Differential Operators and Function Spaces Il Block 4, 2012

Exercise sheet 1 Fourier transform
Exercise class week 17

Exercise 1:
a) Compute the Fourier transform of f(z) = e~ {4%%) for A € C"*™,
Re A positive definite.

b) Use this (with n = 1) to show that if the Fourier transform F : LP(R") — L9(R") is
continuous, then 1 < p < 2 and % + % =1.

Remark: The Riesz-Thorin theorem shows that in this case F is actually continuous.

Exercise 2:
Prove the Paley-Wiener characterization of 7€}, 1) (R") stated in the lecture.

Hint: See the corresponding section from Hérmander.

Exercise 3:
a) Recall the proof of FL! (R™) C Cy (R™) from DifFun.

b) Give two proofs that FL' # Cj:
1. Wlog n = 1. Assume f € L'(R), f odd.

e Show that
b .
/f(m) "
T
1
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o Show that g(z) := 2t € Co(R)\FLY(R).

2. Itis well-known that (L' (R™), *) is a Banach algebra, not a C*-algebra.
Check that

o F: (L' (R"),x) — (Co (R™),) is an injective x-algebra homomorphism and
e it cannot be surjective.



Differential Operators and Function Spaces Il Block 4, 2012

Exercise 4:
a) Show thatif f : R — C extends to a holomorphic function R + i(—d,0) — C for some
d > 0, such that 3C5; > 0 and 3n € LY(R) such that V|y| < d: |f(x +iy)| < Csn(z), then

30> 03 > 0: ’f(g)) < Ce—clé

b) Let A:={feCo(R):35>0: fe OR+i(-40))NC(R+i[-6,0])
and VN € N: sup |f(z +iy)| eVl < oo}

ly| <R,
z€R
Show that:
FA={fe€O(C): VR>03>0: sup |fz + iy)| el < o}
ly|<R,
zeR

Hint: Use Cauchy’s Integral Theorem.
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