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| will talk about

A complete description of the magnitude homology of a
geodesic metric space which satisfies a certain non-branching
assumption [arXiv:1902.07044].

@ The homology is described in terms of geodesics.

o Examples cover complete and connected Riemannian
manifolds as well as uniquely geodesic spaces such as
CAT(0)-spaces.

Plan of my talk:
© Review of magnitude homology

@ Main theorem
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Review of magnitude homology

@ The notion of magnitude homology is first introduced by
Hepworth-Willerton (2015) for simple graphs, and then
generalized by Leinster-Schulman (2017) to certain
enriched categories, which cover metric spaces and
simple graphs.

e My talk concerns with only the magnitude homology of
metric spaces. So | review here its definition to fix
notations.
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Chains

Let (X, d) be a metric space, namely, a set X equipped
with a distance function d : X X X — R3,.

e For a non-negative integer n, a (proper) n-chain
(xg,+++ ,xpn) is a sequence of n + 1 points xg,- -+ , Ty
on X such that xg # ®1 # - -+ # x,.

I will call “n” the degree of a chain.

The length of an n-chain is defined by
E(<$0, Tty mn>) = d(mﬂa 331) + -+ d(mn—l, mn)-

o P! : the set of (proper) n-chains of length £.

°o Cf = @, cpe 2y : the free abelian group generated by
(proper) n-chains of length £.
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Some terminology

A point y is between x and z (2 < y < z) when

T £Y F 2, d(z, y) + d(y, z) = d(wa z)‘

In an n-chain (g, ,z,), a point z; (i # 0,n) is said
to be smooth (straight) if z;_1 < x; < x;41, according
to Kaneta-Yoshinaga (or Jubin)

In other words, x; is smooth in (xg, - ,xz,) iff

£(<$0,"' 7mn>) - e(<m07 s Lj—19 Lif19° " 7mn>)

o Otherwise, x; will be called singular (crooked).

e By definition, x¢ and x,, are singular in (xg,--: ,xy).
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The magnitude homology

o For v = (xg,+ -+ ,x,) € Pt and i # 0,n, let us define

8"‘)’ . (:130, crt 3 Lg—19 L1y awn>a (wi—l <z < wi—l—l)
‘ 0. (otherwise)

n—1

Oy =) (—1)'oy
i=1

@ The linear extension 9 : Cf; — Cﬁ_l satisfies 99 = 0.
(For n < 0, we regard C£ = 0 and 9 = 0.)

o Thus, we get a chain complex (C%, 9).

o Its homology is the magnitude homology H’ (X).
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Complete calculations of magnitude homology

Generally, magnitude homology is difficult to calculate.

So far, complete calculations are known for some graphs.

o The complete graph K [Hepworth-Willerton]
e The path graph Pn (apply Mayer-Vietoris to K5)
e The cycle graph Cn [Yuzhou Gu]

Other complete calculations appear to be obtained for

Menger-convex geodetic spaces without 4-cut [Jubin]:

o convex subsets in RV [Kaneta-Yoshinagal,
e connected, complete and geodetic Riemannian manifolds
[Jubin].
In these cases, H:(X) = 0 for n > 0.
@ The main theorem adds non-trivial examples of complete
calculations.



Review of magnitude homology Main theorem

Plan of my talk

@ Review of magnitude homology

@ Main theorem



Main theorem

Main theorem

To state the main theorem, let us recall the notion of
geodesics on a metric space (X, d). (This is different
from that in differential geometry.)

A geodesic joining  to y is a map f : [0,d(x,y)] — X,

d(f(t), f(t,)) =|t— t,l' (t, t' e [0, d(zx,y)])

It follows that a geodesic is a continuous map.

A metric space is said to be geodesic if, for any points
x,y € X, there exists a geodesic joining x to y.

Typical examples are connected and complete
Riemannian manifolds, whereas graphs are not.

Geod(x,y) denotes the set of geodesics joining x to y.
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A non-branching assumption

@ The non-branching assumption on a geodesic space in
the main theorem is as follows:

Assumption
For any =,y € X, if f,g € Geod(z,y) admit
s € (0,d(x,y)) such that f(s) = g(s), then f = g.

@ A branching example:

@ An example is a connected and complete Riemannian
manifold. (A geodesic is locally characterized by ODE.)
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Theorem [G, arXiv:1902.07044]

Let X be a geodesic space which satisfies Assumption.
(a) If n is odd, then H:(X) = 0 for any £.
(b) If n = 2q is even, then

HL(X) 2B PP z(f1,-- s fo)-
¥4

i Pi fi

 £1,...,€5 > 0 are such that ¢; 4 --- 4 £, = ¢,
® ¥o,...,pq € X are such that d(p;_1, ;) = ¢;,
o fi € Geod(pi_1, ;) are such that f; # f,,

where f, € Geod(p;_1, ;) are arbitrary references.

o In particular, H:(X) is torsion free.
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Details about the even homology
Hy (X) =2 PP Pzfr,---55q)
L; ¥i f;

© 41,...,€4 > 0 are such that ¢y + --- 4 £, =,
® ©g,...,pq € X are such that d(p;_1,pi) = 4,
e fi € Geod(yp;_1,;) are such that f; # f,,

where f;, € Geod(w;_1, ;) are arbitrary references.

Y1 ¥3

%o ©2
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Details about the even homology

Hz,(X) = DD D2 fa)
L; ¥i f;

© 41,...,€4 > 0 are such that ¢y + --- 4 £, =,

® ©g,...,pq € X are such that d(p;_1,pi) = 4,

e fi € Geod(yp;_1,;) are such that f; # f,,

where f;, € Geod(w;_1, ;) are arbitrary references.

Y1 ¥3

e S\

¥o P2
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Details about the even homology

Hz,(X) = DD DZ(f:-- . fo)
L, P fi

® f1,...,€4 > 0 are such that ¢; + --- 4 £, = ¢,

® po,...,9q € X are such that d(p;_1, pi) = 4,

e fi € Geod(yp;_1,;) are such that f; # f,,

where f;, € Geod(w;_1, ;) are arbitrary references.

1 — L3

NS T
f1 £2

®o P2
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Details about the even homology

H (X) =2 PP Pzif,---fa)
L pi fi
® f1,...,€4 > 0 are such that ¢; + --- 4 £, = ¢,
® po,...,9q € X are such that d(p;_1, pi) = 4,
o fi € Geod(yp;_1,;) are such that f; # f,,
where f; € Geod(p;_1, ;) are arbitrary references.

£ 1 fa ?3 L3

?1 ?2 Vg

%o P2
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Details about the even homology

ng(X) = @@@Z(f17"'5fq)
£

i Pi fi

® 41,...,€4 > 0 are such that ¢; + --- 4 £, = ¢,
® o,...,9q € X are such that d(p;_1, pi) = i,
o fi € Geod(yp;_1,;) are such that f; # f,,

where f, € Geod(p;_1, ;) are arbitrary references.

e For a non-trivial contribution to Héq(X), there must be
more than two geodesics joining ¢;_1 to ;.

o In particular, H:(X) = 0, (n > 0) for uniquely geodesic
spaces X, such as CAT (k) with & < 0.
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The second homology of the circle

Hi (X))~ & Pz

<’PO,’~P1>€P{ ‘feGeOd(f(]»‘Pl)
F#f

o Let S be the circle of radius r > 0 with geodesic
metric. For any = € S, let £ € S! be the antipodal
point (the unique point such that d(x, &) = «r).

{?m,y}a (y # CE)

= Geod(z,y) = { {fm’i,fm’i}. (y =)

xTr

8«
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The second homology of the circle

xTr

fm7m fw,fc

xTr

o Thus, if £ # 7r, then H.(S') = 0, and
HI"(SY= D zw»n

<a:,y>€P1"""’ fEGeod(z,y)

F#f

= @ Z(.fm,ir)

xSt
>~ 7[8"],

as known by Leinster-Schulman and Kaneta-Yoshinaga.
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The fourth homology

o Similarly, the fourth homology is described as follows.

Hi(X)= P . . Z(f1, f2)

Ell—lfi£2>—()£ (posp1,02) EPE Ti€Geod(@i_1,04)
T2 d(pi—1,04)=4; fi#fs;

o We have H%(S') = 0 if £ # 27,

@ In the case of £ = 27r, the 4th magnitude homology
HE(S?Y) is non-trivial: If £ = €2 = 7r, po = = € S1,
p1 = &, and @3 = & = x, then

Geod(po, 1) = {f:l:,:f:’?:c,a':}’
Geod(p1, p2) = {f:ﬁ,ma?ﬁc,m}'



Review of magnitude homology Main theorem

The fourth homology of the circle

p1 == p1r=1=T

f:l:, fm,:i: fi,a: fa“:,m

8¢

Po == p2 ==

H™(S) = &y P Z(f1, f2)

£1:£2>0  (pg,p1,p2)EPZ™T f1€Geod(@;_1,¢;)
brtba=27r d(pi—1,pi)=4; fi#fs;

@ Z(.fw,:iv .f:i,w) = Z[Sl]’

reSt

1\ ~ 7Z[S'], (€= qmr > 0)
Héq(S ) = { 0. (otherwise)

|7
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Representative of the homology class

@ So far, | explained the detail of the description of the
generators of the homology group.

e Each generator (f1,...,fq) € ng(X) has an explicit
representative.

o For example, a representative of (f1, f2) € H3™"(S) is

<900a mfl - wfl’ 1, mf2 - mfz, 902>

J1

= (Q"O’x 9901amf2, 902> - (@Oamfla P11, a:fz’ 502>

— (%o, m'flv P1, m'fzv ¥p2) + (o, xflv P1, mf29 P2),
where z/i and z77 lie on fis f; € Geod(w;_1, i) so

that ¢ is singular in each chain. (x/¢ and xfi are
automatically smooth.)
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A representative of (f1, f2) € HZ™

J1

(4P07$B s P11, :Bf27 ‘P2> - (‘POaw'fla ‘Plawfzv ‘102>

- <9007 mfl’ P11, 37f27 902> + (SDO? xfla 1, mfz, 902>

1 1
f1, f2 Jf1 f2

xf1 xf a

:Bf2 a:fZ
Po = P2 Po = P2
1 1

f2 ?J Ea?2
m.fl 7mf1
xf2 a:fZ

Main theorem
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Representatives in general

e The general case is similar, and a representative of
(fis---5 fq) € H(X) is

(900, xft — mfla P11y 9 Pg—1, xfa — quv (Pq>
= <9007 xfla P11y 9y Pqg—1> qua 90q> +--
<+ (—=1)%¢po, w'fl’ Pl 9 Pg—1y :qu, 90q>a
where =i, 27 lie on fi> f; € Geod(w;_1,;) so that
@; are singular in each chain.

@ Such a choice of the points i and zTi is possible,
because of the non-branching assumption.



Main theorem

Outline of the proof

The proof is a direct calculation based on the
smoothness spectral sequence |G, arXiv:1809.06593].

This is associated to a filtration of the magnitude
complex given by the number of smooth points in chains.

In the setup of the main theorem, the spectral sequence
turns out to degenerate at E2.

The calculation of E? (namely, the homology of E') is
based on constructions of homotopy operators which
make a given element in E! into the form of the
representatives of generators of H gven(X ) step by step.

The concrete constructions of the homotopies are
intricate, and | will not explain it moreover.
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A generalization
Proposition

For a dense subspace X C X in a geodesic space X which
satisfies Assumption, the following holds true.

(a) If n is odd, then H(X) = 0O for any £.
(b) If n = 2q is even, then

H.{(X) 2P PP Z(fr,- - fa)-
£

i P i

© £1,...,€4 > 0 are such that ¢; 4 --- 4 £, = ¢,
® ©Yoy...ypq € X are such that d(p;—_1, ;) = ¢,
o fi € Geodx(pi—1, ;) are such that f; # f;,

where f; € Geodx(p;—1, ;) are arbitrary references.

Thank you!
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