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28 7. Pseudodifferential Operators

By hypothesis, we can find Q; € O PS° such that Qju € C*andeach (x, £) €
ES(P) is noncharacteristic for some Q;, and if Q = > m“ Q;, then Qu € C®
and Char Q NES(P) = @. We claim there exists an operator A € O PS° such that
AQ = P mod OPS~*.Indeed, let O be an elliptic operator whose symbol equals
that of Q on a conic neighborhood of ES(P), and let 0! denote a parametrix for
0. Now simply setset A = P, Consequently, (mod C*®) Pu = AQu € C*,
so the lemma is proved.

We are ready for the basic result on the preservation of wave front sets by a
pseudodifferential operator.

Proposition9.3. Ifu e H=® and P ¢ OPS} s, withp > 0,8 < 1, then
9.5) WF(Pu) C WE(u) N ES(P).

Proof. First we show WEF(Pu) C ES(P). Indeed, if (x,, &) ¢ ES(P), choose
0 =¢g(x, D) € OPS°such that g (x, £) = 1 on a conic neighborhood of (xo, &)
and ES(Q)NES(P) = @. Thus QP € OPS~*, s0 QPu € C*®.Hence (xo, &) ¢
WE(Pu). :

In order to show that WE(Pu) C WE(u), let T" be any conic neighborhood of
WF(u), and write P = P; + P,, Pj e OPSZ s, with ES(P;) C I" and ES(P,) N
WF(x) = 0. By Lemma 9.2, P,u € C*. Thus WF(u) = WF(Piu) c T, which
shows WF(Pu) C WE(u). -

One says that a pseudodifferential operator of type (p, §), with p > 0 and
8 < 1, is microlocal. As a corollary, we have the following sharper form of local
regularity for elliptic operators, called microlocal regularity.

"Corollary 94. IfP ¢ OPSV ;s is elliptic,0 < 8 < p < 1, then
(9.6) WE(Pu) = WF(u).

Proof. We have seen that WF(Pu) C gc@. On the otherhand, if E € OP Mm.
is a parametrix for P, we see that ﬁﬁzvﬂﬁﬁmw=vﬂ€mﬁw=v.g mworcw

an argument close to the proof of Lemma 9.2, we have for general P that
.7 WF(u) C WF(Pu) U Char P.

We next discuss how the solution operator ¢4 to a scalar hyperbolic equation
0u/dt = i A(x, D)u propagates the wave front set. We assume A(x, &) € &t with
real principal symbol. Suppose WF(x) = X. Then there is a countable family of

operators p;(x, D) € OPS°, each of whose complete symbols vanishes in a
neighborhood of X, but such that '

9.8) 2= 8): pjx, & =0}.
j

Exercises 29

We know that p;(x, Dyu € C* for each J- Using Egorov’s theorem, we want
to construct a family of pseudodifferential operators g;(x, D) € O PS° such that
q; omwuva: Au € C*™, this family being rich enough to describe the wave front set
of ety ;
Indeed, let g;(x, D) = e4p;(x, D)e 4,
gj(x, D) € OPS® (modulo a smoothing operator) and gives the principal symbol
ofg;(x, D). Since pj(x, D)u € C*®, we have mi»u\. (x, D)u € C*®, whichin tum
implies g;(x, D)e"4u € C*. From this it follows that WE(e*41) is contained in
-the intersection of the characteristics of the q;(x, D), which is precisely cCtx,

the image of X under the canonical transformation C(¢), generated by Hy,. In
other words, :

Egorov’s theorem implies that

WE(e"u) € COWFu).

~ However, our argument is reversible; i — ¢—it4 (A
_ the following result:

~

u). Consequently, we have

Proposition 9.5. If A = A(x, D) € OPS! is scalar with real principal symbol,
then, foru € H=°,

9.9) : WF(e"4u) = C()WF ().

f

The same argument works for the solution goa&oH S, 0)toa time-dependent,
scalar, hyperbolic equation.

Exercises

H.Hmamﬁ.wocwdqsm OB%JWR&LBE@P dsmmooumcwwa»mmmbmxﬂowmowom §8,
and P = p(x, D) € OPS™, s0 .

m.? w;sv = b(x, A)e**®

as in (8.20), show that, mod O(JA|=®), b(x, A) depends only on the behavior of p(x, &)
on an arbitrarily small conic neighborhood of

Cp = {(x,Adp(x)) : x € suppa, 1 0}.

If Ow, is the subset of C, on which A > 0, show that the asymptotic behavior of b(x, 1)

_as A — 400 depends only on the behavior of p(x, &) on an arbitrarily small conic
neighborhood of Cr.

2. If T, is as in (8.22), show that, given r > 0,

©10)°  (cosrv=A)(@e™) =T, 0,(a ¢™), mod O(™), 1 >0,

for some O, € O P52 Consequently, analyze the behavior of the left side of (9.10),
as A — +00, in terms of the behavior of T, analyzed in §7 of Chapter 6.




