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ABSTRACT We consider the physics of lattice bosons in the
presence of either disordered on-site chemical potential or dis-
ordered on-site interparticle interactions. By means of analytical
results using strong-coupling expansion, and numerical results
based on quantum Monte Carlo calculations, we show that
important qualitative changes in the zero temperature phase di-
agram are observed when comparing both cases. Although for
both types of disorder superfluid, Mott-insulator and Bose-glass
phases may be found, we show that in the case of random inter-
actions the Mott-insulating regions shrink and eventually vanish
for any finite disorder strength beyond a sufficiently large fill-
ing factor. Furthermore, at low values of the chemical potential
both the superfluid and Mott insulator are stable towards the
formation of a Bose-glass, leading to a possibly non-trivial tri-
critical point. We discuss possible experimental realizations of
both types of disorder in the context of ultra cold atomic gases
in optical lattices.

PACS 03.75.Lm; 03.75.Ss; 05.30.Jp; 32.80.Pj

1 Introduction

Extraordinary developments in the cooling, trap-
ping, and manipulation of ultra cold atomic gases [1] have led,
in the last few years, to a fascinating new physics, namely that
of ultra cold atomic gases. This research area attracts a large
and still-growing interest, mostly motivated by the realization
of quantum degeneracy in both bosonic [2] and fermionic [3]
gases. The physics of ultra cold gases has rapidly developed
becoming an inherently multidisciplinary field, with strik-
ing results ranging from (linear and non linear) atom op-
tics [4], to the observation of superfluid phenomena [5–8],
and the achievement of a coherent matter-wave source or
atom-laser [9–13].

Recently, a new generation of experiments has opened
up the fascinating possibility of studying strongly-correlated
atomic gases, where the physics of cold atoms meets the
physics of strongly-correlated electrons in solid state physics.
In strongly-correlated atomic gases, mean-field approaches
typically cease to be applicable, and the many-body char-
acter of the physics becomes crucial. A remarkable ex-
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ample of this novel research field can be found in the recent
experiments on BEC-BCS crossover in degenerate Fermi
gases [14, 15], where the physics at the unitarity limit de-
mands analysis beyond mean-field approximation. In add-
ition to these experiments, the realization of one-dimensional
trapping geometries has recently led to the achievement
of a strongly-interacting 1D bosonic gas [16–20]. An al-
ternative route towards strongly-correlated atomic systems
is that of rapidly rotating atomic gases, which resemble
the physics of 2D electrons in the presence of a mag-
netic field. In principle, phenomena similar as those found
in quantum Hall physics have been predicted [21]. How-
ever, in spite of spectacular results in what concerns vor-
tex lattices in the lowest Landau level, current experiments
are still far from approaching the regime of quantum Hall
physics [22].

Perhaps the best example of strongly-correlated atomic
systems is provided by ultra cold atomic gases in optical lat-
tices. An optical lattice is a standing-wave formed by counter-
propagating laser beams. Under appropriate conditions, cold
atoms loaded into this standing-wave experience a periodic
modulation of their energy, and thus a periodic potential.
Hence, the physics of ultra cold atoms in optical lattices
closely resembles that of electrons in solid-state physics. In
this sense, remarkable effects have been observed, as e.g.
Bloch oscillations in accelerated lattices [23–25], or the cre-
ation of Josephson arrays of Bose–Einstein condensates [26,
27]. Recently, this resemblance has been firmly pushed into
the strongly-correlated regime, with spectacular experiments
on the Mott insulator-to-superfluid transition [28–30]. These
experiments have attracted a large interest in the condensed-
matter community, partially motivated by the unprecedented
possibility of realizing a basically perfect periodic poten-
tial, with neither defects nor phonons. In addition, the large
degree of control offered by experiments in optical lattices
opens up the possibility of analysing different lattice geome-
tries departing from hitherto standard cubic lattices, as e.g.
triangular or kagomé [31, 32]. These lattices are of fundamen-
tal importance in the analysis of frustrated antiferromagnetic
systems.

As commented on above, typical experiments have been
performed in defect-free lattices. However, recent proposals
have discussed new scenarios which depart from this stan-
dard. Disorder may be induced in the laser potential in dif-
ferent ways. First experimental attempts in this direction have
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been very recently realized [33–36], by adding to the regu-
lar lattice a speckle pattern, obtained by passing a laser beam
through a diffuser. However, although localization phenom-
ena have been observed, these experiments are still some way
from the appropriate regime to observe quantum i.e. Ander-
son, localization [37], due to the large speckle size and the
delocalizing effect of the interatomic interactions. Better per-
spectives would be opened by the use of incommensurate ad-
ditional lattices [38]. An additional, very promising possibil-
ity, would consist of employing two different atomic species,
one being pinned by a strong lattice potential, and by induc-
ing (via interactions) a random potential in the other [39].
Localized impurities can also be created, leading to Kondo-
like physics [40]. Additionally, randomness in Fermi–Bose
mixtures has been predicted to induce a fascinating variety
of disorder phenomena, ranging from Fermi glasses, to spin
glasses and quantum percolation [41, 42].

In addition to the control of the confinement potentials, it
has recently become possible to manipulate the interatomic
interactions by means of Feshbach resonances [43, 44]. Using
a suitably adjusted magnetic field, a resonance is induced be-
tween a molecular state and the unbound states of the incom-
ing atoms, leading to important modifications of the scattering
properties. The s-wave scattering length undergoes a very
large change in a relatively narrow window of values of the
applied magnetic field, becoming ±∞ at resonance. This ex-
treme sensitivity of the scattering properties at the verge of
a Feshbach resonance will be crucial to our discussion.

In this paper, we discuss in more detail our recent re-
sults [45] concerning the physics of lattice bosons subject
to a novel kind of disorder, namely bounded disorder in the
strength of the interatomic interactions1. We shall in addition,
review the case of disorder in the on-site local chemical poten-
tial, and compare both cases in detail.

We would like to stress that although disorder in the inter-
actions could eventually appear in e.g. granular superconduc-
tors, it is considered typically as being negligible [46]. In this
sense, ultra cold atoms in optical lattices become particularly
relevant since, as we shall discuss in detail, this disorder in the
interatomic interaction can be generated in a controlled way in
ultra cold gases on the verge of a Feshbach resonance.

We shall study the consequences that the disorder in the in-
teraction strength has on the zero-temperature phase diagram
of the system by means of a strong-coupling expansion (SCE)
and quantum Monte Carlo (QMC) simulations, and contrast
our findings with the case of randomness in the chemical
potential [47]. As we will show, important qualitative differ-
ences between the phase diagrams for both types of disorder
occur.

The structure of this paper is as follows. In Sect. 2 we
briefly review the physics of lattice bosons with random on-
site chemical potential. Section 3 introduces the case of ran-
dom on-site interactions, and discusses the case of zero hop-
ping. In Sect. 4 we briefly review the idea of SCE, and use
it to obtain an analytical expression for the Mott-lobes in the

1 In free space, a renormalization group analysis shows that the critical
properties at the transition between superfluid and disordered state are
unaltered as compared to the case of random µ. A. Kantian, Dipl. Thesis,
Univ. Hannover (2004), and private communication.

presence of random on-site interactions. Section 5 presents
the QMC calculation of the phase diagram. In Sect. 6 we com-
ment on possible experimental realizations of both random
on-site chemical potential, and random interaction. Finally, in
Sect. 7 we summarize our conclusions.

2 Random local chemical potential

In this section we shall briefly review the physics of
lattice bosons in the presence of disorder in the local chemical
potential. For more details on this issue we refer the reader to
the seminal paper of Fisher et al. [47]. Possible experimental
realizations of the disorder in the local chemical potential will
be discussed in Sect. 6.

In this section we shall consider a Bose–Hubbard Hamil-
tonian of the form

Ĥ = −J
∑

〈ij〉

(
b†i bj +h.c.

)
+ U

2

∑

i

ni(ni −1)−
∑

i

µini ,

(1)

where bi (b†i ) is the annihilation (creation) operator for bosons
in the i-th lattice site, ni = b†i bi , J is the hopping constant,
〈i, j〉 indicates nearest neighbors, U is the coupling constant
for the interatomic interactions, and µi is the local chemical
potential. The latter is assumed as random and uniformly dis-
tributed within the interval µ−∆ ≤ µi ≤ µ+∆, where µ is
the average value of the chemical potential.

Following the arguments of [47], the phase diagram in
the strongly interacting regime can be obtained from consid-
ering first the trivial limit, J = 0. One finds that if µ falls
within an interval (n −1)U +∆ ≤ µ ≤ nU −∆, with an in-
teger n, the ground-state of the system is an incompressible
Mott-insulator with n bosons on each lattice site. For values
of µ outside these intervals, i.e. for nU −∆ < µ < nU +∆,
the system enters an insulating, but compressible phase com-
monly referred to as Bose-glass, in which the occupation per
site varies between n and n +1. This physics is maintained
up to moderate values of J , leading to a phase diagram with
three distinguished phases: superfluid (SF) at large J2, Bose-
glass (BG), and the Mott-insulator (MI) regions. Recent QMC
calculations have shown that the transition from SF to MI al-
ways occurs through an intermediate BG phase [48–50], as
suggested in [47].

Two important features of the physics with random µ

should be stressed at this point, since they are critically differ-
ent in the case of random interactions, which we shall discuss
below. First, the BG phase extends all the way down to nega-
tive chemical potentials. In particular, at zero tunneling, the
lowest boundary of the first Mott lobe is found at µ/U = ∆.
We shall show below that this is not the case for random in-
teractions. Second, at zero tunneling, the Bose-glass regions
between the MI lobes all of them are of the same extension. In
particular, if ∆/U < 1/2 the Mott-insulator regions are main-
tained, separated from the SF phase by a BG region. How-
ever, if ∆/U > 1/2 all Mott-insulator regions disappear, and
a phase diagram with only BG and SF regions is obtained. We

2 In the 1D case we should call it quasi-SF, although for typical finite size
experiments it is indistinguishable from SF.



GIMPERLEIN et al. Random on-site interactions versus random potential in ultra cold atoms in optical lattices 219

shall see below, that for random interactions a selective elimi-
nation of Mott-insulator lobes is possible.

3 Random interactions. Zero tunneling

After reviewing the basic physics occurring in the
case of random local chemical potential, we shall consider the
following the case of randomness in the interactions. A pos-
sible experimental realization of this novel scenario will be
discussed in Sect. 6.

In the following we shall consider a Bose–Hubbard
Hamiltonian with random interatomic interactions:

Ĥ = −J
∑

〈ij〉

(
b†i bj +h.c.

)
+

∑

i

Ui

2
ni(ni −1)−

∑

i

µini ,

(2)

where we assume for simplicity that µi = µ, and Ui is the
local value of the coupling constant for the interatomic in-
teractions. We assume Ui is uniformly distributed inside
the range U(1 − ε) ≤ Ui ≤ U(1 + ε). As we shall discuss in
Sect. 6, in practice the distribution of Ui is neither ideally
symmetric nor uniform, but this does not affect our main con-
clusions and could be easily included in our calculations.

A characteristic difference between random U and ran-
dom µ is already obtained in the limit J = 0. Now compress-
ible phases occur for n(1−ε) < µ/U < n(1+ε), in which the
occupation per site varies between n and n +1, whereas out-
side these regions the system enters into an MI. In contrast to
the case of randomness in the chemical potential, the extent
of compressible regions between the MI thus increases with
the occupation number n. The disorder in U thus leads to an
increased destabilization of MI states with increasing n. Even-
tually, MI regions with an occupation of n ≥ (1 + ε)/2ε par-
ticles per site disappear. Therefore, given a disorder strength
ε, only a finite number of MI regions remain stable. This se-
lective destruction of MI states cannot be accessed in the case
of a random chemical potential, where, as we discussed above,
all the MI lobes vanish once ∆ ≥ U/2. More generally, if both
Ui and µi have a bounded random distribution, the n-th lobe
disappears for (2n −1)ε+2∆/U = 1.

4 Random interactions. Strong coupling expansion

In order to analyze the phase diagram for J > 0,
we shall employ two different approaches. In this section, we
shall estimate the extent of the MI regions using the SCE [51].
In the next section, we shall employ QMC calculations to ob-
tain a full picture of the phase diagram at zero temperatures.

4.1 The method of strong-coupling expansion

We shall first review the main ideas and results
in the SCE when applied to the case of random µ [51]. We
shall consider a bipartite d-dimensional lattice of L sites, on
which, as in Sect. 2, the local chemical potential µi = µ+∆i

is bounded between µ±∆, such that values arbitrarily close
to the extremal ones are assumed with a probability larger
than zero. We shall consider Jij = J . As indicated in Sect. 2,
the situation is well understood for zero hopping, where the

Hamiltonian is already diagonal and the MI ground state with
filling factor n is given by

|ΨM(n)〉 = |n, . . . , n〉 . (3)

The idea of the SCE is to use this state as a zeroth order ap-
proximation for small J/U and to perturbatively calculate the
gap to states with an additional particle or hole. The vanish-
ing of this gap signals the transition out of the Mott-insulator.
However, no information about the phase beyond the transi-
tion is gained, except that it has a vanishing energy gap. For
these regions QMC calculations provide the necessary infor-
mation, as we discuss in the next section.

Perturbation theory shows that the lowest order approxi-
mation to the states with one additional particle or hole are
given by

|Ψp(n)〉 =
L∑

i=1

fi
b†i√
n +1

|ΨM(n)〉 , (4)

|Ψh(n)〉 =
L∑

i=1

gi
bi√

n
|ΨM(n)〉 , (5)

where fi and gi are the eigenvectors with the lowest eigenval-
ues Λ and Λ̃ (which we assume to be non-degenerate) of the
matrices Sp

ij = −Jij + δij∆i/(n +1) and Sh
ij = −Jij − δij∆i/n,

respectively. In the thermodynamic limit, one may compute
the lowest eigenvalue of Sp and Sh by summing the lowest
eigenvalues of the hopping and the disorder parts [52]. This is
due to our assumption on the extremal values of the disorder,
which we have assumed to occur with a non-vanishing prob-
ability. Consequently, a sufficiently large system will contain
homogeneous regions in which the disorder assumes its max-
imum or minimum value.

Starting from the zeroth order approximations to the MI
and defect states as above, one may apply standard quantum
mechanical perturbation theory in the disorder and hopping
terms to obtain an approximation to the energy gap between
these states up to the desired order. Setting the corresponding
equations to zero results in expressions for the MI lobes [51],
which in third order agree very well with the corresponding
QMC results in the non-disordered case. For disordered sys-
tems, one can even show that the finite size effects in QMC
calculations are significant, since the results obtained from
the analytical expression for finite lattices agree well with the
QMC results, and may be compared with the results in the
thermodynamic-limit. We shall show below that this is also
the case for random U .

4.2 Strong-coupling expansion for the random U case

We shall at this point apply the strong-coupling
ideas to the case of random U . As above, we start with the
states |ΨM(n)〉, |Ψp(n)〉 and |Ψh(n)〉, where now the eigen-
vectors and eigenvalues are computed from the matrices Sp

ij =
−Jij +δijnUi/(n +1) and Sh

ij = −Jij −δij(n −1)Ui/n. At first
order, the boundaries of the MI lobes are obtained as

µu

U
= −2(n +1)

J

U
+n(1 − ε) , (6)
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µl

U
= 2n

J

U
+ (n −1)(1 + ε) , (7)

for the upper (u) and lower (l) boundaries of the MI with inte-
ger filling n. In particular we find, that the lower boundary of
the first MI lobe (n = 1) is not affected by the disorder in U ,
in contrast to the random-µ case [51]. This reflects the obser-
vation, that no compressible phase emerges below the n = 1
MI at J = 0 for the random-U case, in contrast to the case of
random µ. From equating (6) and (7), one gets an (under-)
estimate for the largest extent of the MI phase with filling n:

Jc

U
= 1 − (2n −1)ε

2(2n +1)
. (8)

Thus all MI lobes with n > (ε+ 1)/2ε are completely de-
stroyed, as already discussed in Sect. 2. Calculating higher-
order corrections in the SCE improves the quantitative de-
scription of the MI lobes, although as shown below, higher
orders do not modify the qualitative conclusions.

Higher order terms are obtained by applying the general
formulas of perturbation theory (see e.g. [53]) to the Hamilto-
nian, with the perturbation

Hpert = −
∑

〈ij〉
Jijb

†
i bj + 1

2

∑

i

uini(ni −1) , (9)

with ui = Ui −U . For the second order correction of the en-
ergy gap

E(2)
p,h ≡ 〈Ψp,h(n)|Hpert

Q0

∆E
Hpert|Ψp,h(n)〉

− 〈ΨM(n)|Hpert
Q0

∆E
Hpert|ΨM(n)〉 , (10)

where ∆E denotes the energy difference to the initial state,
and Q0 the projection onto the orthogonal subspace, one ob-
tains as in the µ-disordered case that it does not depend on the
disorder ui :

E(2)
p = −n(5n +4)

2U
Z J2 + n(n +1)

U

∑

ijk

fk Jk j Jji fi , (11)

where Z is the coordination number of the lattice (Z = 2d for
the d-dimensional hypercubic case). Hence

∑
ij J2

ij = Z J2.
Similarly

E(2)
h = − (n +1)(5n +1)

2U
Z J2 + n(n +1)

U

∑

ijk

gk Jk j Jji gi .

(12)

This agrees with the results of [51].
Following similar procedures, a tedious calculation pro-

vides the third order contribution to the SCE. For the bound-
aries of the MI lobe with n particles one obtains

E(3)
p = −n(n +1)

U2

∑

ijk

(n(ui +uj)− (n −1)uk) fi Jik Jk j fj

− n(3n2 −5n −6)

4U2

∑

ij

ui J2
ij f 2

j

+ n(3n2 +5n +2)Z J2

4U2

∑

k

uk f 2
k

− n(n +1)(11n +10)ΛZ J2

4U2

+ n(n +1)2Λ

U2

∑

ijk

fi Jij Jjk fk

− 3n(n +1)(3n +2)Z J2

U2

∑

ij

fi Jij f j

+ 2n(n +1)(2n +1)J2

U2

∑

ij

fi Jij fj

+ n(n +1)(3n +2)

U2

∑

ijkl

fi Jij Jjk Jkl fl , (13)

E(3)
h = n(n +1)

U2

∑

ijk

(n(ui +uj)− (n −1)uk)gi Jik Jk j gj

+ (n +1)(3n2 −2n +3)

4U2

∑

ij

ui J2
ij g

2
j

− (n +1)(3n2 +8n +8)Z J2

4U2

∑

k

ukg2
k

− n(n +1)(11n +1)Λ̃Z J2

4U2

+ n2(n +1)Λ̃

U2

∑

ijk

gi Jij Jjkgk

− 3n(n +1)(3n +1)Z J2

U2

∑

ij

gi Jij gj

+ 2n(n +1)(2n +1)J2

U2

∑

ij

gi Jij gj

+ n(n +1)(3n +1)

U2

∑

ijkl

gi Jij Jjk Jkl gl . (14)

Observe that due to the fact that g is an eigenvector of the
hopping matrix for n = 1 and that the average of ui is zero,
the lower part of the first MI lobe is not affected by disorder
even for finite systems with periodic boundary conditions. In
Sect. 5 we shall compare the formulas up to third order in the
SCE with the QMC results.

5 Random interactions.
Quantum Monte Carlo calculations

The SCE allows us to estimate the extent of the
Mott-insulating phases. However, it does not provide infor-
mation about the complete phase diagram, in particular on
the nature of the compressible phases. In order to obtain
a more complete picture of bosons with disorder in the in-
teraction strength, and to distinguish between SF and pos-
sible BG phases, we have to resort to numerical techniques.
Here, we employed the stochastic series expansion (SSE) to
perform QMC simulations of bosons with random on-site in-
teractions [54]. This scheme is based on a high temperature
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series expansion of the partition function of a finite system,

Z = Tr exp(−βH) =
∞∑

n=0

βn

n! Tr(−H)n

=
∞∑

n=0

βn

n!
∑

{i1,...in }

∑

{b1,...bn }
〈i1|− Hb1|i2〉

×〈i2|− Hb2|i3〉 · · · 〈in |− Hbn |i1〉 . (15)

In the second line we decomposed the Hamiltonian H into
a sum of single-bond terms H = ∑

b Hb, and inserted com-
plete sets of basis states. By a suitable shift of the energy
scale, all matrix elements of the −Hb can be made positive
for a bosonic model. The SSE then proceeds by stochastically
sampling the important contributions from this expansion for
a given inverse temperature β. This is eased in practice by
the fact, that the convergent series in n can be truncated at
a sufficiently high order Λ, which scales linearly in both
the system size and β. Each Monte Carlo update step con-
sists of two parts. In the first diagonal part of the expansion
order, n, is modified, by attempts to add/remove diagonal
terms, 〈i1|− Hb1|i2〉 with |i1〉 = |i2〉. Then a fixed number of
non-local updates are performed, based on the directed loop
scheme [55, 56]. This part of the update step keeps the expan-
sion order n and the bond operators Hbk fixed, resulting from
the previous diagonal part of the update. It modifies the in-
termediate states |ik〉, by performing changes to the current
configuration along closed loops. Each loop in the directed
loop scheme is directed so as to avoid undoing its previous
changes to the QMC configuration. This step leads to a signifi-
cant reduction of autocorrelations between successive QMC
configurations, which also makes the SSE scheme efficient
near (quantum) phase transitions. We were thus able to study
the disordered bosonic model over an extended parameter
regime from deep inside the MI regions to the SF regime.

In our simulations, we considered chains with up to L =
200 sites using periodic boundary conditions, and averaged
over typically 200 disorder realizations for each data point. By
performing the simulations at low enough temperatures3, we
can obtain ground state properties of these finite systems. In
the following we discuss the results we obtained from our sim-
ulations. The identification of different phases of the bosons
is based upon measurements of both the global compressibil-
ity κ = ∂N/∂µ from the fluctuations of the particle number N,
and the winding number fluctuations 〈W2〉, from which the
superfluid density is calculated as 	S = LT/(2J) 〈W2〉 [57].
Figure 1 shows the disorder averaged values of both observ-
ables as functions of J/U along a cut of constant µ/U = 0.51
for a disorder strength of ε = 0.25. In the limit of J = 0, the
system is indeed found inside a MI phase with n = 1. We can
clearly identify the finite extend of this MI region from the
vanishing values of both κ and 	S for small values of J/U .
On the other hand, at large value of J/U , both κ and 	S take
on finite values, and we can identify the large-J region as
the SF phase of the model. Interestingly, for 0.078 < J/U <

0.133, the system shows a finite compressibility, but no super-
fluid response. This characterizes the intermediate regime as

3 We found a value of T = 0.015J to be sufficient for the considered
system sizes.

FIGURE 1 Zero temperature compressibility κ and superfluid density ρS of
bosons on a one-dimensional optical lattice with random interaction strength
of ε = 0.25 as a function of J/U along a cut a µ/U = 0.51, obtained from
QMC simulations. The error bars quantify the standard deviation of the
sample-to-sample fluctuations, whereas the dashed lines indicate the esti-
mated extent of the Bose glass along this cut

FIGURE 2 Zero-temperature phase diagram of bosons on a one-dimensional
optical lattice with random interaction strength of ε = 0.25, obtained from
QMC simulations of 200 sites and a third-order SCE for the thermodynamic
limit (TDL). The extent of the Mott lobes in the pure case (ε = 0) from SCE
is indicated by the dashed line, whereas the dot-dashed line shows the SCE
results for a finite system of L = 200 sites

a disorder-induced BG phase, which separates the MI and SF
region at this value of µ/U = 0.51.

We performed similar scans along various lines in param-
eter space, from which we then obtained the QMC estimates
of the different phase boundaries. From this we constructed
the phase diagram shown in Fig. 2. In addition to the QMC re-
sults for ε = 0.25, we also included in this plot results from the
third-order SCE for the extents of the MI phases in the ther-
modynamic limit (TDL). An accurate determination of the MI
boundaries from QMC in the disordered case [58] would re-
quire significantly larger system sizes due to rare regions of
delocalized bosons [51]. Indeed, on performing a third-order
SCE for a finite chain of L = 200 sites, the results of the esti-
mated extend of the MI regions compares well with the QMC
(Fig. 2) results in the strong-coupling regime, J/U < 0.1. This
clearly indicates the rather strong finite size effects in the dis-
ordered case.

From our simulations, we thus obtain the following phase
diagram for bosons with random on-site interactions. The
MI lobes clearly shrink, not only by increasing µ, but also
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as a function of J , and eventually disappear for sufficiently
large values of µ. For the case of Fig. 2, where we choose
ε = 0.25, only MI lobes with n = 1 and 2 are found. Fur-
thermore, the lower boundary of the n = 1 MI does not vary
significantly with the disorder strength up to the critical hop-
ping Jc. This indicates a reduced relevance of disorder in the
interaction strength in the low-density region. This is also re-
flected by the absence of a BG phase for µ < 0. A dilute
compressible lattice boson gas would thus remains superfluid
even in the presence of disordered interactions. This is in clear
contrast to the case of random µ, for which the BG extends
down to arbitrary small (but finite) densities. The absence
of a BG for µ < 0 also indicates the presence of a tricriti-
cal point for the SF, MI, and BG phases, located along the
lower boundary of the n = 1 MI. Our calculations cannot re-
liably distinguish whether the BG phase disappears exactly at
a tricritical point at µ = J = 0, or at finite values of µ, J > 0.
Significantly larger system sizes would be required to an-
swer this question numerically, and is thus left for future
investigations.

6 Experimental realization
of disorder in optical lattices

6.1 Realization of randomness in µ

The detailed analysis of the disordered lattices dis-
cussed in this paper, demands an experimentally accessible
system in which the disorder and interaction effects can be
studied in a controlled way. In this section, we shall show that
this goal can be easily accomplished by employing cold atoms
in optical lattices. We shall first review how this is possible in
the case of random µ (for more details see [38]) and later on
we shall consider the case of random U .

We consider an ultra cold Bose-gas in a 2D optical lattice,
and assume the atoms are tightly confined in the transver-
sal (z) direction by a harmonic trap of frequency ωz , so that
the wavefunction in z remains in the Gaussian ground state.
The 2D optical lattice is formed by counter-propagating laser
beams, being of the form: Vl(r) = V0(cos2(kx)+ cos2(ky)),
where the lattice depth V0 is controlled by the laser inten-
sity and detuning, and λ = 2π/k is the laser wavelength.
A quenched pseudo-disorder in the local chemical poten-
tial can be induced by over-imposing to the main lattice
an additional one, Vr(r) = V1(cos2(k1r)+ cos2(k2r)), where
r = {x, y} and V1 controls the disorder strength. By prop-
erly choosing the propagation directions of the additional
lasers, a pseudo-random µ can be achieved. For example,
a possible choice could be k1 ∝ [−0.5, 1] and k2 ∝ [−1, 0.5],
and k1 = k2 	= k, with q = k1/k incommensurate. For com-
monly used NdYag and TiSapphire lasers q = 1064/795 =
1.338, although we must note that a pseudo-random lat-
tice can be perhaps more easily achieved by splitting off
part of the main laser beams and creating the additional in-
commensurate lattice by interfering these light beams at an
angle.

We assume that the energies involved in the system are
much smaller than the energy separation between the first and
the second band of the lattice, and consequently we can reduce
our analysis to the first band [28]. In that case, the physics of
the atomic lattice Bose gas is governed by the Bose–Hubbard

Hamiltonian (1), with

µi =
∫

d3rw�(r− ri)Vr(r)w(r− ri), (16)

with w(r− ri) the Wannier function for the lowest energy
band at the site i. Note that in principle the hopping coeffi-
cients Jij are also affected by the additional lattice. However
typically the correction is rather small for a sufficiently small
V1/V0 ratio, and hence we may safely assume Jij = J , as con-
sidered in previous sections.

An alternative way to generate a random on-site chemical
potential consists of employing a speckle pattern obtained by
passing a laser beam through a diffuser. As commented in the
introduction to this paper, this procedure has been employed
in very recent experiments to generate a disordered poten-
tial [33–36]. However, unfortunately, the typical wavelength
of the disorder is limited in current experiments to 20–30 lat-
tice wavelengths. Hence, the added noise is largely correlated
from site to site, and it cannot be considered as disordered
in the sense discussed in this paper. Therefore, the employ
of additional incommensurate optical lattices seems at this
point the best choice to observe Bose-glass (and also Ander-
son localization in weakly-interacting gases), together with
the proposal of generating disorder by employing two differ-
ent species [39].

6.2 Realization of randomness in U

The random-U scenario can be realized in a gas of
ultra cold bosons confined to an optical lattice using state-
of-the-art experimental techniques on atom chips [59–62]. In
the following, we consider a one-dimensional configuration,
where the atoms are assumed to be strongly confined in the
other two dimensions (by e.g. additional optical confinement).
This better matches the scenario discussed analytically and
numerically in the previous sections. However, we would like
to stress that qualitatively similar results also hold in higher
dimensions. We assume that the gas is brought to the verge
of a Feshbach resonance by an off-set magnetic field. As dis-
cussed in the introduction to this paper, slight modifications
of the magnetic field lead to large variations of the scatter-
ing properties. We shall employ this extreme sensibility of
the interatomic interactions with the magnetic field to realize
a random U scenario.

We consider the bosonic gas to be close to a magnetic wire,
inducing a spatially random magnetic field [59–62], which
can be considered sufficiently weak, such that the variations in
the potential energy can be considered negligible when com-
pared to other energy scales. However, since the off-set field
sets the system on the verge of a Feshbach resonance, the
slight random variations of the magnetic field lead to a spa-
tially random variation of the local interatomic interactions
(see Fig. 1). We assume that the spatial variations of the mag-
netic field do not induce a crossing of the resonance. In this
way, we shall keep the random U bounded as demanded in the
previous sections.

In order to avoid significant van der Waals losses, the
atoms should be placed at a distance > 0.5 µm from the sur-
face of the atom chip, which restricts the characteristic wave-
length of the variations of the magnetic field at the wire to
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FIGURE 3 Typical spatial variation of the on-site interactions. See text for
details

∆x ≥ 1 µm. The inter-site separation in the optical lattice is
approximately λ = 400 nm, but can be increased to 1 µm by
setting an angle between the counter-propagating lasers in
such a way that ∆x ≤ λ. The variation of the magnetic field at
the wire can be adapted to typical Feshbach resonance widths,
which are of the order of 1–10 mG.

In Fig. 1 we show a typical spatial variation of the on-site
interactions. In the figure we have considered a 87Rb cloud
0.5 µm over the surface of an atom chip, at a 1 µm-wide mag-
netic wire. By properly accounting for the granularity of the
wire, and applying the Biot–Savart law, one can model the
magnetic field variation at the cloud. In the figure we have
considered a wire current leading to a magnetic field variation
of up to ±2.5 mG, and an off-set field 5 mG away from the
B0 = 685.8 G resonance. This resonance is particularly suit-
able due to its appropriate width ∆B = 17 mG [63]. The local
value of the s-wave scattering length a(x) may be obtained
from local value B(x) from the expression a(x) = a0(1 −
∆B/(B(x)− B0)) (where a0 is the bare scattering length).

Assuming a lattice spacing of 1 µ, and a lattice depth
of five recoil energies, one can obtain Ui by integrating∫

dxU(x)|ψi(x)|4/ ∫
dx|ψi(x)|4, with U(x) = 4πh2a(x)/m,

where ψi(x) is the Wannier function for the first band at the
i-th site, which may be safely approximated by a Gaussian
function. The latter can be obtained by approximating the po-
tential at a node of the lattice by a harmonic oscillator and
considering the ground-state wavefunction of such oscillator.

As observed in Fig. 3, in practice the distribution of Ui

is neither ideally symmetric nor uniform, but as commented
above, this does not affect our main conclusions and could
be easily included in both the SCE and QMC calculations.
Also, some residual noise correlations could appear between
nearest neighbors, but they are small (for the case of Fig. 3
〈εiεi+1〉/〈ε2

i 〉 
 0.2 with εi = (Ui −U)/U), and can be re-
duced by increasing the lattice spacing.

6.3 Detection and other experimental issues

In typical experiments in addition to the optical lat-
tice, there is an additional optical or magnetic potential, which
may be usually considered as harmonic. Certainly, this is an

important issue, since the necessary commensurability for MI
phases can be achieved in practice only in the presence of
inhomogeneous potentials. The calculations discussed in the
previous sections were performed in the absence of an over-
all confining potential, and in this sense differs from typical
experimental conditions. However, if the confining potential
is sufficiently shallow, a local chemical potential may be con-
sidered, and local phases occur, as thoroughly demonstrated
by means of QMC calculations [64, 65] for the pure case.
Of course, the finite size of these different regions could sig-
nificantly affect the boundaries between the Bose-glass and
superfluid, once the localization length becomes larger than
the spatial extent of the various regions.

Concerning the detection of the different phases, typical
experiments of atoms in optical lattices [29, 30] rely for the
detection of the MI phase on the observation of the broaden-
ing of interference fringes in time-of-flight pictures (provided
by the insulating character of the phase), and the monitoring
of the opening of the Mott-gap in the excitation spectrum by
means of tilting experiments. In these experiments, although
other spatial phases are expected, the MI region is the largest
one and dominates the experimental detection. Similar experi-
ments could be performed to detect the shrinking of the MI
phases as a function of the disorder in U predicted in this
paper.

The detection of the BG phase is however more problem-
atic. Typical tilting experiments will not observe the disap-
pearance of the gap in the BG phase. The reason for that is
that states lying infinitesimally closer in energy may occupy
very distant locations in space, and hence a tilting experi-
ment would not typically produce any excitation at very small
tiltings, as one could expect in the absence of gap for particle-
hole excitations. The observation of the BG phase should
be accomplished by monitoring the width of the interference
peaks in time-of-flight measurements at fixed values of the
hopping J , and by increasing the disorder (either in µ or in U).
The broadening of the peaks should signal the spatial local-
ization of the wavefunction as a function of the disorder, and
hence the occurrence of the BG phase.

Finally, we would like to stress that the results discussed
in the previous sections were obtained at essentially zero
temperature. This means in practice, that the temperature T
should be smaller than any other energy scale in the problem.
In particular, our results should hold as long as T < J, εU .

7 Conclusions

To summarize, in this paper we have compared two
different types of disorder in lattice gases, namely the disorder
in the local chemical potential and the disorder in the inter-
atomic interactions. We have discussed in detail how these
two sorts of disorder can be created and controlled in possible
experiments of ultra cold atoms in optical lattices. We would
like to stress once more at this point, that the randomness in
the interactions, although in principle possible in granular su-
perconductors, it is usually considered as negligible. In this
sense, ultra cold gases offer a fascinating novel possibility.

We have compared in detail the zero-temperature phase di-
agrams for both types of disorder. As for the case of random
chemical potentials, a phase diagram with superfluid, Bose-
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glass and Mott-insulator phases is predicted. However, im-
portant differences can be found when comparing the random
U and random µ cases. For random interactions, the Mott-
insulator phases become progressively narrower (both in the
µ and J direction) for larger occupation numbers, and eventu-
ally disappear beyond a given filling. This is certainly differ-
ent in the case of random µ where for sufficiently large dis-
order all Mott-lobes disappear. Furthermore, the Bose-glass
phase disappears for low chemical potentials and hopping,
and hence a tricritical point occurs, although our numerical
calculations cannot discern whether this rigourously occurs at
µ = J = 0 or very small but finite values. However, we would
like to notice that, as it becomes clear from Fig. 2, for any re-
alistic experimental resolution a tricritical point may be found
in experiments performed at the tip of the first Mott lobe.
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