)]> > 1
© stress DW**(ir)
© projected gradient PVii

These quantities can be computed numerically!
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A priori estimate (double—well)

Theorem

_ 2 _ _ 2
lo =l o + 1= lon +9 =0l

+HIPVa — PViin[ 72y + 1€ + &) 2AV (& — i) | 720y + 116 = €20

< C inf {\|u—U,,||W14 o)+ 1w = Un)lag +v =Vl 1

(Un,Vn)EA H3 (09)

+ (discretization error of S) .
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Simple a posteriori estimate (double—well)

Theorem
— 2 P ST
lo = anly g + 1= @loa +5=wall2
+||(£ + fh)l/zAv(’:‘ - ah)”%}(g) + ||£ - £h||i2(Q)

< na+nc+nE+nd,

+ [PVa — PVi|2

Q)

where
no = ZhKHfHLW(K) + Z hel|[ve - Uh]||L2(E) )
K ENON=0
ne = neatica= Y N0 on)s o + Y [ e on)- o,
ECT ECT,VE
s o= D he [0:{Vén+ (1= K)(@mloa + n — u0) iz e
ECOQ)

M o= Y hellto—v- W (Vin) = W(inlaa + o — uo) — (K — D)ol 7

HeikoFG,i—mE;)a;Iein FE-BE for interface problems in elasticity Vienna 2016 22/32

~



Indicator of microstructure (non-adaptive)

Qgrad u) microstructure

0.1817E+00

wseoo— iNdicator of microstructure:

0.1589E+00

aameo Q(Viiy,) = max{0, |Viy, + (%, _%)‘2 _ %}
013628400

0.1249E400 O = 0.1 2 .=

0.1135E+00 ( ’ ) ’ s @
0.1022E+00
0.9083E-01 « . . . * >4 2
owmee  (minimization of ®** (u) + [q, If — ul
0.6812E-01 . -
e a@S in Carstensen/Plechac 1998 )
04S81E-01

0.2271E-01

0.1135E-01

0.0000E400
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Recall: Linear elasticity
Q°CcRY,d=2,3

displacement from equilibrium u : Q¢ — R?
Hooke’s law: energy is quadratic in u

Energy(u) = ;/Ce(u) : Ce(u) dx

Oy t]  Ox,lt
_ 1 T =2. = 1l 2
@ Here e(u) = 5(Vu+ Vu'). For d=2: Vu ( Dt Dot )

@ Stress o(u) := Ce(u) = 22,1:1 Cijti €

e Theintegrand is 3°7, . ._; £; Cijus k-
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High—order methods: Mixed hip—BEM in elasticity
Focus on integral equation: unilateral contact (i.e. u = 0in O © R?)

@ displacement u, stress o = o (u)
@ non—penetration (Signorini) condition on normal components

op=n-0-n<0,u,:=u-n<g, op,—g) =0
@ friction (Tresca) condition on tangential components o, :=t-0 - n
loy] < F, oy + F || =0
@ Dirichlet Tp, Neumann Ty, TpNT¢ =0, 'y, :=Ty UT¢
Contact problem as saddle point problem (A = —o(u)n):
Find (1, \) € H'/2(T's)? x M*(F) s.t.
(Su, vy + M), = (), Vv e H'/2(I'y))?
(uy o= N < (8 bn — M), Vi e M*(F).

MH(F) = {i € BPTCR (v, < (F ol W € BYA(Ts) v, < 0
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Mixed formulation = saddle—point problem
Find (u,\) € H'/?>(I'g)? x M*(F) s.t.

(Su,v)py + A\ v)p, = ()5, Vv e H'/?(I's)?
<ua/‘_)\>rc < <gmun_)\n>rc V/LEM+(‘7'-)'

M (F) = {ue BP0 (uvip, < (F, il Wv € (D)%, v, < 0}
Uniquely solvable if the following operator is nondegenerate:
( O )
(- ‘>FC 0
inf-sup condition necessary and sufficient:

2 <:u’7 V> ~
Bllellg-1rwe < sup L Ve H'2(De)? .

vein2rsvoy Vi)
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Discretization

Find (u"?, \*9) € V), x M\, (F) s.t.

<Sh17”hp’ Vhp>r + <)‘kq hp>1“ = <f hp>rN W e Vip
k ki
</L — \ka uhp> < <g, - A q> I'e Y e M,i](]:) .

Two meshes on the boundary 7y, 77(
Vip = {7 € C°(Ts)> NH'*(Tx)* : V| € [Py, v =0at Os}

My (F) = {9 p)g € [Pg,?, il >0, | (x)] < F(x) for x € Gig}
Gy Gauss points, M\ (F) ¢ M*(F).

Heiko Gimperlein FE-BE for interface problems in elasticity Vienna 2016 27/32



Discretization
Find (u"?, M) € V), x My (F) st

<Shpuhp, th>FE + </\kq, vhp>FC = <f, vhp>FN W e Vip

(M =Ny < (gt = N, VM e M(F)

Vhp = {vhp c CO<FE)2 01:11/2(112)2 . Vhp‘E c [IPPE]Zv Vip = 0 at 8F2}

ME(F) = {p": e € [By,]*, i > 0, |1y (x)] < F(x) for x € Gy}
Discretization uniquely solvable if the following operator is
nondegenerate:

< <Shp'7 '>1‘2 <" '>FC )
<'7 '>I‘C 0

True when 7, much finer than 7; (Babuska, Schréder, .. .)
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Discretization
Find (u"?, M) € V), x My (F) st

<Shp”hpavhp>r +<)‘kq hp>r = (f,v hp>1“N W eV
(=N < (gt =N, Ve e ME(F)

Vip = " € (D)2 N H2(Tg)? V| € [Py,)*, vip = 0 at s}

M (F) = {0 Mg € [By, ), 138 > 0, | (x)] < F(x) for x € Gy}
Idea: The following operator would be nondegenerate for large ¢
< S+ oy () >
<'7 .>FC —0

But: Solution very different.
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Discretization

Find (u"?, M) € V), x M\, (F) s.t.

(Sl )+ VI~ (V4 S4il) Sy ) = (7P
<qu - )\kﬂ[’ uhp>pc - <r7 (Hkq - )‘kq) 7)\]“1 + Shpuhp>rc < <g’ /’Lﬁq - )\]r(lq>

with v = yop’—g. A= —Su ~» new terms ~ 0.
k
M (F) = {4 1Mg € [P, i >0, | (x)| < F(x) for x € Giy}

Discretization uniquely solvable for small vy > 0:

(Shp- '>rz - <75hp'vShp'>rc (, '>rc = (YSp- '>FC
<'v '>FC - <'YShp'7 '>rc - <'VShp'> '>Fc
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Error estimator vs. stabilization parameter

—8-no negative eigenvalue, GLL/Bernstein|
—#— negative eigenvalue, GLL/Bernstein

& no negative eigenvalue, GLeL

3X negative Glel

Error Estimation
=
S

™

10" ‘,, =
107" 107 ° 10

uniform discretisation W|th 256 eleménts p=1

Q=[-332Tc=[-53x {3}, Ty =00\T¢
Elasticity parameters E = 5, v = 0.45, friction coefficient 0.3.

_( —10sign(x)(5 4 x2) (5 — x2) exp(—10(x2 + 1))
Iside = < 2 %(% +§62)(% ") 10 )

0
1 =
t°p ( ~FG-aPGa) )
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Convergence

Main challenges:
@ stabilization is not exact: A = —Su # —Sj,,u
@ nonconforming: M, (F) ¢ M (F)

Theorem (a priori error estimate)
Assume (u,\) € H'F*(I')2 x H¥(I'¢)? N C’(T'¢)?, a €[0,1), h =k,
p=q+1

] —a
o =2 = N g I = 92y S hePpmel
H?2 E) ( ) H 2(

T )

@ intricate proof, more complicated rate for arbitrary discretisations
@ compare Hild, Lleras, Renard for FEM, rates not optimal
@ rate dominated by S # Sy,
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Computable error estimates

Theorem (a posteriori error estimate)

lu — ”th??II/Z(FE) + ||lv — 1/;}”’\@71/2@) + ||\ — )\H?}—l/z(rc)

h 2 h 2
< ¥ i\V—ShP“hP\\Lz<E>+ > IiwqjushputhLz(E)

EGE‘I‘N pE EEE‘I‘C
1
3 | (v - Su)
E€T)

L [CRTo WEH [61) W

+1|2 -
H=1/2(T¢) N << - f> 7 >FC
<)\fq’ M?p>rc u < fq ’ >FC
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Convergence of stabilized mixed # and hp—BEM

—& uniform h, p=1, GLL/Bernstein
—— uniform h, p=1, GLeL

-6~ h-adaptive, p=1, GLL/Bernstein
—<~h-adaptive, p=1, GLeL
—7-hp-adaptive, 5=0.5, GLL
—%—hp-adaptive, 5=0.5, Bernstein
—9—hp-adaptive, 5=0.5, GLeL

Error Estimation
=
S

Q=[5 FC ~3:2 X{ 35 IN= 09\ Te
Elasticity parameters E =5, v = 0.45, friction coefficient 0.3.

5
lside = ( —10sign(x1)(5 +x2)(3 —xz) exp(—10(x2 + 15)%) )

{G+x)(5 —x)

0
1 =
* ( —SG -0 (G +x)? )
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Summary & References

Efficient FE-BE analysis in (non—Hilbert) L’ — L" spaces
Adaptive methods for strongly nonlinear coupling problems

Stabilized mixed high—order methods for integral equations

Two references:
HG, M. Maischak, E. Schrohe, E. P. Stephan, Adaptive FE-BE coupling for strongly
nonlinear transmission problems with Coulomb friction, Numer. Math. (2011), 26 pages.

L. Banz, HG, A. Issaoui, E. P. Stephan, Stabilized mixed hp-BEM
for frictional contact problems in linear elasticity, Numer. Math. (2016), 47 pages.
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