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Abstract. The solution to the elastodynamic equations with mixed boundary condi-
tions exhibits a singular behavior where the boundary conditions change. We obtain
detailed expansions of the singularities of the Dirichlet trace of the solution and the
traction on the boundary. The results imply quasi-optimal estimates for piecewise poly-
nomial approximations. The results are applied to hp and graded versions of the time
domain boundary element method. Numerical examples illustrate the theoretical re-
sults in 2d. They confirm the expected quasi-optimal convergence rates and the singular
behavior of the numerical approximations.

Résumé. La solution des équations élastodynamiques avec des conditions au contour
mixtes présente un comportement singulier où les conditions au contour changent. Nous
obtenons des expansions détaillées des singularités de la trace de Dirichlet de la solution
et de la traction sur le bord. Les résultats impliquent des estimations quasi-optimales
pour les approximations polynomiales par morceaux. Les résultats sont appliqués àux
versions hp et dégradantes de la méthode des éléments finis de frontière en domaine
temporel. Des exemples numériques illustrent les résultats théoriques en 2d. Ils confir-
ment les ratios de convergence quasi-optimal attendus et le comportement singulier des
approximations numériques.
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1. Introduction

Solutions to elliptic or parabolic equations with mixed Dirichlet and Neumann boundary con-
ditions exhibit well known singular behavior at those boundary points where the boundary con-
ditions change. The explicit singular expansions allow to show that finite and boundary element
discretizations with algebraically graded meshes converge with the optimal convergence rates in
such problems.

The analysis of time-dependent, hyperbolic equations in nonsmooth domains has been clari-
fied in foundational works by Plamenevskǐı and collaborators [39, 41]. They obtain the precise
asymptotic behavior of the solution near corners and edges of the spatial domain, analogous to
time-independent problems. Based on this analysis, Müller and Schwab [43,44] recovered optimal
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convergence rates for finite element methods on algebraically graded meshes in the case of the wave
and the elastodynamic equations in polygonal domains in R2. Recent works [4,6,12,23,25,26,42]
have extended the analysis to h and hp finite and boundary element methods for wave equations
with Dirichlet or Neumann boundary conditions in 2d and 3d singular geometries.

In this article we study the analysis and numerical approximation for mixed boundary con-
ditions, as relevant to realistic initial value problems in elastodynamics. First, we extend the
integral equation approach from the time-independent situation in [53] to the time domain. Using
retarded potentials, we derive a system of integral equations in space and time which is equiva-
lent to the original mixed initial boundary value problem: The solution to the mixed problem is
recovered by substituting the solution to the system of integral equations in the representation
formula. Second, by adapting the approach of Plamenevskǐı and collaborators to mixed problems,
we obtain decomposition results into singular terms plus more regular remainders for the solution.
Corresponding expansions for the solution of the system of integral equations are obtained by
taking the Dirichlet trace on the Neumann part of the boundary, respectively the Neumann trace
on the Dirichlet part. This precise asymptotic description of the solution then leads to quasi-
optimal estimates for piecewise polynomial approximations on graded meshes and hp boundary
element methods in the time domain. Compared to previous works on the analysis or numerical
analysis of time-dependent, hyperbolic equations in nonsmooth domains for either Dirichlet or
Neumann boundary conditions, we here study a system of integral equations, arising from the
different boundary conditions on different parts of the boundary. While the resulting singularities
of the solution take a similar form as for Dirichlet or Neumann conditions in a wedge [4], the
functional analytic set-up, analysis and numerical solution of the system require careful and novel
adaptation.

To be specific, we consider the following initial-boundary value problem of elastodynamics in
a polyhedral Lipschitz domain Ω ⊂ Rn with compact boundary Γ. The displacement u, resp. the
traction p(u) are prescribed on open Lipschitz subsets ΓD,ΓN ⊂ Γ, leading to the initial-boundary
value problem with mixed Dirichlet and Neumann boundary conditions:

(λ+ µ)∇(∇ · u) + µ∆u− ϱü = 0, (x, t) ∈ Σ = Ω× (0, T ], (1)

u(x, t) = gD(x, t), (x, t) ∈ ΣD := ΓD × (0, T ], , (2)

p(u)(x, t) = gN (x, t), (x, t) ∈ ΣN := ΓN × (0, T ], (3)

u(x, 0) = u̇(x, 0) = 0, x ∈ Ω. (4)

Here µ > λ > 0.
We formulate this problem as an equivalent system of time dependent integral equations (12)

on ΓD and ΓN , involving the single layer, the double layer, the adjoint double layer and the
hypersingular operators.

Our conclusions for the convergence rate of the best-approximation of the solutionsUUU = (v,ψψψ) ∈
Hr
σ(R+, H̃− 1

2 (ΓD))
n × Hr

σ(R+, H̃
1
2 (ΓN ))n to these boundary integral equations depend on an

exponent α̃, which is determined by the geometry (opening angle) and the elastic parameters; see
Appendix A for the definition of the function spaces.

For a domain in R3 with both wedge and cone singularities the exponent α̃ is given by

α̃ = min

{
Re ν∗,Re α+

1

2

}
, (5)

where ν∗ denotes the leading singular exponent at the edge (the minimum between π
2ω and the

minimal root of (21)), while α is the leading singular exponent at the cone (the leading eigenvalue
of the pencil AM in (60)). For a polygonal domain in R2, we set α̃ = Re ν∗.

For the approximation on a graded mesh we obtain:

Theorem A. Let r ≥ 0 and ε > 0. Let UUU = (v,ψψψ) be the solution to the system of integral

equations (12) and Ũ̃ŨUh,∆t ∈
(
V∆t,sp ⊗X−1

h,p(ΓD)
)n

×
(
V∆t,sq ⊗X0

h,q(ΓN )
)n

the best approximation
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to UUU in the norm of Hr
σ(R+, H̃− 1

2 (ΓD))
n × Hr

σ(R+, H̃
1
2 (ΓN ))n on a β̃-graded spatial mesh with

∆t ≲ h1. Then

||UUU − Ũ̃ŨUh,∆t||
Hr

σ(R+,H̃− 1
2 (ΓD))n×Hr

σ(R+,H̃
1
2 (ΓN ))n

≤ Cβ̃,εh
min{β̃α̃−ε, 32}.

For the convergence of hp-approximations on a quasi-uniform mesh we show:

Theorem B. Let r ≥ 0 and ε > 0. Let UUU = (v,ψψψ) be the solution to the system of integral

equations (12) andUUUh,∆t ∈
(
V∆t,sp ⊗X−1

h,p(ΓD)
)n

×
(
V∆t,sq ⊗X0

h,q(ΓN )
)n

the best approximation

in the norm of Hr
σ(R+, H̃− 1

2 (ΓD))
n×Hr

σ(R+, H̃
1
2 (ΓN ))n to UUU on a quasiuniform spatial mesh with

∆t ≲ h. Then for p = 0, 1, 2, . . .

∥UUU −UUUh,∆t∥
Hr

σ(R+,H̃− 1
2 (ΓD))n×Hr

σ(R+,H̃
1
2 (ΓN ))n

≲

(
h

(p+ 1)2

)α̃−ε
+

(
∆t

p+ 1

)p+1−r

+

(
h

p+ 1

) 1
2+η

,

where r ∈ [0, p+1) and ϕϕϕ0 ∈ Hp+1
σ (R+, H̃η(Γ))n is the regular part of the singular expansion of UUU .

Theorems A and B are the content of Section 4. They follow from an analysis of the initial-
boundary value problem (1) –(4), by relating its solution to the system of integral equations (12)
(see Theorem (2.3)).

Numerical experiments for the above mixed boundary value problems are presented in polygo-
nal geometries in R2. They achieve the predicted convergence rates on graded meshes and confirm
the leading singular exponents of the solution.

This work contributes to the analysis of boundary element methods for time dependent prob-
lems, which have attracted much recent interest, see [8, 16, 22, 32]. They are particularly relevant
for problems which cannot be reduced to the frequency domain, such as nonlinear problems or
problems involving a broad range of frequencies [24,51]. For elastodynamic problems, their analy-
sis was initiated by Bécache and Ha Duong in [10,11], and we refer to [19] for the wellposedness of
mixed boundary problems for the wave equation. Beyond the higher-order methods for singular
problems discussed in this article, recent work on Galerkin discretizations ranges from the foun-
dations of their analysis [34, 35, 52] and coupled problems [1, 27] to the efficient assembly [50, 54]
and compression [2] of space-time matrices.

Singularities of the solution to the time independent Lamé equation with mixed boundary
value problems or in singular domains have been studied extensively in the past decades, includ-
ing [9, 15, 28, 30, 40]. Quasi-optimal error estimates for boundary element methods on graded
meshes were derived by von Petersdorff [47], see also [48,49] for the scalar Laplace equation.

Structure of this article: Section 2 reviews the initial-boundary value problem (1) – (4) with mixed
Dirichlet and Neumann boundary conditions as a system of boundary integral equations. The reg-
ularity of solutions to the differential problem is addressed in Section 3, based on the theoretical
setting from Appendix B to formulate the results. Taking Dirichlet, resp. Neumann, traces we
obtain corresponding results for the solutions of the integral equations. The boundary element
discretization and approximation results are subject of Section 4, both for the h version on graded
meshes and the hp version. Algorithmic aspects of the implementation are discussed in Section
5. Numerical experiments in Section 6 on graded meshes underline the theoretical results for 2d
model problems. Both convergence rates and the asymptotic behavior of solutions are investigated
numerically. The article concludes with two appendices: Appendix A introduces the relevant set
up of function spaces and mapping properties of the integral operators for the error analysis. Cru-
cial theoretical ingredients for the regularity theory are explained in Appendix B.
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Notation: For vectors (written in bold letters) both operators and norms are understood component-
wise. We write f ≲ g provided there exists a constant C such that f ≤ Cg. If the constant C is
allowed to depend on a parameter σ, we write f ≲σ g.

2. Existence and uniqueness of solutions of equivalent integral
equations

Let Ω ⊂ Rd, d = 2 or 3, be a bounded polygonal or polyhedral Lipschitz domain. It will be
convenient to write the Navier-Lamé equations (1) in the form

∇ · σ(u)− ϱü = 0. (6)

Here, the Cauchy stress tensor σ(u) is defined by

σ(u) = ϱ(c2P − 2c2S) (∇ · u)I + ϱc2S (∇u+∇u⊤) ,

with pressure velocity cP =
√

(λ+ 2µ)/ϱ > 0 and shear velocity cS =
√
µ/ϱ > 0. From σ(u) we

obtain the elastic traction
p = σ (u)|Γ n (7)

on the boundary Γ of Ω. Here n denotes the outward-pointing unit normal vector to Γ.
In this section we formulate the initial-boundary value problem (1)-(4) as a system of boundary

integral equations, (12) below. To do so, recall the time-dependent single layer potential operator
V and double layer potential operator K:

[V p](x, t) =

ˆ t

0

ˆ
Γ

G(t, τ ;x,y) p(y, τ)dΓydτ,

[Ku](x, t) =

ˆ t

0

ˆ
Γ

[
σy (G)

⊤
(t, τ ;x,y)ny

]
u(y, τ)dΓydτ,

where (x, t) ∈ Ω×(0, T ], the subscript y of the stress tensor σ denotes the variable in which spatial
derivatives are taken, while ny denotes the unit normal vector n in the point y. The function G
is the fundamental solution to (1), which for d = 2 is given by

Gij(x,y; t, τ) :=
H[cP(t− τ)− r]

2πϱcP

{
rirj
r4

2c2P(t− τ)2 − r2√
c2P(t− τ)2 − r2

− δij
r2

√
c2P(t− τ)2 − r2

}
(8)

−H[cS(t− τ)− r]

2πϱcS

{
rirj
r4

2c2S(t− τ)2 − r2√
c2S(t− τ)2 − r2

− δij
r2

c2S(t− τ)2√
c2S(t− τ)2 − r2

}
, i, j = 1, 2,

with H the Heaviside step function, rj and r the j-th Cartesian components and the Euclidean
norm of the vector r = x−y, respectively, and δij the Kronecker delta. For d = 3 the fundamental
solution G is

Gij(x,y; t, τ) :=
t− τ

4πϱr2

(
rirj
r3

− δij
r

)
(H[cP(t− τ)− r]−H[cS(t− τ)− r])

+
rirj
4πϱr3

(
c−2
P δ(cP(t− τ)− r)− c−2

S δ(cS(t− τ)− r)
)

+
δij

4πϱrc2S
δ(cS(t− τ)− r), i, j = 1, 2, 3,

where δ is the Dirac delta distribution.

The displacement u can be expressed by the representation formula

u = V p−Ku, in Ω× (0, T ]. (9)
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Taking the non-tangential limit x ∈ Ω → x ∈ Γ in (9), respectively in the corresponding equation
for the traction p, we obtain the boundary integral equations

1

2
u = Vp−Ku, in Γ× (0, T ], (10)

1

2
p = K∗p−Wu, in Γ× (0, T ]. (11)

They involve the quartet of single layer, double layer, adjoint double layer and hypersingular
operators V,K,K⋆,W, defined by:

[Vp](x, t) =
ˆ t

0

ˆ
Γ

G(t, τ ;x,y) p(y, τ)dΓydτ,

[Ku](x, t) =

ˆ t

0

ˆ
Γ

[
σy (G)

⊤
(t, τ ;x,y)ny

]
u(y, τ)dΓydτ,

[K⋆p](x, t) =
ˆ t

0

ˆ
Γ

[σx (G) (t, τ ;x,y)nx]p(y, τ)dΓy dτ,

[Wu](x, t) =

ˆ t

0

ˆ
Γ

[
σx

(
σy (G)

⊤
(t, τ ;x,y)ny

)
nx

]
u(y, τ)dΓy dτ .

Here, (x, t) ∈ Γ× (0, T ].
Setting the unknown Cauchy data of the mixed boundary value problem v = u|ΓN

andψψψ = p|ΓD

and inserting the given data u|ΓD
= gD,p|ΓN

= gN into (10), (11) we obtain an equivalent system
of boundary integral equations for v and ψψψ(

WN,N −K′
D,N

−KN,D VD,D

)(
v
ψψψ

)
=

(
−WD,N , (K′

N,N − 1
2 )

(KD,D + 1
2 ) −VN,D

)(
gD
gN

)
. (12)

Here the subscripts at Wi,k etc. denote integration over Γi and evaluation on Γk, i, k ∈ {D,N}.
We recall the mapping properties of these integral operators in the relevant energy spaces:

Theorem 2.1. The following mappings are continuous for σ > 0 and r ∈ R and i, k ∈ {D,N}:

Vi,k : Hr+1
σ (R+, H̃− 1

2 (Γi))
n → Hr

σ(R+, H
1
2 (Γk))

n,

K′
i,k : Hr+1

σ (R+, H̃− 1
2 (Γi))

n → Hr
σ(R+, H− 1

2 (Γk))
n,

Ki,k : Hr+1
σ (R+, H̃

1
2 (Γi))

n → Hr
σ(R+, H

1
2 (Γk))

n,

Wi,k : Hr+1
σ (R+, H̃

1
2 (Γi))

n → Hr
σ(R+, H− 1

2 (Γk))
n.

For the wave and elastodynamic equations such estimates on the boundary Γ have been ob-
tained, for example, in [7, 32, 33], resp. [4, 10, 11, 13], see also [35] for a detailed discussion. They
imply the stated estimates from Γi to Γk by applying the operator to functions in the tilde sub-
space, which vanish on Γ \ Γi, and then restricting the result to Γk.

Then with arbitrary extensions lgD ∈ Hr+1
σ (R+, H

1
2 (Γ))n and lgN ∈ Hr+1

σ (R+, H
1
2 (Γ))n the

Cauchy data (v,ψψψ) are v = v0 + lgD,ψψψ = ψψψ0 + lgN with v0 ∈ Hr+1
σ (R+, H̃

1
2 (ΓN ))n and ψψψ0 ∈

Hr+1
σ (R+, H̃− 1

2 (ΓD))
n because v0|ΓD

= 0, ψψψ0|ΓN
= 0.

Substituting into (12) we obtain

AU0 :=

(
WN,N −K′

D,N

−KN,D VD,D

)(
v0

ψψψ0

)
=

(
−WΓ,N , (K′

Γ − 1
2 )N

( 12 +KΓ)D −VΓ,D

)(
lgD
lgN

)
=: BlG. (13)

Here WΓ,N etc. denote integration on Γ and evaluation on ΓN .
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Now we have the continuous mappings

A : Hr+1
σ (R+, H̃

1
2 (ΓN ))n ×Hr+1

σ (R+, H̃− 1
2 (ΓD))

n → Hr
σ(R+, H− 1

2 (ΓN ))n ×Hr
σ(R+, H

1
2 (ΓD))

n,
(14)

B : Hr+1
σ (R+, H̃

1
2 (Γ))n ×Hr+1

σ (R+, H̃− 1
2 (Γ))n → Hr

σ(R+, H− 1
2 (ΓN ))n ×Hr

σ(R+, H
1
2 (ΓD))

n.
(15)

Following the arguments in [19, Theorem 3.6], there holds with r = 0:

Proposition 2.2. There exists a constant γ > 0 such that for all U =

(
v0

ψψψ0

)
⟨AU, U̇⟩0 ≥ γ

(
||v0||20,− 1

2 ,Γ,∗
+ ||ψψψ0||20,− 1

2 ,Γ,∗

)
,

where

⟨AU, U̇⟩0 := ⟨WN,Nv0 −K′
D,Nψψψ

0, v̇0⟩+ ⟨−KN,Dv0 + VD,Dψψψ0, ψ̇ψψ
0
⟩

The following theorem follows from the analysis for the integral equation approach for the
time-independent mixed boundary value problem from [53] combined with the retarded boundary
integral operators for the time-dependent case.

Theorem 2.3. Let r ≥ 1 and (gD,gN ) ∈ Hr+1
σ (R+, H

1
2 (ΓD))

n×Hr+1
σ (R+, H− 1

2 (ΓN ))n be given.

Then the mixed boundary value problem and the integral equations for (v0,ψψψ0) ∈ Hr
σ(R+, H

1
2 (ΓN ))n×

Hr
σ(R+, H− 1

2 (ΓD))
n each have exactly one solution, and they are equivalent, i.e. v0 = u|ΓN

−
lgD|ΓN

,ψψψ0 = p|ΓD
− lgN |ΓD

; or conversely u in Ω is given by

u = V p̃−Kũ (16)

where

ũ =

{
v0 + lgD on ΓN

gD on ΓD
and

p̃ =

{
ψψψ0 + lgN on ΓD

gN on ΓN

with arbitrary extensions lgi of gi, i ∈ {D,N}.
Proof. Every solution of the mixed boundary value problem (1) - (4) gives a solution of the integral
equations (13), using the given relations in the statement of the theorem. This solution of the
integral equations is unique by Proposition 2.2.

Conversely, the representation formula (16) defines a solution of the mixed problem, given the
solution of the integral equations. This solution is unique by well-known PDE arguments. □

3. Regularity of mixed hyperbolic boundary value problems

In this section we obtain precise results for the singular behavior of the solution to the original
initial-boundary value problem of elastodynamics with Dirichlet conditions (1) - (2) for two model
geometries, the circular cone and the wedge. The decomposition results for the solution of the
differential equation lead (by taking traces) to decompositions also for the solutions of the integral
equations in singular terms and more regular remainders.

Before we address the behavior of solutions to elastodynamic problems, we here illustrate the
results in the classical and simpler time-independent problem for the Laplace equation ∆v = f
in an unbounded plane sector Ω = {(r cosϕ, r sinϕ) : ϕ ∈ (0, ω), r > 0)} of opening angle
ω ∈ (0, 2π), where f is smooth and compactly supported, cf. [38, 47]. Using the polar coor-
dinates r, ϕ, Dirichlet boundary conditions v(r, 0) = 0 are imposed on the x-axis, while Neu-
mann conditions ∂ϕv(r cosω, r sinω) = 0, for r > 0, are imposed on the remainder of ∂Ω.
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This problem admits a unique solution of locally finite Dirichlet energy. Near r = 0, the so-
lution v(r, ϕ) = v0 +

∑
k akSk(r, ϕ) decomposes as a linear combination of the singular functions

Sk(r, ϕ) = r
π
ω (k− 1

2 ) sin
(
πϕ
ω (k − 1

2 )
)
, k ∈ N, and a smooth remainder v0 (when π

ω (k −
1
2 ) ∈ N, the

formula for Sk can be modified by a logarithmic correction). The singular functions Sk describe
the leading singular behavior of v near r = 0, depending on the opening angle ω of the sector.

Generically a1 ̸= 0, and the solution then behaves asymptotically as v(r, ϕ) ∼ a1r
π
2ω sin

(
πϕ
2ω

)
for

r → 0+. Proposition 3.1 recalls corresponding results for the solutions of linear elasticity near a
vertex, where the singular behavior of solutions depends on the material parameters, in addition
to the opening angle ω.

Subsection 3.2 generalizes the asymptotics to a 3d wedge geometry, where the solution smoothly
varies along the wedge, but shows singular behavior similar to a 2d sector in directions normal
to the wedge. We refer to [46, 55] for examples of similar edge singularities arising in complex
applications.

In more detail, Subsection 3.1 outlines the asymptotics of solutions near a vertex in a polygonal
domain in R2. It includes a detailed discussion of the singular exponents for both the elastody-
namic boundary problem and the scalar wave equation. First, we consider the time-independent
case (Proposition 3.1). The results for the time-dependent case in a polygon follow from the
analysis for a wedge in R3, see Corollary 3.4 in Subsection 3.2, by explicit calculation of the sin-
gular exponents and the singular functions. Theorem 3.3 in Subsection 3.2 presents the abstract
asymptotic expansion for the solution in a wedge. It turns out that the singular exponents are
the same as in the time-independent case, but the coefficients of the singular functions depend
additionally on time. The behavior of the solution in a wedge is obtained by applying a partial
Fourier transform along the edge and in time. Then the leading term of the resulting system
(28) decouples into a 2d system for the plane components of the elastodynamic field and into a
scalar inhomogeneous wave equation (29) for the z component along the edge. In Theorem 3.2 we
therefore recall our results for the wave equation in a wedge. Then we apply Dauge’s approach [17]
to the full system (28) with parameter (ξ, τ) by inserting the expansions (19) and (24) of the time-
independent, elliptic situation. In this way we obtain the expansion (32)and via inverse Fourier
transform the expansion (33) for the time-dependent problem. For ease of presentation we have
separated the above results from their analysis which is done in the Appendix, where we have
collected our background results for the mixed problem.

3.1. Behavior of solutions in a 2d sector

In the 2d case, for the inhomogeneous elastodynamic equations in a polygonal interior or exterior
domain Ω , we introduce the radial and tangential components of u, ur = rν

∗
φr(ϕ, t) and uϕ =

rν
∗
φϕ(ϕ, t) locally near a vertex of interior opening angle ω. The system then becomes

µ∂2ϕφr + (λ+ 2µ)((ν∗)2 − 1)φr + ((λ+ µ)ν∗ − (λ+ 3µ))∂ϕφϕ − r2−ν
∗
Fr = ϱr2∂2t ur, (17)

(λ+ 2µ)∂2ϕφϕ + µ((ν∗)2 − 1)φϕ + ((λ+ µ)ν∗ + (λ+ 3µ))∂ϕφr − r2−ν
∗
Fϕ = ϱr2∂2t uϕ. (18)

Let ∂Ω = ΓD ∪ΓN with Dirichlet boundary conditions on ΓD and Neumann boundary conditions
on ΓN .
The time independent solutions of this system with right hand side (Fr, Fϕ) = (0, 0) are given by
(cos(1+ν∗)ϕ,− sin(1+ν∗)ϕ)T , (sin(1+ν∗)ϕ, cos(1+ν∗)ϕ)T , (cos(1−ν∗)ϕ,−ν̄ sin(1−ν∗)ϕ)T , (sin(1−
ν∗)ϕ, ν̄ cos(1− ν∗)ϕ)T with ν̄ = 3+ν∗−4ν

3−ν∗−4ν where ν = λ
2(λ+µ) is the Poisson number.

Proposition 3.1. Let f = (Fr, Fϕ) ∈ Hs−1(Ω)2 and s > 0, s /∈ Re ν∗jk with ν∗jk as in (21). Then

the weak solution u ∈ H1(Ω)2 of the time-independent equations (17), (18) admits with C∞ cut-off
functions χj near the vertex tj with interior opening angle ωj and sides Γj+1 ⊂ ΓD,Γ

j ⊂ ΓN the
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decomposition

u = u0 +
∑

Re ν∗
jk<s

a∗jkS
∗
jk(r, ϕ)χj(r) (19)

with a regular part u0 ∈ H1+s(Ω)2, ajk ∈ C and the singularity functions

S∗
jk(r, ϕ) =

{
rν

∗
jkφφφ∗

jk(ϕ) for ν
∗
jk /∈ N,

rν
∗
jk ln r φφφ∗

jk(ϕ) + rν
∗
jkφ̃̃φ̃φ∗

jk(ϕ) for ν
∗
jk ∈ N.

(20)

Here, for mixed Dirichlet and Neumann conditions at the two sides meeting at the corner tj the
singular exponents ν∗jk ∈ C with Re ν∗jk > 0 are solutions of the following equations:

sin2 ν∗jkωj =
(1 + k∗)2

4k∗
− ν∗2

k∗
sin2 ωj . (21)

The functions φφφjk with the components (φjk)r in r-direction and (φjk)ϕ in ϕ-direction are of the
form

(φ∗
jk)r = A cos(1 + ν∗jk)ϕ+B sin(1 + ν∗jk)ϕ+ C cos(1− ν∗jk)ϕ+D sin(1− ν∗jk)ϕ (22)

(φ∗
jk)ϕ = −A sin(1 + ν∗jk)ϕ+B cos(1 + ν∗jk)ϕ− γjkC sin(1− ν∗jk)ϕ+ γjkD cos(1− ν∗jk)ϕ (23)

with constants A,B,C,D ∈ C depending on the type of boundary conditions at the corner and the
constants

γjk =
3+ν∗

jk−4ν

3−ν∗
jk−4ν , k

∗ = 3− 4ν.

In the next section we also require a corresponding description of the singularities for the scalar
wave equation [25]

ϱ∂2t u = (∂2x + ∂2y)u− F.

in Ω with Dirichlet or Neumann boundary conditions.
Again, we first describe the singularities for the well-studied time independent problem. In this

case near the vertex tj with interior opening angle ωj the weak solution u admits the decomposition

u = u0 +
∑
νjk<s

ajkSjk(r, ϕ)χ(r) (24)

with C∞ cut-off functions χj , a regular part u0 ∈ H1+s(Ω), ajk ∈ C and the singularity functions

Sjk(r, ϕ) =

{
rνjkφjk(ϕ) for νjk /∈ N,
rνjk ln r φjk(ϕ) + rνjk φ̃jk(ϕ) for νjk ∈ N,

(25)

where νjk = (k− 1
2 )

π
ωj

for integer k and φjk,M = sin(νjkϕ), for Γ
j+1 ⊂ ΓD, and φjk,M = cos(νjkϕ)

for Γj+1 ⊂ ΓN , for mixed Dirichlet-Neuman boundary conditions.

3.2. Behavior of solutions in a wedge

Here we consider the elastodynamic system (1) in the space-time cylinder Q = D × R with a
right hand side f

L(∂x, ∂y, ∂z, ∂t)u := −(λ+ µ)∇(∇ · u)− µ∆u+ ϱü = f . (26)

More precisely, the operator L here takes the form

L(∂x, ∂y, ∂z, ∂t) =−(λ+ 2µ)∂2x − µ∆yz + ϱ∂2t −(λ+ µ)∂x∂y −(λ+ µ)∂x∂z
−(λ+ µ)∂x∂y −(λ+ 2µ)∂2y − µ∆xz + ϱ∂2t −(λ+ µ)∂y∂z
−(λ+ µ)∂x∂z −(λ+ µ)∂y∂z −(λ+ 2µ)∂2z − µ∆xy + ϱ∂2t

, (27)
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where we set ∆ab = ∂2a+∂
2
b , with a, b ∈ {x, y, z}. Applying a partial Fourier transform F(z,t)7→(ξ,τ)

along the edge and in time, the equation becomes

L(∂x, ∂y,−iξ,−iτ)û(x, y, ξ, τ) = f̂(x, y, ξ, τ), (28)

We study this equation in rescaled variables v(x̃, ỹ) = û(x, y, ξ, τ), with (x̃, ỹ) = ζ−1(x, y) and
r̃ = |(x̃, ỹ)| = r/ζ with ζ2 = (µξ2 − ϱτ2)−1, and in this way obtain uniform assertions for û in ζ
below.

For the time-dependent situation we first consider the third equation, for uz in (27), which up
to operators of lower order in x and y is simply the wave equation in the wedge geometry D×R.
As above, D = K×R ⊂ R3 and K is the sector {(r, ϕ) : r > 0, ϕ ∈ (0, ω)}. Using (28) in cylindrical
coordinates we obtain

−∆x,yûz(r, ϕ, ξ, τ) +

(
λ+ 2µ

µ
ξ2 − ϱ

µ
τ2
)
ûz(r, ϕ, ξ, τ) = µ−1k̂, (29)

up to lower order terms. Here k is the third component of k(ζ). To find the behavior of the
solutions of (29), after rescaling τ, ξ it suffices to study the wave equation

−∆x,yûz − (τ2 − ξ2)ûz = k̂. (30)

There holds (see [23] for the Dirichlet problem)

Theorem 3.2. Let β ≤ 1 and γ > 0, (f,gD,gN ) ∈ RHβ,q(Q, γ), and assume that the line
Im λ = β − 1 does not intersect the spectrum of AM from (59). Further, define

Jβ,M = {k : 0 > Im λk,M > β − 1} ∪A,

with A = {0} for β ≤ 0 and A = ∅ otherwise.
If u is a strong solution to the inhomogeneous wave equation with homogeneous mixed Dirichlet
and Neumann boundary conditions then near the edge u is of the form

∑
j∈Jβ,M

Γ(1+νj,M )riλj,Mφj,M (ϕ)

Nj∑
m=0

(∂2t −∆z)
m(ir)2m

22mm!Γ(m+ νj,M + 1)

(
F−1

(ξ,τ)→(z,t)cj,B(r, ϕ, ξ, τ)
)
+ǔ0(r, ϕ, z, t),

assuming that

iλj,M = νj,M =
π

2ω
+ j ̸∈ N0. (31)

Here Nj sufficiently large, and depending on the boundary conditions

cj,M (ξ, τ) =⟨f̂(·, ξ, τ), w−j,M (·, ξ, τ)⟩L2(K) + (ĝD(·, ξ, τ), ∂νw−j,M (·, ξ, τ))L2(∂K)

+ (ĝN (·, ξ, τ), w−j,M (·, ξ, τ))L2(∂K).

The regularity of cj,M is determined by the right hand side, and the remainder ǔ0 is less sin-
gular than u, in the sense that ∥ǔ0∥DVβ,q(Q;γ) ≲ ∥(f,gD,gN )∥RHβ,q(Q,γ).We refer to Appendix
for the definition of the weighted spaces DVβ(Q, γ),RHβ,q(Q, γ). If iλj,B ∈ N0, additional terms
riλj,M log(r) appear.

Now the expansions (19) and (24) can be applied to v̂ = û(x, y, ξ, τ) in (28), yielding with
(x̃, ỹ) = ζ−1(x, y) and r̃ = |(x̃, ỹ)| = r/ζ,

v = v0 + χ(r̃)(
∑

Re νk<s

ak,(ζ)
∑

0≤ℓ<s−Re νk

Sk,ℓ(r̃, ϕ) +
∑

Re ν∗
k<s

a∗k,(ζ)
∑

0≤ℓ<s−Re ν∗
k

S∗
k,ℓ(r̃, ϕ)) (32)
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with v0 ∈ Hs+ε(K)n for some ε > 0, ak,(ζ), a
∗
k,(ζ) ∈ C for fixed ζ. Here, as before, the singular

functions Sk,ℓ are to leading order those of the wave equation, in the third component (0, 0, Sk),
while S∗

k,ℓ are to leading order those of the 2d elastostatic system (25).

In the notation of Appendix B, we obtain from (32) by applying the inverse Fourier transform:

u = u0 + χ(r̃)

 ∑
Re νk<s

∑
0≤ℓ<s−Re νk

(Xck,ℓ)(y, z, t)Sk,ℓ(r̃, ϕ)

+
∑

Re ν∗
k<s

∑
0≤ℓ<s−Re ν∗

k

(Xc∗k,ℓ)(y, z, t)S
∗
k,ℓ(r̃, ϕ)

 . (33)

Here, as in Appendix B, the smoothing operator X is given by

(Xc)(y, z, t) = F−1
(ξ,τ)→(z,t)χ(y

√
|ξ|2 + τ2)F(z′,t′)→(ξ,τ)c(z

′, t′). (34)

Theorem 3.3. Let γ > 0, q ∈ N0, β ∈ (βr+1, βr) with 0 < βr − β < 1, (f ,gD,gN ) ∈ RVβ,q(Q, γ)
and assume νk, ν

∗
k from (21), (31) satisfy Re νk,Re ν

∗
k ∈ [1 − βr, 1 − β1]. Then the solution of

the initial-boundary value problem (1) - (4) admits an expansion (33). Further, in (33) s <
min{Re νk,Re ν∗k}+ ℓ+ 1 + β for all k, s < q and u0 ∈ DVβ,q(Q, γ).

By considering the coordinate z along the edge as a parameter, we recover and refine the results
for polygonal domains in 2d from Section 3.1. In 2d only the elastic singular functions S∗

k,ℓ arise

in (33). More precisely, we obtain for the solution of the elastodynamic problem (17)-(18) in 2d:

Corollary 3.4. Let γ > 0, q ∈ N0, β ∈ (βr+1, βr) with 0 < βr −β < 1, (f ,gD,gN ) ∈ RVβ,q(Q, γ)
and assume ν∗k from (21) satisfies Re ν∗k ∈ [1− β1, 1− βr]. Then in the neighborhood of a vertex
tj with interior opening angle ωj the solution to (1) - (3) admits the expansion

u(x, y, t) = u0(r, ϕ, t) +
∑
k,ℓ

(Xc∗k,ℓ)(t)S
∗
k,ℓ(r, ϕ), (35)

where s < min{Re νk,Re ν∗k}+ ℓ+ 1 + β for all k, s < q and u0 ∈ DVβ,q(Q, γ).

4. BEM discretization

To solve the weak formulation of (12) in a discretized form, we consider a uniform decomposition
of the time interval (0, T ] with time step ∆t = T/N∆t, N∆t ∈ N+, generated by the N∆t + 1 times
tn = n∆t, n = 0, . . . , N∆t. We define the corresponding space V∆t,s of piecewise polynomial
functions of degree s in time (continuous and vanishing at t = 0 if s ≥ 1).

For the space discretization in 2d, we introduce a boundary mesh constituted by a set of straight
line segments T = {e1, . . . , eM} such that hi := length(ei) ⩽ h, ei∩ej = ∅ if i ̸= j and ∪Mi=1ei = Γ
if Γ is polygonal, or a suitably fine approximation of Γ otherwise. In 3d, we assume that Γ is
triangulated by T = {e1, · · · , eM}, with hi := diam(ei) ⩽ h, ei ∩ ej = ∅ if i ̸= j and if ei ∩ ej ̸= ∅,
the intersection either an edge or a vertex of both triangles. In both 2d and 3d we assume that the
boundary mesh resolves the interface between ΓD and ΓN , in the sense that if ei ∩Γj has positive
measure, then ei ⊂ Γj .

On T we define Pp as the space of polynomials of degree p, and consider the spaces of piecewise
polynomial functions

X−1
h,p(ΓD) =

{
w ∈ L2(Γ) : w|ei ∈ Pp, ei ∈ T

}
⊂ H̃−1/2(ΓD) (36)

and

X0
h,p(ΓN ) =

{
w ∈ C0(Γ) : w|ei ∈ Pp, ei ∈ T

}
⊂ H̃1/2(ΓN ). (37)
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The Galerkin equations of (12) corresponding to these discrete spaces read as:

Find UUUh,∆t := (ψψψh,∆t,vh,∆t) ∈
(
V∆t,sp ⊗X−1

h,p(ΓD)
)
×
(
V∆t,sq ⊗X0

h,q(ΓN )
)
such that

⟨AUh,∆t, Ũh,∆t⟩ = ⟨BlG, Ũh,∆t⟩ (38)

for all Ũh,∆t ∈
(
V∆t,sp ⊗X−1

h,p(ΓD)
)
×
(
V∆t,sq ⊗X0

h,q(ΓN )
)
, where

⟨AUh,∆t, Ũh,∆t⟩ :=
〈(

WN,N −K′
D,N

−KN,D VD,D

)(
vh,∆t
ψψψh,∆t

)
,

(
ṽh,∆t
ψ̃ψψh,∆t

)〉
(39)

=

〈(
−WΓ,N , (K′

Γ − 1
2 )N

(KΓ + 1
2 )D −VΓ,D

)(
lgD
lgN

)
,

(
ṽh,∆t
ψ̃ψψh,∆t

)〉
=: ⟨BlG, Ũh,∆t⟩.

In this article we consider the approximation on quasiuniform and β̃-graded meshes, for a
constant β̃ ≥ 0. To define β̃-graded meshes on the interval [−1, 1], by symmetry it suffices to
specify the nodes in [−1, 0]. There we let

xk = −1 +

(
k

Nl

)β̃
(40)

for k = 1, . . . , Nl. We denote by h the size of the longest interval and by h1 = x1 − x0 the size of
the smallest interval. For the square [−1, 1]2, the nodes of the β̃-graded mesh are tuples of such

points, (xk, xl), k, l = 1, . . . , Nl. For β̃ = 1 we recover a uniform mesh.

For general polyhedral geometries graded meshes can be locally modeled on these examples. In
particular, on the circular screen of radius 1, for β = 1 we take a uniform mesh with nodes on
concentric circles of radius rk = 1− k

Nl
for k = 0, . . . , Nl− 1. For the β̃-graded mesh, the radii are

moved to rk = 1− ( kNl
)β̃ for k = 0, . . . , Nl − 1. While the triangles become increasingly flat near

the boundary, their total number remains proportional to N2
l .

The global mesh size h of a graded mesh is defined to be the diameter of the largest element.

The diameter of the smallest element is of order hβ̃ .

Using Section 3 and Appendix B we can show the following regularity result for the boundary
traces of the solution to the mixed boundary value problem, which is the crucial ingredient to
estimate the best approximation error of the above space-time discretizations:

Proposition 4.1. Let γ > 0, q ∈ N0 and ν∗ the leading singular exponent, which is the minimum
between π

2ω and the minimal root of (21). Let (f ,gD,gN ) ∈ RVβ,q(Q, γ) and assume that the
orthogonality condition (91) holds. Then the Neumann trace of the solution u of the mixed problem
(1), (3) with right hand side f , Dirichlet data gD, Neumann data gN and initial conditions (4)
satisfies

pi(u)(r, ϕ, z, t)|ΓD
= bi(ϕ, z, t)r

ν∗−1 + ϕi,0(r, ϕ, z, t). (41)

ui(r, ϕ, z, t)|ΓN
= ai(ϕ, z, t)r

ν∗
+ ui,0(r, ϕ, z, t). (42)

Here, ai, bi are smooth for smooth data and ϕi,0, ui,0 are a less singular remainders.

For the proof we can argue as in the proof of Proposition 5.1 in [4], we just have to consider
ΓD,ΓN separately. For brevity, we omit the details.

From Proposition 4.1 we obtain Theorems A and B from Section 1, using the analysis in [4].
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Figure 1. Geometry and graded mesh with mixed boundary conditions on a
wedge, Dirichlet (top), Neumann (bottom).

Proof of Theorem A. We first approximate p(u) on the mesh ΓD,h =
⋃
j ΓD,j and u on the mesh

ΓN,h =
⋃
j ΓN,j . To do so, as approximation we choose ΦΦΦh,∆t = ΠxΠtp(u), where Πx, respectively

Πt, are the L2-projections in space, respectively time.
We first consider the 3d case, in particular a wedge geometry depicted in Figure 1. As in [4,

Section 5] we may consider rectangular elements ΓD,j , ΓN,j . On ΓD,h we estimate the best
approximation error for p(u) using the triangle inequality and the approximation properties in
the time variable:

∥p(u)−ΠxΠtp(u)∥r,− 1
2 ,ΓD,∗

≤
∑
k

∥p(u)−Πtp(u)∥r,− 1
2 ,(tk,tk+1]×ΓD,∗ +

∑
k,j

∥Πtp(u)−ΠxΠtp(u)∥r,− 1
2 ,(tk,tk+1]×ΓD,j ,∗

≤
∑
k

(∆t)a∥p(u)∥r+a,− 1
2 ,(tk,tk+1]×ΓD

+
∑
k,j

∥Πtp(u)−ΠxΠtp(u)∥r,− 1
2 ,(tk,tk+1]×ΓD,j ,∗.

We now insert the decomposition (41) for p(u) and separately consider the singular and regular
parts. The singular expansion of each component leads to

∥Πtpi(u)−ΠxΠtpi(u)∥r,− 1
2 ,(tk,tk+1]×ΓD,j ,∗

≤ ∥Πtbi(ϕ, z, t)rν
∗−1 −ΠtΠxbi(ϕ, z, t)r

ν∗−1∥r,− 1
2 ,(tk,tk+1]×ΓD,j ,∗

+ ∥Πtϕi,0 −ΠxΠtϕi,0∥r,− 1
2 ,(tk,tk+1]×ΓD,j ,∗.

From here we may further proceed as in the proof of [4, Theorem 5.3] to obtain

∥p(u)|Γ −ΦΦΦβ̃h,∆t∥r,− 1
2 ,ΓD,∗ ≤ Cβ̃,εh

min{β̃α̃−ε, 32}

provided ∆t ≤ h.
Analogous adaptations of the proof from [4] are needed in the approximation of the Dirichlet

trace u on ΓN . Proceeding as above, using the asymptotic expansion (42), the key step is again
to estimate the i-th component of the solution on every rectangle R of the mesh on ΓN :

∥Πtui −ΠxΠtui∥r, 12 ,(tk,tk+1]×R,∗ ≤ ∥Πtai(ϕ, z, t)rν
∗
−ΠtΠxai(ϕ, z, t)r

ν∗
∥r, 12 ,(tk,tk+1]×R,∗

+ ∥Πtui,0 −ΠxΠtui,0∥r, 12 ,(tk,tk+1]×R,∗.

These terms are estimated as on p. 65ff in [4].

The case of a polygonal domain in 2d is simpler than the 3d case, using a decomposition of
ΓD/N,h =

⋃
j ΓD/N,j into 1d segments. □

Proof of Theorem B. We focus on the case of a wedge singularity and approximate p(u) on the
mesh ΓD,h =

⋃
j ΓD,j , u on the mesh ΓN,h =

⋃
j ΓN,j .
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As approximation we choose ΦΦΦh,∆t = ΠpxΠ
p
tp(u), where Πpx, respectively Πpt , are the L2-

projections in space, respectively time, and we now emphasize the polynomial degree p in the
notation. Using the decomposition (41) for p(u), we separate the singular and regular parts:

∥pi(u)−ΠpxΠ
p
t pi(u)∥r,− 1

2 ,ΓD,∗

≤ ∥bi(ϕ, z, t)rν
∗−1 −ΠptΠ

p
xbi(ϕ, z, t)r

ν∗−1∥r,− 1
2 ,ΓD,∗ + ∥ϕi,0 −ΠptΠ

p
xϕi,0∥r,− 1

2 ,ΓD,∗.

For the singular part, the crucial estimate is

∥rν
∗−1 −Πprr

ν∗−1∥ 1
2 ,I,∗

≲

(
h

(p+ 1)2

)Re ν∗−ε

.

For the regular part ϕϕϕ0 in (41), we obtain from the approximation properties [25]:

∥ϕi,0 −ΠptΠ
p
xϕi,0∥r,− 1

2 ,ΓD,∗ ≲σ (

(
∆t

p+ 1

)p+1−r

+

(
h

p+ 1

)1/2+η

)∥ϕi,0∥p+1,η,ΓD
,

if ϕϕϕ0 is Hη in space.
Combining these estimates, the asserted estimate for p(u) follows. The approximation of the

Dirichlet trace u on ΓN proceeds in an analogous way. □

5. Algorithmic details

In this section we discuss details of the implementation and solution of the discretized Galerkin
formulation (38) for the mixed boundary problem. Corresponding to the numerical experiments
in Section 6, we consider the problem in two spatial dimensions, n = 2, and for polynomial degree
p = q = 1 in space for the ansatz and test spaces X−1

h (ΓD) = X−1
h,p=1(ΓD), X

0
h(ΓN ) = X0

h,q=1(ΓN )

from (36)-(37).

For the space X−1
h (ΓD) we fix a basis

{
ϕ
(1)
m (x)

}M1

m=1
given by Lagrange polynomials on the

mesh for ΓD (as stated in Section 4). Similarly, the Lagrange polynomials on the mesh for ΓN

define a basis
{
ϕ
(2)
m (x)

}M2

m=1
of X0

h (ΓN ).

In time, we use piecewise constant basis functions in V∆t,0 for the time discretization of v,

χk(t) = H[t− tk]−H[t− tk+1], k = 0, . . . , N∆t − 1.

The function ψψψ is approximated in time in V∆t,1, using the piecewise linear basis functions

rk(t) =
t− tk
∆t

H[t− tk]−
t− tk+1

∆t
H[t− tk+1], k = 0, . . . , N∆t − 1.

The resulting discretization of each component of vh,∆t, respectively ψψψh,∆t, is given by

vh,∆t,i(x, t) =

N∆t−1∑
k=0

M2∑
m=1

Xi,v
kmΦ

(2)
k,m(x, t), ψh,∆t,i(x, t) =

N∆t−1∑
k=0

M1∑
m=1

Xi,ψ
kmΦ

(1)
k,m(x, t), i = 1, 2, (43)

where, for all n = 0, . . . , N∆t − 1,

Φ
(1)
k,m(x, t) = ϕ(1)m (x)χk(t) for m = 1, . . . ,M1 and Φ

(2)
k,m(x, t) = ϕ(2)m (x)rk(t) for m = 1, . . . ,M2.
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Inserting (43) into (38) leads to the following linear space-time system
E(0) 0 0 · · · 0
E(1) E(0) 0 · · · 0
E(2) E(1) E(0) · · · 0
...

...
...

. . .
...

E(N∆t−1) E(N∆t−2) E(N∆t−3) · · · E(0)




X(0)

X(1)

X(2)

...
X(N∆t−1)

 =


g(0)

g(1)

g(2)

...
g(N∆t−1)

 . (44)

Here, for all ℓ = 0, . . . , N∆t − 1, the l-th block contains the interaction of two temporal basis
functions χk and rh with ℓ = h−k and h ≥ k. The blocks are zero when h < k. Corresponding to
the structure of the operator A in (38) and the partition ΓD, ΓN of the boundary, each temporal
block takes the form

E(l) =

 E
(ℓ)
WN,N

E
(ℓ)
KN,D

E
(ℓ)
K′

D,N
E

(ℓ)
VD,D

 , with E
(ℓ)
G =

(
E

(ℓ)
G,11 E

(ℓ)
G,12

E
(ℓ)
G,21 E

(ℓ)
G,22

)
(45)

for each G = WN,N ,VD,D,K′
D,N ,KN,D. The dimensions of the blocks in (45) depend on the

integral operators WN,N ,VD,D,K′
D,N ,KN,D: E

(ℓ)
WN,N

∈ R2M2×2M2 , E
(ℓ)
KN,D

∈ R2M2×2M1 and

E
(ℓ)
VD,D

∈ R2M1×2M1 . Further, the matrices of the double layer operators K and K′ are related

by a transpose, E
(ℓ)
KN,D

=
(
E

(ℓ)
K′

D,N

)T
. The 2 × 2 structure of the generic block E

(ℓ)
G , highlighted

in (45), is inherited from the 2× 2 Green’s tensor (8).

To assemble an entry of E
(ℓ)
G , ℓ = 0, . . . , N∆t − 1, the following integral needs to be computed:

(
E

(ℓ)
G,ij

)
mn

=

ˆ T

0

ˆ
Γ

(
G(i,j)Φ

(ς)
k,m

)
(x, t) Φ̇

(τ)
h,n(x, t) dΓx dt, where ℓ = k − h, (46)

for m = 1, . . . ,Mς , n = 1, . . . ,Mτ and i, j = 1, 2. The values of Mς and Mτ depend of the ansatz
and test spaces for the integral operator G at hand. The superscripts i, j in formula (46) take into
account the components of the Green’s function (8).

The time integral in (46) is computed analytically. Evaluation of the spatial integral in (46)
requires suitable numerical quadrature formulas for the order of the spatial singularity of the
specific integral kernel. Our implementation evaluates the finite part integrals directly. We refer
to [18, Appendix A.3] for details for the hypersingular kernel WN,N , to [5, Eq. (31) and Appendix
B] for the double layer kernels KD,N and KN,D and to [3, Section 4] for the single layer kernel
VD,D.

The entries of the temporal vectors X(ℓ) contain the unknown coefficients in (43), corresponding
to the temporal block structure in (45). They are organized as follows:

X(ℓ) =
(
X1,v

(ℓ) ,X
2,v
(ℓ) ,X

1,ψ
(ℓ) ,X

2,ψ
(ℓ)

)⊤
with Xi,v

(ℓ) =
(
Xi,v
ℓ1 , . . . , X

i,v
ℓM1

)
and Xi,ψ

(ℓ) =
(
Xi,ψ
ℓ1 , . . . , X

i,ψ
ℓM2

)
.

The right hand side in (38) has an analogous structure as the solution vector X(ℓ). Its assembly
requires the matrices of the integral operators, where both ansatz and test functions supported in
either Γ1 or in Γ2.

The linear system (44) is then solved by back substitution, leading to a marching-on-in-time
(MOT) time-stepping scheme.

6. Numerical experiments

The following numerical experiments use the discretization presented in the algorithmic Section
5. In particular, v is approximated by piecewise linear polynomials in space and time, ψψψ by
piecewise constants in time and piecewise linear polynomials in space.
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6.1. Experiment 1: elastic wave propagation inside a square

We consider problem (1)-(4) in the square domain Ω = [−0.5, 0.5]2 for the time interval (0, T ] =

[0, 2]. Two different values for the elastic constants are studied: cS = 1/
√
2, cP = 1, and cS = 1/2,

cP = 1. The bottom, left, top and right sides of the boundary Γ = ∂Ω are denoted, respectively, by
Γb,Γl,Γt,Γr. Homogeneous Dirichlet conditions gD = 0 are imposed on Γb, while inhomogeneous
Neumann conditions are imposed on ΓN = Γl ∪ Γr ∪ Γt. The Neumann datum gN is defined as

gN,1(x, t) = 0 on ΓN × (0, T ],

{
gN,2(x, t) = 1, Γt × (0, T ]
gN,2(x, t) = 0, Γl ∪ Γr × (0, T ]

,

Figure 2(a) illustrates the physical problem, which corresponds to a square elastic body that is
fixed at the bottom and pulled at the top.

We approximate the solution of the equivalent boundary integral formulation (12) using the
discretized weak formulation (38), as described in Section 5. The boundary Γ is discretized by
either a uniform mesh or the β-graded mesh from (40), as depicted in Figure 2(b), respectively,
in Figure 2(c) for β = 2. We fix a uniform time step ∆t such that ∆x/∆t = cP in the case of
a uniform spatial mesh. For a graded spatial mesh we choose the same time step ∆t as for the
uniform spatial mesh with the same number of nodes.

(a)

-0.5 0 0.5

-0.5

0

0.5

(b)

-0.5 0 0.5

-0.5

0

0.5

(c)

Figure 2. (a) Geometry and boundary data; (b) uniform mesh in space, nodes
numbered counterclockwise; (c) 2-graded mesh in space, nodes numbered coun-
terclockwise. Experiment 1.

We first consider the problem for the elastic parameters cS = 1/
√
2, cP = 1. In this case

the problem decouples into two scalar wave equations, and an explicit analytical solution for the
displacement u and the traction p is described in [5]:

p1(x, t) = 0, p2(x, t) = −2H[t− 1]
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for (x, t) ∈ Γb × [0, 2] and

u1(x, t) = 0, u2(x, t) = H[cPt− x2 + 0.5](cPt− x2 + 0.5)−H[cPt− x2 − 1.5](cPt− x2 − 1.5)

for (x, t) ∈ Γl ∪ Γr ∪ Γt × [0, 2]. Using a 2-graded mesh with 20 nodes on each side and time step
∆t = 0.05, Figure 3(a) depicts the numerical approximation for u2 on Γr∪Γt∪Γl× [0, 2], while the
numerical approximation for p2 on Γb× [0, 2] is shown in Figure 3(b). The horizontal components
u1 and p1 are both 0. Figures 3(c) and (d) show the absolute errors for u2, respectively p2, with
respect to the analytical solution. The error in u2 is predominantly located at the corners at time
t = 0 and propagates from there. The error in p2 spikes at time t = 1, when the wave first reaches
Γb.

(a) (b)

(c) (d)

Figure 3. Numerical approximation of (a) u2, (b) p2 on space-time mesh; (c),
(d): Absolute error of u2, p2 on space-time mesh. Numbering of spatial nodes in

(a), (c) in accordance with Figure 2(c). Experiment 1 with cS = 1/
√
2, cP = 1.

Figure 4 shows the square of the error in energy norm versus the number of spatial degrees of
freedom (DOFs) on a single side of Γ for uniform (β = 1) and graded meshes (β = 2). The error
points have been computed considering the distance between the discrete squared energy value
X⊤EX (see system (44)), obtained for each level of the described space-time refinement, and a
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benchmark value retrieved by extrapolation (to determine this benchmark, we use the discrete
energy values to evaluate an empirical rate of convergence and then we infer a reference energy
by Richardson extrapolation). The data points correspond to discretizations of Γ with 40, 80, 160
and 320 nodes and time step sizes of ∆t = 0.1, 0.05, 0.025 and 0.0125. Because of the special
nature of the analytical solution, without corner singularities, the absolute errors and convergence
rates of 2 wrt. DOFs are very similar on the sequences of 2-graded and uniform meshes.

20 40 60 80
10

-4

10
-3

10
-2

Figure 4. Squared energy errors vs. spatial DOFs. Experiment 1 with cS =
1/
√
2, cP = 1.

We now consider the problem for the elastic parameters cS = 1/2, cP = 1, where the exact
solution is not known. Numerical approximations for both components of u and p are depicted in
Figure 5, on the same space-time mesh used in Figure 3. Figures 5(a) and (c) show high gradients
of u at the bottom corners, in line with the theoretically predicted singular behavior proportional
to rν

∗
, where the exponent ν∗ ≃ 0.69 is determined by (21). Similarly, the traction p at these

corners behaves like rν
∗−1.

The singular behavior at the bottom right corner is examined more closely in Figure 6. At
t = 2 this figure displays the Euclidean norms ∥u∥2 and ∥p∥2 of the numerical approximations
with respect to the distance to corner (on Γr for u and on Γb for p, using a graded mesh with 320
elements for Γ and ∆t = 0.0125).

Figure 7 shows the square of the error in energy norm versus the number of spatial DOFs on a
single side of Γ for uniform (β = 1) and graded meshes (β = 2). As in Figure 4, The data points
correspond to discretizations of Γ with 40, 80, 160 and 320 nodes and time step sizes of ∆t = 0.1,
0.05, 0.025 and 0.0125. As expected for the singular behavior at the corner, the convergence rate
of 1.38 wrt. DOFs on the sequence of uniform meshes is half the convergence rate 2.76 on the
2-graded meshes.

6.2. Experiment 2: elastic wave propagation inside a rectangle

The second experiment concerns problem (1)-(4) in the rectangular domain Ω = [−1, 1] ×
[−0.5, 0.5] and for the time interval [0, 4], analyzing uniquely the case of elastodynamic diffusion
with velocities cP = 1 and cS = 1/2. The boundary Γ = ∂Ω is partitioned with the usual
decomposition Γ = Γb∪Γr∪Γt∪Γl. Dirichlet and Neumann conditions are prescribed, respectively,
on Γl and on Γr. Moreover, the assignment of the two different conditions halves the horizontal
edges of Ω, generating the additional subdivision Γb = Γb,D ∪ Γb,N and Γt = Γt,D ∪ Γt,N . The
physical problem is presented in Figure 8(a): a null displacement allows to fix the left half of the
boundary Γ, namely gD = 0 on ΓD = Γb,D ∪ Γl ∪ Γt,D, whilst on ΓN = Γb,N ∪ Γr ∪ Γt,N the
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(a) (b)

(c) (d)

Figure 5. Numerical approximations of (a) u1, (b) p1, (c) u2, (d) p2 on space-
time mesh. Numbering of spatial nodes in (a), (c) in accordance with Figure 2(c).
Experiment 1 with cS = 1/2, cP = 1.

prescribed traction

gN,2(x, t) = 0 on ΓN × (0, T ],

{
gN,1(x, t) = 1, Γr × (0, T ]
gN,1(x, t) = 0, Γt,N ∪ Γb,N × (0, T ]

pulls the elastic bar uniformly from the right side.
The solution of the equivalent boundary integral formulation (12) is approximated solving the

related discretized weak formulation (38), as described in Section 5. Two types of discretization
for the boundary Γ are tested. A uniform one, as in Figure 8(b), in virtue of which the elements
set on the two horizontal sides are the double of those imposed on the vertical sides, is compared
to the graded with the same number of boundary elements (Figure 8(c)), constructed refining not
only the points in proximity of the four corners but also toward the center of the horizontal sides,
where the meeting of different data assigned on the two halves generates a spatial singularity for
both displacement and traction solutions. The graded mesh has been constructed according to
the rule (40) and for β = 2.
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Figure 6. (a) ∥u∥2 and (b) ∥p∥2 vs. distance to bottom right corner. Experiment
1 with cS = 1/2, cP = 1.

Regarding the temporal discretization, we consider the same rules as in Experiment 1 (subsec-
tion 6.1), namely, a uniform time step ∆t is set for each level of tested spatial refinement in order
to have a constant discrete velocity ∆x/∆t = cP, ∆x being the length of the spatial elements
obtained with a uniform discretization of Γ.

In Figure 9 the space-time surfaces related approximation of displacement u and traction p
are displayed respectively in the domains Γb,N ∪ Γr ∪ Γt,N × [0, 4] and Γt,D ∪ Γl ∪ Γb,D × [0, 4],
differentiating the figures with respect to the horizontal and vertical directions of the vectors. A
uniform time step ∆t = 0.05 and the graded mesh with 120 nodes depicted in Figure 8(c) have
been employed, allowing to enhance the peculiar asymptotic trends at the points where datum
changes. In fact, vertical asymptotes are notable for p1 and p2, which increase with slope O(r−0.5),
being r the distance from (0,−0.5) and (0, 0.5) of the spatial variable that belongs the Dirichlet
part of the boundary. Differently, u1 and u2 are characterized by an infinite gradient near the
points (0,−0.5) and (0, 0.5), since for continuity with the Dirichlet condition set on ΓD the two
displacement directions tend to 0 as an O(r0.5), being r the distance of the spatial variables from
(0,−0.5) and (0, 0.5) along the Neumann portion of the boundary.

The singular trends are better deducible in Figure 10, where at the final time instant t = 4 the
euclidean norms ∥u∥2 and ∥p∥2 are plotted in log-scale considering the distance r in space from
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Figure 7. Squared energy errors vs. spatial DOFs. Experiment 1 with cS = 1/2,
cP = 1.
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Figure 8. Figure (a): representation of mixed boundary data on the rectangle
for Experiment 2; figures (b) and (c): example of adopted boundary meshes
(uniform and graded with β = 2), defining the ordering of the nodes starting
from the central node of the base and then proceeding by discretizing the edge of
the bar in a counterclockwise direction. .

the central node of the inferior base Γb (from Γb,N for u and from Γb,D for p). The adopted space
time discretization in this case consists in 480 2-graded nodes at the boundary and a uniform time
step ∆t = 0.0125. The predicted slope is numerically confirmed thanks to the parallelisms with
the red lines O(r0.5) and O(r−0.5).
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(a) (b)

(c) (d)

Figure 9. Surfaces on a space-time grid of the approximated horizontal displace-
ment and traction (figures (a) and (b)) and vertical displacement and traction
(figures (c) and (d)) for Experiment 2. The 2-graded grid considered on Γ is the
one with 120 spatial nodes as in Figure 8(c). The temporal interval [0, 4] has been
uniformly discretized with 81 time instants.

Also for the case at hand in this subsection, we extrapolated the squared error in energy norm
with the procedure briefly described in subsection 6.1, collecting the results of the two tests in
Figure 11. Starting from an initial level of uniform and graded meshes globally having 60 nodes,
this number has been iteratively doubled to get the related four energy errors, setting ∆t = 0.1 at
the first iteration and halving it recursively to get the subsequent errors. In the plot, in logarithmic
scale, the x−axis represents the number of spatial degrees of freedom (DOFs) on a single vertical
side of the boundary. The speed of convergence, as expected, is higher employing a graded mesh,
which in fact leads to a slope of the error O(DOFs−2).

7. Appendix A

In this appendix we introduce space–time anisotropic Sobolev spaces on the boundary Γ as a
convenient functional analytic setting for the analysis of the time dependent boundary integral
operators. A detailed exposition may be found in [21,32].
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Figure 10. Asymptotic behaviour of ∥u∥2 and ∥p∥2 towards the center of Γb for
Experiment 2, considering the decreasing of the distance r of the spatial variable
respectively from the Neumann and from the Dirichlet portion of Γb.
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Figure 11. Squared energy errors of Experiment 2 for a subsequent level of mesh
refinement.
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In the case of an open screen or line segment, ∂Γ ̸= ∅, we first extend Γ to a closed, orientable

Lipschitz manifold Γ̃. On Γ we recall the usual Sobolev spaces of supported distributions:

H̃s(Γ) = {u ∈ Hs(Γ̃) : supp u ⊂ Γ}, s ∈ R. (47)

The Sobolev space Hs(Γ) is the quotient space Hs(Γ̃)/H̃s(Γ̃ \ Γ). To define a family of Sobolev

norms, αi be a partition of unity subordinate to a covering of Γ̃ by open sets Bi. Given diffeomor-
phisms φi from Bi to the unit cube in Rn, Sobolev norms are induced from Rn, with parameter
ω ∈ C \ {0}:

||u||s,ω,Γ̃ =

(
p∑
i=1

ˆ
Rn

(|ω|2 + |ξξξ|2)s|F
{
(αiu) ◦ φ−1

i

}
(ξξξ)|2dξξξ

) 1
2

.

Here, F = Fx7→ξξξ denotes the Fourier transform Fφ(ξξξ) =
´
e−ix·ξξξφ(x) dx. Different ω ∈ C \ {0}

induce equivalent norms onHs(Γ), ∥u∥s,ω,Γ = infv∈H̃s(Γ̃\Γ) ∥u+v∥s,ω,Γ̃ and on H̃s(Γ), ∥u∥s,ω,Γ,∗ =

∥e+u∥s,ω,Γ̃. e+ extends the distribution u by 0 from Γ to Γ̃. When a specific ω is fixed, we write

Hs
ω(Γ) for H

s(Γ), respectively H̃s
ω(Γ) for H̃

s(Γ). The norm ∥u∥s,ω,Γ,∗ is stronger than ∥u∥s,ω,Γ.
We may now define a family of space-time anisotropic Sobolev spaces:

Definition 7.1. For σ > 0 and r, s ∈ R define

Hr
σ(R+, Hs(Γ)) = {u ∈ D

′

+(H
s(Γ)) : e−σtu ∈ S

′

+(H
s(Γ)) and ||u||r,s,Γ <∞},

Hr
σ(R+, H̃s(Γ)) = {u ∈ D

′

+(H̃
s(Γ)) : e−σtu ∈ S

′

+(H̃
s(Γ)) and ||u||r,s,Γ,∗ <∞}. (48)

Here, D′

+(E) denotes the space of all distributions on R with support in [0,∞), taking values in

a Hilbert space E = Hs(Γ), respectively E = H̃s(Γ). S ′

+(E) ⊂ D′

+(E) denotes the subspace of
tempered distributions. The Sobolev spaces are endowed with the norms

∥u∥r,s := ∥u∥r,s,Γ =

(ˆ +∞+iσ

−∞+iσ

|ω|2r ∥û(ω)∥2s,ω,Γ dω
) 1

2

,

∥u∥r,s,∗ := ∥u∥r,s,Γ,∗ =

(ˆ +∞+iσ

−∞+iσ

|ω|2r ∥û(ω)∥2s,ω,Γ,∗ dω
) 1

2

. (49)

They are Hilbert spaces. For r = s = 0 they correspond to the weighted L2-space with scalar
product

´∞
0
e−2σt

´
Γ
uvdΓx dt. Because Γ is Lipschitz, these spaces are independent of the choice

of αi and φi when |s| ≤ 1, as for standard Sobolev spaces.

8. Appendix B

Extending the results by Matyukevich and Plamenevskǐı from [41] for Dirichlet and Neumann
boundary problems, we obtain the asymptotic expansion in Theorem 3.3 of the solution to the
hyperbolic system (1) - (4) with mixed Dirichlet and Neumann boundary conditions, possibly in
a neighborhood of a non-smooth boundary point of the domain. Note that the dimensions n and
m are interchanged compared to the specific reference [41].

The model geometries we consider are of the form D = K× Rn−m ⊂ Rn, with n ≥ m ≥ 2 and
K ⊂ Rm an open cone. They describe the local behavior of solutions near non-smooth boundary
points of the domain. A circular cone corresponds to m = n = 3, a wedge to n = 3, m = 2. We
use local coordinates x = (y, z) in the wedge D.
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We consider the time-dependent elastodynamic equations (1) in the space-time cylinder D×R,
with boundary ∂D = ∂DD ∪ ∂DN . It proves useful to write it abstractly in the form:

L(Dx, Dt)u(x, t) = f(x, t), (x, t) ∈ D× R, (50)

u(x, t) = gD(x, t), (x, t) ∈ ∂DD × R, (51)

N (x, Dx)u(x, t) = gN (x, t), (x, t) ∈ ∂DN × R, (52)

with homogeneous initial conditions and the matrix differential operator (L(Dx, Dt)u(x, t))i =
ϱD2

tui(x, t)−
∑n
h,k,l=1Dxh

(
CklihDxl

uk(x, t)
)
, i = 1, . . . , n. For the Navier equation (1) the Hooke

tensor is given by Cklih = λδihδkl + µ(δikδhl + δilδhk), where i, h, k, l = 1, . . . , n.
In (52) the traction p = (p1, . . . , pn)

⊤ along Γ takes the form of the differential operator

(N (x, Dx)u(x, t))i = pi(u)(x, t) =

n∑
h,k,l=1

Cklih
∂uk
∂xl

(x, t)nxh, (x, t) ∈ ∂D× R, i = 1, . . . , n,

where nx is the unit normal vector to Γ calculated in x.
Applying the Fourier transform Ft 7→τ to the initial-boundary value problem (50), (51), (52)

leads to a parameter-dependent elliptic problem, with τ = σ − iγ, γ > 0, σ ∈ R:

L(Dx, τ)v(x, τ) = f̂(x, τ), x ∈ D, v(x, τ) = ĝD(x, τ), x ∈ ∂DD, (53)

N (x, Dx)v(x, τ) = ĝN (x, τ), x ∈ ∂DN .

We first consider the case of homogeneous boundary data gD = 0, gN = 0 and denote by
AM (τ) = L(Dx, τ) the closure of this operator in L2(D). We first note a well-posedness result,
Theorem 4.1.2 in [41].

For p > 0 and s ∈ N0 define the Sobolev space

∥u;Hs(D, p)∥ =

(
s∑

k=0

p2k∥u;Hs−k
β (D)∥2

) 1
2

. (54)

Corresponding spaces Hs− 1
2 (∂D, p) on the boundary ∂D are obtained as trace spaces of Hs(D, p).

The basic existence result for the mixed problem is given by:

Proposition 8.1. Let {f̂ , ĝD, ĝN} ∈ L2(D)n × H1/2(∂DD)n × H−1/2(∂DN )n and τ = σ − iγ,
σ ∈ R, γ > 0. Then there exists a unique solution v of (53). Furthermore, there exists a constant
c > 0 independent of τ such that

γ2∥v;H1(D, |τ |)n∥2 + γ(∥p(v);H−1/2(∂DD)n∥2 + ∥v;H1/2(∂DN , |τ |)n∥2)

≤ c
(
∥f̂∥2L2(D)n + γ∥ĝD;H1/2(∂DD)n∥2 + |τ |2∥ĝN ;H−1/2(∂DN )n∥2

)
. (55)

Proof. On the standard Sobolev space H1
∂DD

(D) := {u ∈ H1(D) : u = 0 on ∂DD} we define the
sesquilinear form

BτM (u,v) =

ˆ
D

∑
i,j,k,l

Cijkl(x)∂kui(x)∂lvj(x)dx− τ2
ˆ
D
u(x) · v(x)dx+

ˆ
∂DN

u(x) · v(x)dx,

A key property of BτM is the Korn inequality, which estimates BτM in terms of the norm of

H1(D)∂DD
: If τ2 ∈ C \ R+, then there exists δ = δ(τ) > 0 such that |BτM (u,u)| ≥ δ∥u;H1(D)n∥2

for all u ∈ H1
∂DD

(D)n.
The assertion then follows by applying the Lax-Milgram theorem. □
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8.1. Solution of (ξ, τ)-dependent mixed problem in a cone

For a finer analysis one performs a Fourier transform Fz 7→ξ in the variable z in (50), (51), (52)

and introduces polar coordinates in a cone K with ∂K = ∂KD ∪ ∂KN : r = |y|, ωωω = y
|y| . We first

assume that v solves the non-homogeneous mixed Dirichlet/Neumann problem with parameters
τ ∈ R− iγ and ξ ∈ R,

L(Dy, ξ, τ)v(y, ξ, τ) = f̂(y, ξ, τ), y ∈ K, (56)

v(y, ξ, τ) = ĝD(y, ξ, τ), y ∈ ∂KD, (57)

N (y, Dy, ξ)v(y, ξ, τ) = ĝN (y, ξ, τ), y ∈ ∂KN . (58)

For simplicity, we first consider the homogeneous mixed boundary value problem, corresponding
to gD = gN = 0.

First we derive the singularity behavior of the solution to (56) - (58). Set Ξ = K ∩ Sm−1 with
∂Ξ = ∂Ξ1 ∪ ∂Ξ2. We introduce the operator pencil by the rule

C ∋ λ 7→ AM (λ)φφφ =
{
r2−iλL(Dy, 0, 0)r

iλφφφ,φφφ|∂Ξ1
, r1−iλN (y, Dy, 0)r

iλφφφ|∂Ξ2

}
. (59)

This defines a map

AM (λ) : H2(Ξ)n → L2(Ξ)n ×H3/2(∂Ξ1)
n ×H1/2(∂Ξ2)

n,

which is an isomorphism except for a discrete set of eigenvalues {λℓ}.
For the elastodynamic equation L has constant coefficients and is of the form L(Dx, Dt)v =

∂2t v +A(Dx)v with
A(Dx) = A(Dy, Dz) = DkA

klDl,

where each of the Akl is a constant matrix Akl = (Cklij )i,j . The operator pencil AM is then given
by {

r2−iλA(Dy, 0)r
iλφφφ,φφφ|∂Ξ1

, r1−iλN (y, Dy, 0)r
iλφφφ|∂Ξ2

}
. (60)

We assume that the strip {λ ∈ C : m − 3 ≤ 2Im λ ≤ m − 2} does not intersect the spectrum of
AM . For an eigenvalue λℓ of AM we take a power-like solution

uℓ(y) = riλℓ

k∑
q=0

1

q!
(i ln(r))qφφφ

(k−q)
ℓ (ωωω) (61)

of the homogeneous mixed boundary problem with τ = 0, ξ = 0:

L(Dy, 0, 0)u(y) = 0, y ∈ K, (62)

u(y) = 0, y ∈ ∂KD, (63)

N (y, Dy, 0)u(y) = 0, y ∈ ∂KN . (64)

Here, {φφφ(0)
ℓ , . . . ,φφφ

(k)
ℓ } is a Jordan chain to λℓ, consisting of an eigenvector φφφ

(k)
ℓ and generalized

eigenvectors φφφ
(0)
ℓ , . . . ,φφφ

(k−1)
ℓ . Let κ1 ≥ κ2 ≥ · · · ≥ κJ denote the partial multiplicities of the λℓ,

and let {φφφ(0,j)
ℓ , . . . ,φφφ

(κj−1,j)
ℓ : j = 1, . . . , J} be a canonical system of Jordan chains. The functions

u
(k,j)
ℓ (y) = riλℓ

k∑
q=0

1

q!
(i ln(r))qφφφ

(k−q,j)
ℓ (ωωω), (65)

where k = 0, . . . , κj − 1 and j = 1, . . . , J , constitute a basis in the space of power-like solutions
corresponding to λℓ.

Let V
(k,j)
ℓ be the infinite series of dual functions satisfying the homogeneous equations (62) -

(64), and let V
(k,j)
ℓ,M be its truncation after M terms.
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The dual vector functions

v
(k,j)
ℓ (y) = riλℓ−(m−2)

k∑
q=0

1

q!
(i ln(r))qψψψ

(k−q,j)
ℓ (ωωω), (66)

form a basis in the space of power-like solutions to (62) - (64) that correspond to the eigenvalue
λℓ + i(m− 2).

Similar to [41] for the Dirichlet problem, respectively [37] for the Neumann problem, we next
consider the homogeneous problem with parameters τ ∈ R− iγ and ξ ∈ Rn−m, corresponding to
(56) - (58),

L(Dy, ξ, τ)v(y, ξ, τ) = 0, y ∈ K (67)

v(y, ξ, τ) = 0, y ∈ ∂KD, (68)

N (y, Dy, ξ, τ)v(y, ξ, τ) = 0, y ∈ ∂KN . (69)

Substituting u
(k,j)
ℓ in (67), (68), (69), we construct the formal series

U
(k,j)
ℓ (y, ξ, τ) =

∞∑
q=0

riλℓ+qP(k, j)q(ωωω, ξ, τ, ln(r)) (70)

satisfying (67), (68), (69). Here P(k, j)q are polynomials in ξ, τ, ln(r), with coefficients smoothly

depending on ωωω ∈ Ξ. Replacing {uk,jℓ } by {vk,jℓ }, we obtain the formal series

V
(k,j)
ℓ (y, ξ, τ) =

∞∑
q=0

ri(λℓ+i(m−n−2))+qQ(k, j)q(ωωω, ξ, τ, ln(r)), (71)

satisfying (67), (68), (69). The functions Q(k, j)q again obey analogous properties to P(k, j)q.

In reference [41] for the Dirichlet problem the formal series U
(k,j)
ℓ , V

(k,j)
ℓ are constructed for

these bases, and the argument extends to the mixed problem.

To describe the higher regularity of solutions, we use the following weighted Sobolev norms of
order s ∈ N0 with parameter p > 0, given by

∥v;Hs
β(K)∥ =

∑
|α|≤s

ˆ
K
r2(β+|α|−s)|Dα

xv|2dx

 1
2

, (72)

∥v;Hs
β(K, p)∥ =

(
s∑

k=0

p2k∥v;Hs−k
β (K)∥2

) 1
2

. (73)

Corresponding spaces H
s− 1

2

β (∂K) and H
s− 1

2

β (∂K, p) on ∂K are obtained as trace spaces for Hs
β(K),

respectively Hs
β(K, p). The space Xsβ(∂K) of compatible traces is given by

Xsβ(∂K) ={
(ĝD, ĝN ) ∈ H

s− 1
2

β (∂KD)n ×H
s− 3

2

β (∂KN )n : ∃ĝ ∈ Hs
β(K)ns.t. ĝ|∂K = lĝD, p(ĝ)|∂K = lĝN

}
.

Here, l denotes an arbitrary, fixed extension operator.

Consider now (56) - (58) with χv ∈ H2
β(K)n, f̂ ∈ H0

β(K)n ∩H0
γ(K)n and (ĝD, ĝN ) ∈ X2

β(∂K)∩
X2
γ(∂K) for γ < β. As above, χ ∈ C∞

0 (K) denotes a cut-off function which is = 1 in a neighborhood
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of the vertex of the cone K. If the line {λ ∈ C : Im λ = γ+ m
2 −2} does not intersect the spectrum

of the pencil AM , then we have

v = χ
∑

c
(k,j)
ℓ U

(k,j)
ℓ,M + h,

where the remainder h is such that χh ∈ H2
γ(K)n. Here U

(k,j)
ℓ,M is the partial sum of the series

U
(k,j)
ℓ containing M terms such that χriλℓ+(M+1)P

(k,j)
M+1 ∈ H2

γ(K)n. The asymptotic formula for v
involves the summands corresponding to the eigenvalues of the pencil in the strip {λ ∈ C : Im λ ∈
(γ + m

2 − 2, β + m
2 − 2)}, so that χU

(k,j)
ℓ,M ∈ H2

β(K)n and χU
(k,j)
ℓ,M ̸∈ H2

γ(K)n.

8.2. Solution of a τ-dependent mixed problem in a wedge

Using the results of Section 8.1, we now study the general mixed Dirichlet and Neumann problem
in the wedge D, by means of an inverse Fourier transform F−1

ξ 7→z in the dual edge variable ξ. The

boundary value problem in the frequency domain corresponding to (50), (51), (52) is given by

L(x, Dx, τ)v(x, τ) = f̂(x, τ), x ∈ D, (74)

v(x, τ) = ĝD(x, τ), x ∈ ∂DD, (75)

N (x, Dx, τ)v(x, τ) = ĝN (x, τ), x ∈ ∂DN . (76)

The regularity of the solutions is described in the following weighted Sobolev spaces on D =
K×Rn−m, which are analogous to the spaces (72), (73) on the cone. In D, one uses the coordinates
x = (y, z) and introduces polar coordinates in K: r = |y|, ωωω = y

|y| . Define

∥u;Hs
β(D)∥ =

∑
|α|≤s

ˆ
D
r2(β+|α|−s)|Dα

xu|2dx

 1
2

, (77)

∥u;Hs
β(D, p)∥ =

(
s∑

k=0

p2k∥u;Hs−k
β (D)∥2

) 1
2

(78)

for s ∈ N0. Corresponding spaces H
s− 1

2

β (∂D) and Hs− 1
2

β (∂D, p) on ∂D are obtained as trace spaces

for Hs
β(D), respectively Hs

β(D, p). The space Xsβ(∂D) of compatible traces is given by

Xsβ(∂D) ={
(ĝD, ĝN ) ∈ H

s− 1
2

β (∂DD)n ×H
s− 3

2

β (∂DN )n : ∃ĝ ∈ Hs
β(D)n s.t. ĝ|∂D = lĝD, p(ĝ)|∂D = lĝN

}
.

Higher regularity results in the spacesHs
β(D) have been obtained by Matyukevich and Plamenevskǐı

for the Dirichlet problem [41, Proposition 5.1.1]. We here state a result for dim K ̸= 2. Analogous
results for dimK = 2 are slightly more involved, and we refer to [41, Proposition 5.3.3] in the case
of the Neumann problem.

Proposition 8.2. Let β ≤ 1. Assume Im λ = β + m
2 − 2 does not intersect the spectrum of AM .

Then for v ∈ H2
β(D, 1)n ∩H1

β=0(D)n with L(Dx, 0)v ∈ L2(D) there holds

∥χτv;H2
β(D, |τ |)n∥2 + γ2∥v;H1

β(D, |τ |)n∥2 + γ∥p(v);H0
β(∂D1)

n∥2 + γ|τ |2∥v;H0
β(∂D2, |τ |)n∥2

≤ c
{
∥f̂(x, τ) H0

β(D)n∥2 + |τ |2(1−β)γ−2∥f̂ ;L2(D)n∥2 + ∥χτ ĝD;H3/2
β (∂D1)

n∥2 (79)

+|τ |2(1−β)γ−1∥ĝD;H1
0 (∂D1)

n∥2 + ∥χτ ĝN ;H
1/2
β (∂DN )n∥2 + |τ |2∥ĝN ;H0

β+1/2(∂DN )n∥2
}

where χτ (x) = χ(|τ |y) for some χ ∈ C∞
0 (K) which is = 1 in a neighborhood of the vertex of the

cone K. The constant c is independent of v, τ = σ − iγ, σ ∈ R, γ > 0.
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Proof. As in [41], the proof also in the mixed Dirichlet and Neumann boundary problem is based
on three steps: (i) estimates far from the edge, (ii) estimates near the edge, (iii) the global a priori
estimate (55).

An estimate far from the edge. Set x = (y, z), r = |y| and take κ, ψ cut-off functions with
supp κ ∈ {y ∈ K, 1/2 < r < 2}, supp ψ ∈ {y ∈ K, 1/4 < r < 4}, κψ = κ. Extend ψ, κ to D and
assume that the extended functions are independent of z. Take vϵ(x) = v(xϵ ), substitute κv

ϵ in

γ2
ˆ
D
(|∇xv(x)|2 + |τ |2|v(x)|2)dx+ γ

ˆ
∂D

|∂νv|2dS

≤ c

{ˆ
D
∥L(Dx, τ)v(x)|2dx+ γ

ˆ
∂D

(|τ |2|v(x)|2 + |∇Sv(x)|2)dS
}
, (80)

where ∇S denotes the tangential gradient. Then we take τ/|τ |ε instead of τ , arriving at

(γ/(|τ |ε))2
(∥∥∇x (κv

ε) ;L2(D)n×n
∥∥2 + (1/ε2) ∥κvε;L2(D)n∥2

)
+ (γ/|τ |ε)

∥∥∂ν (κvε) ;H0
β(∂D)n

∥∥2
≤ c

{
∥κL (Dx, τ/|τ |ε)vε;L2(D)n∥2 +

(
γ/|τ |ε3

)
∥κvε;L2(∂D)n∥2

+
∥∥ψvε;H1(D)n

∥∥2 + (γ/|τ |ε)
∥∥∇S (κv

ε) ;L2(∂D)n×n
∥∥2} .

After the change of variables x 7→ ξ = x/ε, this inequality takes the form

(γ/|τ |)2
(
∥∇ξ (κεv) ;L2(D)n×n∥

2
+ ∥κεv;L2(D)n∥2

)
+ (γ/|τ |)

∥∥∥∂ν (κεv) ;H0
β(∂D)n

∥∥∥2
≤ c

{
∥κεL (Dx, θ)v;L2(D)n∥2 + (γ/|τ |) ∥κεv;L2(∂D)n∥2 + ε4 ∥ψεv;L2(D)n∥2

+ε2 ∥∇ξ (ψεv) ;L2(D)n∥2 + (γ/|τ |) ∥∇S (κεv) ;L2(∂D)n×n∥
2
}
,

where θ = τ/|τ |, κε(ξ) = κ(εξ), etc. We multiply the relation by ε−2β , put ε = 2−j , and add all
such inequalities for j = 0, 1, 2, . . .. This yields

(γ/|τ |)2
(∥∥∇ξ (κ∞v) ;H0

β(D)n×n
∥∥2 + ∥∥κ∞v;H0

β(D)n
∥∥2)n + (γ/|τ |)

∥∥∂ν (κ∞v) ;H0
β(∂D)n

∥∥2
≤ c

{∥∥κ∞L (Dξ, θ)v;H
0
β(D)n

∥∥2 + (γ/|τ |)
∥∥κ∞v;H0

β(∂D)n
∥∥2 (81)

+
∥∥ψ∞v;H1

β−1(D)n
∥∥2 + (γ/|τ |)

∥∥∇S (ψ∞v) ;H0
β(∂D)n×n

∥∥2} ,
where the cut-off functions κ∞ and ψ∞ are in C∞(K), are equal to 0 near the vertex of the cone
and to 1 in a neighborhood of infinity, and satisfy κ∞ψ∞ = κ∞.

An estimate in a neighborhood of the edge. Consider the operator

A : H2
β(D)n → H0

β(D)n ×H
3/2
β (∂DN )n ×H

1/2
β (∂DD)n,

given by the formula v 7→ Av :=
{
A (Dξ)v, v|∂DN

, ∂νv|∂DD

}
, where we recall L(Dx, Dt)v =

∂2t v + A(Dx)v. It is known (see [45]) that if β ≤ 1 and the line Imλ = β + n/2− 2 is free of the
spectrum of the pencil AD, then A is a monomorphism and

∥∥v;H2
β(D)n

∥∥2 ≤ c

{∥∥A (Dξ)v;H
0
β(D)n

∥∥2 + ∥∥∥v;H3/2
β (∂DN )n

∥∥∥2 + ∥∥∥∂νv;H1/2
β (∂DD)n

∥∥∥2} . (82)
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Let χ and ψ be cut-off functions of class C∞
c (D) equal to 1 near the edge and such that χψ = χ;

we also assume that χ and ψ are independent of the coordinate z of x = (y, z). By (82), we have

∥∥χv;H2
β(D, 1)n

∥∥2
≤ c

{∥∥χL (Dξ, θ)v;H
0
β(D)n

∥∥2 + ∥∥∥χv;H3/2
β (∂D)n

∥∥∥2 + ∥∥∥χ∂νv;H1/2
β (∂D)n

∥∥∥2 + ∥∥ψv;H1
β(D, 1)n

∥∥2} .
(83)

The global estimate. We add (81) and (83). The definition of the norms involved shows that
κ∞ on the left-hand side can be replaced with 1. Thus,

∥∥χv;H2
β(D, 1)n

∥∥2 + (γ/|τ |)2
∥∥v;H1

β(D, 1)n
∥∥2 + (γ/|τ |)

∥∥∂νv;H0
β(∂D)n

∥∥2
≤ c

{∥∥L (Dξ, θ)v;H
0
β(D)n

∥∥2 + ∥∥∥χv;H3/2
β (∂DN )n

∥∥∥2 +
∥∥∥χ∂νv;H1/2

β (∂DD)n
∥∥∥2

+ (γ/|τ |)
∥∥κ∞v;H0

β(∂D)n
∥∥2 + (γ/|τ |)

∥∥∇S (κ∞v) ;H0
β(∂D)n×n

∥∥2
+
∥∥ψ∞v;H1

β−1(D, 1)n
∥∥2 + ∥∥ψv;H1

β(D, 1)n
∥∥2} .

Here we make the change of variables ξ 7→ x = ξ/|τ | and put u(x) = v(|τ |x), obtaining

∥∥χτu;H2
β(D, |τ |)n

∥∥2 + γ2
∥∥u;H1

β(D, |τ |)n
∥∥2 + γ

∥∥∂νu;H0
β(∂D)n

∥∥2
≤ c

{∥∥L (Dx, τ)u;H
0
β(D)n

∥∥2 + ∥∥∥χτu;H3/2
β (∂D)n

∥∥∥2
+ γ

∥∥ψ∞,τu;H
1
β(∂D, |τ |)n

∥∥2 + ∥∥ψ∞,τu;H
1
β−1(D, |τ |)n

∥∥2
+|τ |2

∥∥ψτu;H1
β(D, |τ |)n

∥∥2} , (84)

where χτ (y) = χ(|τ |y), ψτ (y) = ψ(|τ |y), and ψ∞,τ (y) = ψ∞(|τ |y). We estimate the last two
terms on the right. We have

|τ |2
∥∥ψτu;H1

β(D, |τ |)n
∥∥2

≤ |τ |2
(ˆ

r<c/|τ |
r2β

(
|∇u|2 + |u|2/r2

)
dx+ |τ |2

ˆ
r<c/|τ |

r2β |u|2 dx

)

≤ |τ |2
(ˆ

r<ε/|τ |
r2β

(
|∇u|2 + |u|2/r2 + |τ |2|u|2

)
dx

+

ˆ
ε/|τ |<r<c/|τ |

r2β
(
|∇u|2 + |u|2/r2 + |τ |2|u|2

)
dx

)

≤ cε2
ˆ
r<ε/|τ |

r2(β−1)
(
|∇u|2 + |u|2/r2 + |τ |2|u|2

)
dx+

∥∥ψ∞,τu;H
1
β−1(D)n

∥∥2 .
Therefore,

|τ |2
∥∥ψτu;H1

β(D, |τ |)n
∥∥2 ≤ ε2

∥∥χτu;H2
β(D, |τ |)n

∥∥2 + ∥∥ψ∞,τu;H
1
β−1(D)n

∥∥2 .
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This and (84) lead to the inequality∥∥χτu;H2
β(D, |τ |)n

∥∥2 + γ2
∥∥u;H1

β(D, |τ |)n
∥∥2 + γ

∥∥∂νu;H0
β(∂D)n

∥∥2
≤ c

{∥∥L (Dx, τ)u;H
0
β(D)n

∥∥2 + ∥∥∥χτu;H3/2
β (∂D)n

∥∥∥2
+γ
∥∥ψ∞,τu;H

1
β(∂D, |τ |)n

∥∥2 + ∥∥ψ∞,τu;H
1
β−1(D)n

∥∥2 + ε2
∥∥χτu;H2

β(D, |τ |)n
∥∥2} .

Since the left-hand side contains
∥∥∥χτu;H2

β(D, |τ |)n
∥∥∥2, by increasing the constant c we can remove

ε2
∥∥∥χτu;H2

β(D, |τ |)
∥∥∥2 from the right-hand side for small ε. Finally, for β ≤ 1 we obtain

∥∥ψ∞,τu;H
1
β−1(D)n

∥∥2 ≤
ˆ
c/|τ |<r

r2(β−1)
(
|∇u|2 + |u|2/r2

)
dx

≤ c|τ |2(1−β)
{∥∥∇u;L2(D)n×n

∥∥2 + |τ |2 ∥u;L2(D)n∥2
}
,

which can be bounded from above with the help of (80).
Altogether, we obtain

∥χτv;H2
β(D, |τ |)n∥2 + γ2∥v;H1

β(D, |τ |)n∥2 + γ∥p(v);H0
β(∂D1)

n∥2 + γ|τ |2∥v;H0
β(∂D2, |τ |)n∥2

≤ c
{
∥L(Dx, τ)v;H

0
β(D)n∥2 + |τ |2(1−β)γ−2∥L(Dx, τ)v;L

2(D)n∥2 + ∥χτv;H3/2
β (∂D1)

n∥2 (85)

+|τ |2(1−β)γ−1∥v;H1
0 (∂DD)n∥2 + ∥χτNu;H

1/2
β (∂DN )n∥2 + |τ |2∥Nu;H0

β+1/2(∂DN )n∥2
}

and therefore (79). □

8.3. Solution of a time-dependent problem in a wedge; non-homogeneous bound-
ary conditions

We now present results for the time-dependent system (50), (51), (52), with constant coefficients,
obtained from the frequency-domain results via the inverse Fourier transform. They are stated in
terms of the following weighted Sobolev spaces in the space-time cylinder Q = D× R, analogous
to (72), (73), respectively (77), (78), with coordinates x = (y, z) ∈ D and parameter q > 0:

∥w;Hs
β(Q)∥ =

∑
|α|≤s

ˆ
R

ˆ
D
r2(β−s+|α|)|Dα

x,tw(x, t)|2 dx dt

1/2

,

∥w;Hs
β(Q, q)∥ =

(
s∑

k=0

q2k∥w;Hs−k
β (Q)∥2

)1/2

.

If γ > 0, we set wγ(x, t) := exp(−γt)w(x, t) and define

∥w;V sβ (Q, γ)∥ = ∥wγ ;Hs
β(Q, γ)∥.

The Fourier transform allows to translate the parameter-dependent estimates into estimates for
the time-dependent problem. In particular, as shown in Proposition 2.1.1 of [39],

∥w;V sβ (Q, γ)∥2 ≃
¨

∥
(
F(z,t)→(ξ,τ)w

)
(·, ξ, τ);Hs

β(Q, q)∥2dσ dξ,

where τ = σ − iγ and q =
√
|ξ|2 + |τ |2.
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The corresponding spaces on the boundary ∂Q are defined as the trace spaces of Hs
β(Q), re-

spectively V sβ (Q, γ). In particular, we require the space Xsβ(∂Q) of compatible traces, given by

Xsβ(∂Q)

=
{
(gD,gN ) ∈ H

s− 1
2

β (∂QD)
n ×H

s− 3
2

β (∂QN )n : ∃g ∈ Hs
β(Q)n s.t. g|∂Q = lgD, p(g)|∂Q = lgN

}
.

Multiplying by exp(−γt), we obtain Vsβ(∂Q) from Xsβ(∂Q) as above.

Definition 8.3. Assume (f ,gD,gN) ∈ V 0
0 (Q, γ)n × V2

0(∂Q)n, and let v be a strong solution to

(74), (75), (76) in D with right hand side (f̂ , ĝD, ĝN ). Then u(y, z, t) = F−1
(ξ,τ)→(z,t)v(y, ξ, τ) is

called a strong solution of (50), (51), (52).

Proposition 8.2 implies that for any (f ,gD,gN) ∈ V 0
0 (Q, γ)n×V

3/2
0 (∂QD, γ)

n×V 1/2
0 (∂QN , γ)

n

with γ > 0 the problem (50), (51), (52) admits a unique strong solution and

γ2∥u;V 2
0 (Q, γ)n∥2 + γ∥p(u), V

1
2
0 (∂QD, γ)

n∥2 + γ∥u, V
3
2
0 (∂QN , γ)

n∥2

≤ c
(
∥f ;V 0

0 (Q, γ)n∥2 + γ∥gD;V
3
2
0 (∂QD, γ)

n∥2 + γ∥gN;V
1/2
0 (∂QN , γ)

n∥2
)
,

for a constant c > 0 independent of γ.
Let χ ∈ C∞(K) be a cut-off function which is identically 1 in a neighborhood of the conical

point 0. Define

Xu(y, z, t) = F−1
(ξ,τ)→(z,t)χ(py)F(z′,t′)→(ξ,τ)u(y, z

′, t′) (86)

and

Λµu(y, z, t) = F−1
τ→t|τ |µFt′→τu(y, z, t

′). (87)

Higher regularity theorems involve the following norms in Q: For β ∈ R and γ > 0

∥v;DVβ(Q, γ)∥ =
(
γ2∥v;V 1

β (Q, γ)n∥2 + ∥Xv;V 2
β (Q, γ)n∥2 + γ∥∂νv;V 0

β (∂Q, γ)n∥2
)1/2

,

(88)

∥f ;RVβ(Q, γ)∥ =
(
∥f ;V 0

β (Q, γ)n∥2 + γ−2∥Λ1−βf ;V 0
0 (Q, γ)n∥2

)1/2
. (89)

∥(f ,gD,gN);RVβ(Q, γ)∥ =
(
∥f ;RVβ(Q, γ)∥2 + ∥Xg;V

3/2
β (∂Q, γ)n∥2 + γ∥gD;V 1

0 (∂QD, γ)
n∥2

+γ−1∥Λ1−βgD;V 1
0 (∂QD, γ)

n∥2 + γ∥gN;V −1(∂QN , γ)
n∥2
)1/2

.
(90)

Here V −1(∂QN ) = dual of V 1
0 (∂QN ). More generally, one may introduce for q ∈ N0

∥f ;RVβ,q(Q, γ)∥ =

 q∑
j=0

γ−2j∥Λjf ;V q−jβ+q−j(Q, γ)
n∥2 + γ−2(1+q)∥Λ1−β+qf ;V 0

0 (Q, γ)n∥2
1/2

,

and similarly DVβ,q(Q, γ).
The following result for the inhomogenous mixed Dirichlet and Neumann problem may be shown

following the arguments in the proof of Theorem 7.4, [41] for the homogeneous Dirichlet problem,
when q = 0, respectively the extension in [36] to inhomogeneous Dirichlet boundary conditions
and q > 0. See also Theorem 5.3 in [37] for the homogeneous Neumann problem, when q = 0.

Theorem 8.4. Suppose q ∈ N0, γ > 0 and (f ,g1,g2) ∈ RVβ,q(Q, γ). a) If β ∈ (β1, 1], the strong
solution u to (50), (51), (52) belongs to DVβ,q(Q, γ) and there exists c > 0 independent of γ such
that

∥u;DVβ,q(Q, γ)∥ ≤ c∥(f ,gD,gN);RVβ,q(Q, γ)∥.
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b) If β ∈ (βr+1, βr), then there exists a solution u ∈ DVβ,q(Q, γ) to (50), (51), (52) if and only if

for all ξ ∈ Rn−m, for all τ ∈ R− iγ and for all vk,jℓ corresponding to eigenvalues λℓ of AM with
Im λ ∈ [βr +

m
2 − 2, β1 +

m
2 − 2] there holds

(f̂(·, ξ, τ),vk,jℓ (·, ξ, τ))L2(K)+(ĝD(·, ξ, τ), ppp(vk,jℓ )(·, ξ, τ))L2(∂KD)+(ĝN (·, ξ, τ),vk,jℓ (·, ξ, τ))L2(∂KN ) = 0.
(91)

We can now state the main result of this section, which gives the asymptotics of the time-
dependent mixed boundary value problem in a neighborhood of the edge. For the homogeneous
Dirichlet problem with q = 0 see Theorem 7.5, [41]. The extension to inhomogeneous Dirichlet
boundary data g1is considered in [4].

For the Neumann problem, see Theorem 5.4 in [37]. Adapting both approaches [37, 41] the
following result holds for the mixed Dirichlet and Neumann boundary value problem for more
regular right hand sides, see in particular [36], Theorem 7.5, for the Dirichlet problem.

Theorem 8.5. Let β ∈ (βr+1, βr) with 0 < βr − β < 1. Suppose γ > 0 and (f ,gD,gN) ∈
RVβr,q(Q, γ). Assume that for all ξ ∈ Rn−m, for all τ ∈ R − iγ and for all vk,jℓ corresponding
to eigenvalues λℓ of AM with Im λ ∈ [βr +

m
2 − 2, β1 +

m
2 − 2] the relation (91) holds. Then the

solution u to (50), (51), (52) admits an asymptotic expansion

u(y, z, t) =
∑
ℓ

∑
k,j

(Xc̃k,jℓ )(y, z, t)uk,jℓ (y) + u0(y, z, t), (92)

with u0 ∈ DVβ,q(Q, γ). Here the first sum is over all eigenvalues λℓ in the strip Im λ ∈ [βr +
m
2 −

2, β1 +
m
2 − 2], while the second sum is over all generalized eigenfunctions uk,jℓ corresponding to

λℓ. The coefficients c̃k,jℓ (z, t) are defined by

c̃k,jℓ = F−1
(ξ,τ)→(z,t)c

k,j
ℓ ,

where

ck,jℓ = piλℓ

∑
q

1

q!
(i ln p)qd

(k+q,j)
ℓ (ξ, τ), (93)

and, with p =
√
|ξ|2 + |τ |2 and vk,jℓ as in Theorem 8.4,

d
(k+q,j)
ℓ (ξ, τ) = p−2(f̂(p−1·, ξ, τ),vk,jℓ (·, ξ/p, τ/p))L2(K)

+ p−1(ĝD(p
−1·, ξ, τ), ppp(vk,jℓ )(p−1·, ξ/p, τ/p))L2(∂KD)

+ (ĝN (·, ξ, τ),vk,jℓ )(p−1·, ξ/p, τ/p))L2(∂KN ).

Moreover, the estimates ∥e−γtd̃ℓ;H2−m
2 −β(Rn−m+1)∥ ≤ c∥(f ,gD,gN);RVβr,q(Q, γ)∥

and ∥u0;DVβ,q(Q, γ)∥ ≤ c∥(f ,gD,gN);RVβr,q(Q, γ)∥ hold.

The explicit formulas show that for f , gD, gN smooth in time also the coefficients dℓ will be
smooth in time.
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