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Morse-Tompkins [1] and Shiffman [1] by a less direct, topological reasoning.
However, since this material has been covered very extensively elsewhere (see
Struwe [18]), here we will confine ourselves to the above remarks.

For an introduction to Plateau’s problem and minimal surfaces, see for
instance, Osserman [1], or consult the encyclopedic book by Nitsche [2].

A truely remarkable — popular and profound — book on the subject is
available by Hildebrandt-Tromba [1].

3. Compensated Compactness

As noted in Remark 1.8, it is conceivable that in the vector-valued case lower
semi-continuity results may hold true under a weaker convexity assumption
than in Theorem 1.6, provided suitable structure conditions are satisfied by
the functional in variation. Weakening the convexity hypothesis is necessary,
for instance, in dealing with problems arising in 3-dimensional elasticity, where
we encounter energy functionals [, W(Vu)dz with a stored energy function
W depending on the determinant, the minors and the eigenvalues of the de-
formation gradient Vu. Since infinite volume distortion for elastic materials
will afford an infinite amount of energy, it is natural to suppose that W — oo
if either det(Vu) — 0 or det(Vu) — oo; hence W cannot be convex in Vu.
However, there is a large class of materials that can be described by polyconvez
stored energy functions, which are of the form

W (Vu) = f(subdeterminants of Vu),

where f is convex in each of its variables. John Ball [1] was the first to see
that lower semi-continuity results will hold for such functionals. The difficulty,
of course, lies in proving, for instance, weak convergence det(Vu,,) — det(Vu)
for a sequence u,, — u weakly in H3(2, IF{3). Questions of this type had been
investigated by Reshetnyak [1], [2]. A general frame for studying such problems
is provided by the compensated compactness scheme of Murat and Tartar.

The basic principle of the compensated compactness method is given in
the following lemma; see Tartar [2; p.270 f.].

3.1 The compensated compactness lemma. Let {2 be a domain in IR" and
suppose that
(1°) wm = (upy, - - -, ul) — u weakly in L?*(2;RY).

(2°) The set {Z]k ajk% ;o m € ]N} is relatively compact in H,,}(£2;RY) for
a set of vectors ajj, € ]RL; 1<j<N, 1<Ek<n. Let

A={Xe RY ; Zajk)\jﬁk =0 for some ¢ € R™ \ {0}}
g,k
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and let Q be a (real) quadratic form such that Q(X) > 0 for all A € A. Regarding

Q(um) € L'(2) as Radon measures Q(uy)dr € (C(2))", we may assume
that (Q(u,)) converges weak®, locally.
Then on any 2" CC (2 we have

weak™ — lim Q(um) > Q(u)

m—00

in the sense of measures. In particular, if Q(X) =0 for all X € A, then

weak™ — lim Q(um) = Q(u)

m—00

locally, in the sense of measures.

Proof. Choose ¢ € C°(£2) with compact support and such that 0 < ¢ < 1. We
must show that

m—00

liminf/ Q(um)p® dz 2/ Q(u)p? dx .
2 I7;

By translation we may assume that w = 0. Moreover, upon replacing u,, by
Uy, we may assume that the supports of u,, lie in a fixed cube K CC {2
and that ¢ = 1 on K. By translation and scaling, moreover, we can obtain
K =[0,27]™. Let

U (2) = D fma€ ™" e = (s lina) € CY
aEZ™

be the Fourier expansion for u,. Since up, is real, we have i, o = i, _,- The
assertion then is equivalent to showing that

lim inf ! — / Q(um) dx = liminf Z <Q(Re ,um,a) + Q(Im ,umﬂ)) >0.
K m—00

mhoo (2m) =

By weak convergence u,, — 0 in L? we infer that > zn [ftm.a]®> < ¢ < 0o and
tm,o — 0 as m — oo, uniformly on bounded sets of indices «.
Moreover, by (2°) the set

S S i s me N
aeZ™ 3.k
is relatively compact in H !, which implies that

) 2
’Zj,k: Wjk Wi, Ok

1+ [af?

2

aeZm
la] >ag

— 0,
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as ap — o0, uniformly in m € IN. But this means that p,, o, can be decomposed
Pm.o = Am,a + Vm,a With Re Ay, o, Im A, o € A and Zlalzao
a, — 00, uniformly in m € IN.

Indeed, for any o € Z", m € IN decompose fim.o = Am,a + Vm,a, Where
Re Aoy Im Ay o € A and |vy, o|? is minimal among all decompositions of this
kind. We claim that for any € > 0 there exist constants C = C(g), ag = agp(e)
such that for |a|] > ap we can bound

TN ap——
J m,x 1 T |Oé|2

gk

2
— 0 as

(3.1) Vol < C e|pma”

uniformly in m € IN.

Otherwise there exists ¢ > 0 and a sequence a = «(l), | € IN, with
|a(l)| > I, and m = m(l) such that for all [ there holds

S ajund __ Y
J )
e T P

2

2 2 2
32)  |pmal” = Wmal” =1 +€|pm.al

(The first inequality follows from the choice of vy, o, above.) Let £(1), n(l) be
the unit vectors

af(l — Hm (1), a (1 _
£(l) = (1) e s, n(l) = e o gN-1
L+ o) | Hnt),00) |

and denote by A(I):IRY — R* the linear map

n > apn;ér(l)

gk

We may assume that {(I) — £ and A(l) — A as | — oo. Likewise, we may
suppose that 7(l) — n. Passing to the limit in (3.2) it follows that n € ker A;
that is, n € A. Projecting pm, onto ker A for all o = a(l), m = m(l) we

hence obtain a decomposition fiy, o = >\m o + Um,o With Re )\m o, Im )\m o €
ker A C A and

Pma]” < ClApmal* < ClAD M o|* + o(1)
2

_Czaﬂfﬂmam +O(1)‘:um,oc|2

where 0o(1) — 0 (I — o). But by defintion }I/mﬂf < | 2, and we obtain the
desired contradiction to assumption (3.2). Hence for any € > 0, any ag > ag(e):
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aEZ™

where o(1) — 0 as ap — oo. Thus, the assertion of the lemma follows as we
first let g — oo and then ¢ — 0. O

As an application we mention the following well-known result.

3.2 The Div-Curl Lemma. Suppose t,, — u, vy, — v weakly in L?(£2;1R?) on
a domain 2 C R® while the sequences (div u,,) and (curl vy,) are relatively
compact in H=(£2). Then for any ¢ € C§°(2) we have

/um‘vmgpdxﬁ/u-vgodx
2 9

as m — Q.

Proof. Let wy, = (Um,vm) € L?(£2;IR®), and determine coefficients a;;, € R*
such that ., ajk% = (div s, curl v,,). Let @ be the quadratic form
Q(u,v) = u-v, acting on vectors w = (u,v) € IR®. Note aji = ((5jk, (€ijk)1§i§3>
where 6;, = 1if j =k, and dj, = 0 else, €103 = 1 and €1 = —€jir = €jki-
Hence

A={A=(uv)eR®; I eR*\{0}: (£, EAV) =0}
:{)‘:(ny)EIRG; M'V:O}a

and Q) = 0 on A. Thus the assertion follows from Lemma 3.1. O

The div-curl Lemma 3.2 shows how additional bounds on some derivatives
allow one to prove continuity of nonlinear expressions (bi-linear in the above
example) under weak convergence.

Phrased somewhat differently, the reason for the convergence result stated
in the div-curl lemma to hold is an implicit divergence structure. This stucture
can be brought out more clearly in the language of differential forms. For
simplicity, we assume that all functions involved are periodic of period 1 in each
variable. In this case, we may regard {2 = [0, 1]" as a fundamental domain for
the flat n-dimensional torus 7" = IR"/Z". Let d, d* be the exterior differential
and co-differential, respectively. We consider 1-forms u,, — w in L?, v,, — v
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in L? weakly as m — oo with (d*u,,), (dv,,) relatively compact in H~!. We
may assume v = 0,v = 0. By Hodge decomposition we have

Uy, = Ay, + d* by, + Co,
Um = dfm + d*gm + hma

where ¢,,,, h,, are harmonic 1-forms, db,, = dg,, = 0, and with a,, — 0,b,, —
0, fro — 0,9m — 0 weakly in HY2(T"), ¢,y — 0, hy, — 0 weakly in L2(T™).
Since the space of harmonic 1-forms on 7™ is compact, in fact, ¢, — 0 and
hp, — 0 smoothly as m — oo. Moreover, since the sequences

Aty = d* U, Ay, = duy,

are relatively compact in H 1, it follows that (da,,), (d*g.,) are precompact in
L?, and we conclude that

U, = d" by, + 0(1), vy, = dfy, + 0(1),

where o(1) — 0 in L? as m — oo. Moreover, using the Hodge *-operator and

denoting by “.” contraction of forms, we have
U, = VU Az + 0(1) = %(d*bpy - dfy) = (d % b)) A dfyy = d((xb) Adfyn)

thus exhibiting the asserted divergence structure. Since by Rellich’s compact-
ness result b,, — 0 strongly in L? as m — oo, it is now trivial to pass to the
limit in the expression

/n Uy - Umip dr = /n d((>|<bm A dfm)go +o(1)
= (1" [ (sbm) Adin A i +001) = 0(0),

where o(1) — 0 as m — oc.
A divergence structure is also the crucial ingredient in the applications
that follow.

Applications in Elasticity

The most important applications of the compensated compactness method
so far are in elasticity and hyperbolic systems, see Ball [1], [2], DiPerna [1].
DiPerna-Majda have applied compensated compactness methods to obtain the
existence of weak solutions to the Euler equations for incompressible fluids, see
for instance DiPerna-Majda [1]. Our interest lies with the extensions of the di-
rect methods that compensated compactness implies. Thus we will concentrate
on Ball’s lower semi-continuity results for polyconvex materials in elasticity.
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3.3 Theorem. Suppose W is a function on (3 x 3)-matrices @, given by
W(®) = g(P,adj ©,det D)

where g is a convexr non-negative function in the sub-determinants of ®. Let {2
be a domain in R? and let u,,, u € Hllo’g’(ﬂ; IRB). Suppose that w,, — u weakly

in HY3(02';R3) while det(Viuy,) — h weakly in L' (£2') for all 2' CC 2, where
h e Ll (). Then

loc

/ W(Vu)dx < liminf/ W(Vuy,)dx .
Q Q

m—00

Proof. The proof of Theorem 1.6 can be carried over once we show that under
the hypotheses made

adj(Vu,) — adj(Vu)
det(Vu,,) — det(Vu)

weakly in L1(£2') for all 2’ CC £2. The first assertion is a consequence of the
divergence structure of the adjoint matrix A,, = adj (Vu,,). Indeed, if indices
1, J are counted modulo 3 we have

i — Outtt Quit? Outt? guitt
mo Ppitl Jpit2 Oxitl Ogit2

42 +2
_ 0 it du?\ 0 it oult
QI T1 \"™ Qxit? Qzi+2 \'™ Qaitl )

Fix 2 CC 2. Note that (A%) is bounded in L%*2(2'). Hence we may as-

sume that AY — A% weakly in L3/2(£2). Moreover, by Rellich’s theorem
Um — u in L3(£2'), whence ty, Vi, — uVu weakly in L3/2(£2"). By continu-
ity of the distributional derivative with respect to weak convergence therefore

A — (adj(Vu))” in the sense of distributions. Finally, by uniqueness of the
distributional limit, A = (adj(Vu))”, and adj(Vum) — adj(Vu) weakly in
L3/2(£2"), in particular weakly in L'(£2’), as claimed.

Similarly, expanding the determinant along the first row, we have

oul, [ou2, du3, ou?, oul,
det(Vitm) = Ozt l@xQ x> dx3 8332]
_ Ouy, [Oug, Quy,  Qup, Juj,

Ox? | Oz 0x3 Ox3 Ox!

N Ouy, [Oup, Quy,  duy, duy,

ox3 | Ozl 0x? Ox? Ox!



3. Compensated Compactness 31

Again, a divergence structure emerges, if we rewrite this as

0 L [ouZ, oud, ou?, oud,
det(Vatm) = ozt (um [&EQ x> O3 a2 ])

8u2 ou3, ou2, oul,
8x2 rre Oz Ozt
33:3 [

ou?, u3,
( 0z2 Ox! 1) '
Thus convergence det(Vu,,) — det(Vu) in the sense of distributions follows
by weak convergence in L3/2(£2") of the terms in brackets [- -], proved above,
strong convergence u,, — u in L3(§2"), and weak continuity of the distributional
derivative. Finally, by uniqueness of the weak limit in the distribution sense, it

follows that det(Vu) = h and det(Vu,,) — det(Vu) weakly in L} ., as claimed.
O

Observe that in the language of differential forms the divergence structure of a
Jacobian or its minors is even more apparent. In fact, for any smooth function
u= (u',u? u?): 2 C R® - R we have

det(Vu) dr = * det(Vu) = du' A du® A du?,

where d denotes exterior derivative and where * denotes the Hodge star operator
(which in this case converts a function on 2 into a 3-form). Now dd = 0, and

therefore
du' A du? A du? = d(u'du® A du®),

which immediately implies the asserted divergence structure. Moreover, this
result (and therefore Theorem 3.3) generalizes to any dimension n, for u,, — u
weakly in H"(02;R"™) with det(Vu,,) — h weakly in L}, _(£2) as m — oc.

The assumption det(Vu,,) — h € L} (£2) at first sight may appear
rather awkward. However, examples by Ball-Murat [1] show that weak H!:3-
convergence in general does not imply weak L!-convergence of the Jacobian.
This difficulty does not arise if we assume weak convergence in H1:37¢ for some
e>0.

Hence, adding appropriate growth conditions on W to ensure coerciveness
of the functional [, W (Vu) dz on the space H'*¢(£2;IR?) for some ¢ > 0,
from Theorem 3.3 the reader can derive existence theorems for deformations
of elastic materials involving polyconvex stored energy functions. As a fur-
ther reference for such results, see Ciarlet [1] or Dacorogna [1], [2]. Recently,
more general results on weak continuity of determinants and corresponding
existence theorems in nonlinear elasticity have been obtained by Giaquinta-
Modica-Soucek [1] and Miiller [1], [2], [3].

The regularity theory for problems in nonlinear elasticity is still evolving.
Some material can be found in the references cited above. In particular, the
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question of cavitation of elastic materials has been studied. See for instance
Giaquinta-Modica-Soucek [1].

Convergence Results for Nonlinear Elliptic Equations

We close this section with another simple and useful example of how com-
pensated compactness methods may be applied in a nonlinear situation. The
following result is essentially “Murat’s lemma” from Tartar [2, p.278|:

3.4 Theorem. Suppose u,, € H&’Z(Q) 15 a sequence of solutions to an elliptic

equation
— Ay, = fm n §2

Uy, = 0 on 052
in a smooth and bounded domain 2 in R™. Suppose t,, — u weakly in H)?(£2)
while (f,) is bounded in L1(§2). Then for a subsequence m — oo we have

Vi, — Vu in L1(§2) for any q < 2, and Vu,, — Vu pointwise almost every-
where.

Proof. Choose p > n and let ¢, € Hé’p(ﬂ) satisfy

l@mll e <1

/ (Vuy, — Vu)V, dr = sup / (Vuy, — Vu)Vedz .
2 0

1,
eeHP (), [l ,1.p<1
0

By the Calderén-Zygmund inequality in LP, see Simader|[1], the latter

sup / (Vi — Vu)Vepdr > ¢y, — ul| g1
EH (@), NIl 10 <1 0 °

where % + % =1
On the other hand, by Sobolev’s embedding H&’p(ﬁ) — Cl7r (£2). Hence

by the Arzéla-Ascoli theorem we may assume that ., — ¢ weakly in Hg P(02)
and uniformly in (2. (See Theorem A.5.) Thus

/ (Vg — Vu)Vo,, de = / (Vi — Vu) (Ve — Vo) dx + o(1)
2 2

= lim | (Vum — V) (Ve — Vo) dr + o(1)

l—o0 0

= lim (fm_fl)(gom_@)dx—i_o(l)

l—oo Jn

< 2sup || fillL1llem — @llLe + o(1) = o(1),
leIN

where o(1) — 0 as m — oo.
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It follows that Vu,, — Vu in L%({2) for some ¢y > 1. But then, by
Holder’s inequality, for any ¢ < 2 we have

IV, — V|l pa < |V — V|7, ||V, — Val|}.” — 0,

Whereézy-i—l%”. 0

Results like Theorem 3.4 are needed if one wants to solve nonlinear partial
differential equations

(3.3) —Au = f(z,u, Vu)

with quadratic growth
|f (2, u,p)| < (1 +[p]*)

by approximation methods. Assuming some uniform control on approximate
solutions u,, of (3.3) in H*2, Theorem 3.4 assures that

f(x, tm, V) — f(x,u, Vu) almost everywhere,

where u is the weak limit of a suitable sequence (u,,). Given some further
structure conditions on f, then there are various ways of passing to the limit
m — oo in Equation (3.3); see, for instance, Frehse [2] or Evans [2].

3.5 Example. As a model problem consider the equation

A(u) = —Au +u|Vul* =h in 2
u=20 on 0?2

on a smooth and bounded domain {2 C IR", with h € L°°(2). This is a special
case of a problem studied by Bensoussan-Boccardo-Murat [1; Theorem 1.1,
p. 350]. Note that the nonlinear term g(u,p) = u|p|? satisfies the condition

(3.6) g(u,p)u > 0.
Approximate g by functions

9(u,p)

D e>0,
1 +¢€lg(u,p)|

Ge (uap) =

satisfying |ge| < L and ge(u,p) - u > 0 for all u, p.

Now, since g is uniformly bounded, the map H&’2(Q) Su— ge(u,Vu) €
H=Y(£) is compact and bounded for any € > 0. Denote A.(u) = —Au +
g<(u, Vu) the perturbed operator A. By Schauder’s fixed point theorem, see, for
instance, Deimling [1; Theorem 8.8, p. 60], applied to the map u — (—A)~! (h—
9-(u, Vu)) on a sufficiently large ball in H?(£2), there is a solution u. €
Hy?(£2) of the equation A.u. = h for any ¢ > 0. In addition, since g (u, p)-u >
0 we have
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Hu&”i]é’Q < Aue, Acue) = (ue, h) < ”u&‘HHé’QHhHH*1 )

and (u.) is uniformly bounded in Hy?(£2) for ¢ > 0. Moreover, since the
nonlinear term g. satisfies
ulp> (L [ul?)Ipl”
Ltelul [pl* = 1+ elul |pf?
< [pf* + ge(u, p)u ,

ge(u,p) =

we also deduce the uniform L!-bound

”ge(us;vus)HLl < HUEH?LISQ +/ usgs(usvvue) dx
2

= (ue, Acue) < c.

We may assume that a sequence (uc, ) as €, — 0 weakly converges in H, 5’2((2)
to a limit u € Hé’Q(_Q). By Theorem 3.4, moreover, we may assume that
Uy = Ue,, converges strongly in H&’q(ﬁ) and that u,, and Vu,, converge
pointwise almost everywhere. To show that u weakly solves (3.4), (3.5) we
now use the “Fatou lemma technique” of Frehse [2]. As a preliminary step we
establish a uniform L°°-bound for the sequence (uy,).

Multiply the approximate equations by u,, to obtain the differential inequality

_ |t |? _ |t | 2
A 5 ) < =A( 5 ) 4 [Vum|> + wme,, (Um, Vi)

|Um|2
2 )

= huy, < C(0) + 6

for any § > 0. Choosing § < Ay, the first eigenvalue of —A on Hé’Q(Q), the
weak maximum principle implies a uniform bound for u,, in L>°. (See Theorem
B.7 and its application in Appendix B.)

Next, testing the approximate equations A, (u.,) =h with ¢ = £ exp(Ytm),
where £ € C§°(£2) is non-negative, upon integrating by parts we obtain

/Q <7|Vum|2 + g, (Um, Vum)>§exp(7um) dx
—i—/ (Vum VE = he) exp(yum) dz =0 .
0
Note that on account of the growth condition

19c.,, (u, p)| < |u| |p|?

and the uniform bound ||u,||L~ < Cy derived above, for |y| > Cj the term

'Y|vum|2 + Ge, (um, Vum)



3. Compensated Compactness 35
has the same sign as . Moreover, this term converges pointwise almost ev-

erywhere to the same expression involving u instead of u,,. Hence, by Fatou’s
lemma, upon passing to the limit m — oo we obtain

(§exp(yu), A(u) — h) <0

if v > Oy, respectively > 0, if v < —Cy. This holds for all non-negative
£ € C5°(£2) and hence also for &€ > 0 belonging to Hy® N L>(£2). Setting
& = &oexp(—~yu) we obtain

(€0, A(u) —h) <0and >0,

for any £ > 0, & € C§°(£2). Hence u is a weak solution of (3.4), (3.5), as
desired.

More sophisticated variants and applications of Theorem 3.4 are given by
Bensoussan-Boccardo-Murat [1], Boccardo-Murat-Puel [1], and Frehse [1], [2].

Hardy Space Methods

The Hardy ‘HP-spaces play an important role in harmonic analysis. In the
theory of partial differential equations, the space H' is of particular interest.
For instance, the Calderén-Zygmund theorem, asserting that for 1 < p < oo
any function v € LP with Au € LP belongs to H lzo’f , ceases to be valid in
the limit case p = 1. However, the theorem remains true if we substitute
L' by the slightly smaller space H!. While the harmonic analysts’ definition
of H! is rather unwieldy and hardly lends itself to applications in the theory
of partial differential equations, recently an observation of Miiller [2], [3] has
led to the discovery of simple criteria for composite functions to belong to
H!. In particular, it was shown by Coifman-Lions-Meyer-Semmes [1] that the
Jacobian of a function v € HV™(IR™;IR"™) belongs to this space, and similarly

for [ x l-sub-determinants of Vu for u € HY (IR™; R"Y), for any I,n, N € IN.

As an application, we derive the assertion of Theorem 3.4 in the case that
for a sequence u,, — u weakly in H"2(IR™; IRY) the sequence —Au,, = fp, is
bounded in H!. In fact, by the extension of the Calderén-Zygmund theorem to
H1, the sequence (V2u,,) is bounded in H! C L', and therefore, by Rellich’s
compactness result, Vu,, — Vu locally in L' as m — co. Boundedness of (f,,)
in H! by the result of Coifman-Lions-Meyer-Semmes [1] is guaranteed if, for
instance, for each m € IN the function f,, is a linear combination of 2 x 2 sub-
determinants of VF(u,,), where F: R™ — IR” is a smooth, bounded function
with bounded derivative. For more information about Hardy spaces and their
applications, see, for instance, Torchinsky [1] or Semmes [1].



