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Basic strategy in

any
disc.

method : Tt Gies to convert the PDE to algebra, ie .

-03
. → It * ¥u=I

Last week we Saw ED and FEM .

• FD : - 03cal>c) =

2UCH-uc.sc#-ucxthgh2--2uIua's"
.

then E- =

• FEM : Leads to the
'

same ' linear Algebra problem bat from a different point g

g view

Bascciidea

U is a Sof to * gy u is a minnow g
F- (v ) --tzfo@ocv5dx-oFtvdxouerH-EviCoiil-2iRiIV2-os.f:@scv) ' eco, Ko> = valeo}. = H'och ) (Sobolev space with o BC ) .

Then the above th' leads to a numerical method gor *
i

.
We solve * not by evaluating

the Second order PDE But rather we Minimise E over finite dimensional Subspace Hh EH .

Note : Hh = { Vin : Cai) → IR linear and Continuous on Escj , xj+,
] Vj Vhco)=VnCcI=o }

= Span {hj : s:-c , . . . ,n3 , rj-p.co. linear
.

hiking:
Inserting Uts onto E glues, Hh 7 Vn = IE, Cjnhj ⇒ F-Cvn) = ELIE, Cjnhj = III e - IE

where A=cj=%⑦xhiKdxhj) dr.

-

'

. We have converted * Core a quadratic minimisation problem :

Minimise Lz III E - EE
over E C- IRN . Then applying the Gaussian test

# C . . - Ito tj ⇒ A=E=I
, from LA .

Note : there is no reason to expect Cta E work g you f Cs CZ
.



then I
Assume u is Scyyluottg Smooth .

then u is a Sol
'

to * yy U minutes the
'

energy
-

functional
'

Etat 's 's:@xD 'd. - T : tvdx

among all v with Tv ? I@xv ) ' eco
,

vcd=vus=o .

- sufficient smooth .

Using holders or C - s cnequabts gives the above .

Prog-gThmgron#
The basic computation Flath) - Ecu) t HEH .

then
,

ECuthI-ECas-4@xCuthDZ_oTtCuthl-tzfICdxuj2tftu-oYd.ca
doch III@och)

"
- Ith .

→
= - Itasca - Hh tco.ca/h3'o=..ttzof@xus2

noting HEH ⇒ hco) -- has -_ o
.

"

⇒
"

Assume that u solves # . this implies Ecceth) - Ecu) = tf#ht 70 A hell

which yields chat U Minimises E over H
, So we also see chat this is a Unique

Minimum
.

"

⇐
"

Assume U is a minimise g E over H '

- OE Elutxh) - Ela) t HEH

^
Oe E- Cath ) - EG aid

,

h t % @" " Z µ sloe azo ⇒ ceo

-

⇒ a - o
-

- of a -Hh tf hell .

Now there are many ways to argue cte above . the Fundamental th"
g

the calculus

g variate goes
:

yfh= o f HEH -71=-0

Twoprogst) Functional Analysis : Hahn - Banach th" : Tyewihs -- o tf HEH ⇒ w=o

2) Assume that I= - Oka - f Is continuous , sufficiently smooth , and non - Zero :

I h

µ#, We see that off ht -03cal - f) to
,
which yields a contradiction

Its Useful to know how the methods are bath and not just considered as a LA problem .



Showinngchdffmluorkstactt
The matrix. It must be avertible and goatee definite .

This means that there excites a unique
Sd' to the discrete problem .

Troy
Note chat It is a square match so we want E show her# =Eo3

.

Thos follows g we show that o - IEC ⇒ E=o .

EEE = §.ci#iicjCef-- Ci )

= §cicjfOocridxIj-jFf@iiOxhi3CcjQcIjI-ffg.g
- oxhj) (f. Cjdxehj) )

=L@xfCjrj)Z = I@scrap do Unless vn=o⇐ 1=0 .

where rn -- Ecjthj EH

'

Faifact
This also shows chat the FD problem has a unique Sola .

Fact
The Sol' Un C- Hh g the discredited minimisation problem gor E (Le . the FEM Sola Unh)

is quasi
- optimal Cn Cto following Sena :

Exact FEM Geometry
j f

z
f hengthgcnleruai

t Laplace operator

Z 2Consider the L
'

norm g
e = HU - Unhllhqo. , t HOXU - dxclnlkzco

, "
E

GHU-vnlkzco.pt/lOxU-0xrenllh2)-VVnEHh
⇒ e = LIU - dnllfyoco.gg where the Superscript I corresponds to a giant

order derivative Cn the above Sarmatia .

(ea#a a
•- Un

lie . Hu- dully , E G Itu- rnllpeico, , , ht Vin Ella . § best possible

approximation
⇒ How well we can approximate U by f's on Hh

.

Note : Ty G -4 Cte this is optimal otherwise it is quasi- oatmeal

t.enmafancore-fred.ir#neqaata)

To w
'

does %@soup doc H we H'o call

Proof
Suffices to show this for WE Cocoa ) EH :(oil) a dense saissoace .

"""' *
⇐ :

if:*:c:÷÷%:u÷¥:#u:*.is#i.xi.o.ml



Using P- F we can prove Cea 's lemma :

Piragua)
1) Apply P- F to W = a- an

Id,du-unktfu-unjeddxcu-u.DZ

⇒ Hu - Unlike 2f@xCu- and
'

2) FEMproblemsied
Minimise Ebrd I@XVI - fth over YE Hh where uh is the minimise .

F-
q
'

satisfied by the rummer Un : in the prog g the Inn
"

a - Itasca- f) h - o "

we show the above again for Uk
,

Un minimised
.

OE Elan Hrh ) - Elan) ht tht Hh t XEIR
= @xunkd.cat#f@xVnl2-TtVh

As before this is greater than Zero jar all X angles that the Coefficient g X
'

needs to be o

% @cuenkdxrn ) -off rn V Vu C- Hn FEM Eg
'

.

% docu)Cd×v) = Ttv ht VEH'oCai) Eq
' satisfied by U -

3 Galerhrinorthog.no#
Use the Second g these eq's with f- Vn C- Hh .

(if @xukd.ch/--oTtVn%) '

of @xdinkdxvn) = 'T tvn FEM Eq
'

⑥ - Cii) yields : % # Lu - un)]dxVn=o
showing that the error is orthogonal to Vin in this Scalar product but not in the H

'

scalar

product ear > µ ,
= fur tfdxucxr

↳ Concluding the prog
Note addition

g
: Un

- Vin
-

,

kllu-dnlhiefdxlu-unldxlu-rnltfdxlu-UHO.lu - Un)
F- from Steg 3 .

Hedda - aah 'T'll @Hu- rust)
"

I

E HU- Unity, HU- Vallie '

SHU - Unum Hu - rally ,

⇒ LIU- Uh 115211 u - VEIIµ , t.hn EH, Note we Cancel the Square .



Toby
1 General Framework : Elliptic PDEs h Hd Cr) where I e- Ird bounded domain .

( Coercive bilinear

forms on Hilbert spaces.

2 Show that finite elements works :

(e . Show Ceos Lemma converges Hu - rink
,

o
.

This is from approximate theory :

How well Can I approximate the Unknown Sol ' U by Jardins VIE Hh ?

3 Advanced Algorithms
Adaptive Meshing ; fast solvers; Spectral FEM

.

Recall

We are trying to approximate the Unknown Sof U by p -w . linear Jfs :

^

U Vn¥
.

Hoo good is Ctcs approximation as the mesh size h→o ? Does the RHS g
Cea 's henna go

to Zero ?

Bastien

f- F inequality on the interval Ijfocj , og't]:

2

If WE H'o (Ij) then TIy2ECih1Ij@xw5.l.e . the constant for a- F should behave like h
.

Exercise

Go through the prog g
P- F wilt interval g length h instead g l .

⇒f¥µI = !?
, ftp.lu-rhp Er. Citi ? 98.ch- Vitt by choosing Vh to be Vhcxj) - acxj) and anear

linearly Interpolated in between t j .

1%48=77, # Lu - RI Er. Citi ? Toluca- hit

⇒ Hu - hell 'm Edith Ila - Vallie ,


