


For (∗) on the previous page, we use the Lemma below.

Let K ⊂ V be a closed convex subset. For x ∈ V , denote by PKx the point
closest to x in K:

‖x− PKx‖V = min
y∈K
‖x− y‖V .

Note that according to the Lax-Milgram Theorem for closed convex subsets,
there exists a unique such point PKx. By the Characterization Theorem, it is
determined by the variational inequality

(PKx, y − PKx)V ≥ (x, y − PKx)V ∀y ∈ K . (1)

Lemma 1. PK is a contraction: For u, v ∈ V : ‖PKu− PKv‖V ≤ ‖u− v‖V .

Proof. The function

d(t) = ‖(1−t)PKu+tu−((1−t)PKv+tv)‖2V = ‖PKu−PKv+t(u−v−PKu+PKv)‖2V

satisfies

d′(t) = 2(PKu− PKv, u− v − PKu + PKv)V + 2t‖u− v − PKu + PKv‖2V .

From (1) with x = u and y = PKv, (PKu − u, PKv − PKu)V ≥ 0. Similarly,
with x = v and y = PKu, (PKv − v, PKu− PKv)V ≥ 0. Therefore d′(t) ≥ 0 for
t ≥ 0, and ‖PKu− PKv‖2V = d(0) ≤ d(1) = ‖u− v‖2V .





2. weak convergence: (3.5) implies, that {uh} is uniformly bounded in V . Therefore,
there exists a subsequence {uhi

} ∈ Khi
converging weakly to u∗ ∈ V , i. e. uhi

⇀
u∗ ∈ V . Using Assumption 1(1.) for {Kh}h, we have u∗ ∈ K.

Show: u∗ is a solution of (P1).

We know, that

a(uhi
, vhi

− uhi
) ≥ L(vhi

− uhi
) ∀vhi

∈ Khi
. (3.9)

Let v ∈ χ and vhi
= rhi

v. Using (3.9), we have

a( uhi︸︷︷︸
u∗(hi→0)

, uhi
) ≤ a(uhi

, vhi
)− L(vhi

− uhi
) (3.10)

= a(rhi
v︸︷︷︸

→v

, uhi
)− L(rhi

v − uhi
)

⇒ lim inf
hi→0

a(uhi
, uhi

) ≤ a(u∗, v)− L(v − u∗) ∀v ∈ χ (3.11)

⇒ 0 ≤ a(uhi
− u∗, uhi

− u∗) ≤ a(uhi
, uhi

)− a(uhi
, u∗) (3.12)

− a(u∗, uhi
) + a(u∗, u∗),

i e. a(uhi
, u∗) + a(u∗, uhi

)− a(u∗, u∗) ≤ a(uhi
, uhi

)

a(u∗, u∗) + a(u∗, u∗)− a(u∗, u∗) ≤ lim
hi→0

a(uhi
, uhi

),

i.e. a(u∗, u∗) ≤ lim
hi→0

a(uhi
, uhi

) (3.13)

Using (3.11) and (3.13), we get

⇒ a(u∗, u∗) ≤ lim
hi→0

a(uhi
, uhi

) ≤ a(u∗, v)− L(v − u∗) ∀v ∈ χ

⇒ a(u∗, v − u∗) ≥ L(v − u∗) ∀v ∈ χ u∗ ∈ K (3.14)

As χ lies dense in K (i. e. χ = K) and a(·, ·), L are continuous, we get

a(u∗, v − u∗) ≥ L(v − u∗) ∀v ∈ K(u∗ ∈ K) (3.15)

i. e. u∗ = u is a unique solution. As u is an accumulation point of {uh}h in the weak
topology of V , the sequence {uh}h converges weakly to u.

3. strong convergence: a(·, ·) is V -elliptic (coersive), thus

0 ≤ α‖uh − u‖2 ≤ a(uh − u, uh − u)

= a(uh, uh)− a(uh, u)− a(u, uh) + a(u, u),
(3.16)

where uh solves (P1h) and u solves (P1).

rnv ∈ K ∀v ∈ χ and uh solves(P1h)

Then there holds with rh ∈ Kh ∀v ∈ χ

a(uh, uh) ≤ a(uh, rhv)− L(rhv − uh) ∀v ∈ χ

(3.17)
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It holds uh ⇀ u in V (h → 0) and rhv → v in V (h → 0) using Assumption 1(2.).
Hence inserting (3.17) in (3.16) and letting h→ 0 (∀v ∈ χ) yields

0 ≤ α lim
h→0

‖uh − u‖2 ≤ a(u, v − u)− L(v − u) (3.18)

As χ = K and a(·, ·) , L are continuous, (3.18) holds for all v ∈ K

Setting v = u in (3.18) gives us limh→0 ‖uh − u‖2 = 0.
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