BOUNDARY DETERMINATION FROM LOCAL BOUNDARY
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ABSTRACT. We introduce a new Calderén-type problem for fractional pow-
ers of Schrodinger operators, with local boundary conditions. The associated
Dirichlet-to-Neumann operator maps Dirichlet data to Neumann data on the
boundary. We show that this operator determines the Taylor series of the
potential at the boundary. In particular, analytic potentials are uniquely de-
termined. These are the first results for a fractional Calderén problem with
sources and measurements on the boundary. Our proof builds on recent ad-
vances for pseudodifferential boundary value problems to compute the com-
plete symbol of the Dirichlet-to-Neumann operator.

The inverse conductivity problem posed by Calderén [1] asks whether one can
determine the electrical conductivity of a medium in a smooth domain from mea-
surements of electrical currents, when voltages are imposed on the boundary. A
closely related problem concerns the determination of the potential in a Schrodinger
equation from boundary measurements. Assume that there exists a unique solution
u € H*(Q) to the Dirichlet problem

Au+Vu=0 in Q,

in a smooth domain 2 C R™ for every Dirichlet boundary datum ~o(u) := ulsq =
f € HY?(09Q). The boundary measurements are encoded in the Dirichlet-to-
Neumann operator Ay on the boundary 0f), defined as the Neumann boundary
data Ay f = yi(u) == (v - Vu)|aq of the solution, where v is the outward unit
normal to 9€2. The Calderén problem for the Schréodinger equation asks whether
one can determine V from Ay .

A fundamental uniqueness result in dimension n > 3 was obtained in [28]: Ay
determines V' € C°°(2) uniquely. We refer to [5, 30] for overviews of the classical
Calderén problem and its variants.

In recent years, inverse problems for fractional Laplacians and related operators

have attracted considerable interest [4, 25]. In particular, [7] initiated the study of
an inverse problem for the fractional Schrodinger equation, and quantitative unique-
ness results were first obtained in [24]. One difficulty with these operators is that

they are nonlocal, unlike differential operators. This poses a problem when studying
boundary value problems in a domain. Unlike for the classical Calderén problem,
previous works define a Dirichlet-to-Neumann operator using exterior data, in the
complement R"™ \ Q of the domain, rather than data on the boundary 9. The
work closest in spirit to the problem considered here is [6], where boundary mea-
surements for exterior sources are considered.
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This article presents the first results on inverse problems involving fractional op-
erators with local boundary conditions, corresponding to sources and measurements
on 0f) analogous to those in the classical Calderén problem. Our main result is a
boundary determination theorem stating that the associated Dirichlet-to-Neumann
operator A,y determines all normal derivatives of V' at the boundary. Therefore,
analytic potentials are uniquely determined in Q. Since Ay = Ay when o =1,
this embeds the classical inverse problem in an analytic one-parameter family in a.

More precisely, for a € (0,1), the fractional Laplacian A* on R" is defined as
a pseudodifferential operator of order 2a € (0,2) or, equivalently, as a singular
integral operator,

(1) Au(@) = Fersa ([E70()) = ena PV~/

Our goal is to study this and related operators acting on functions supported in
a compact, connected and smoothly bounded domain 2 C IR", or more generally
in Q C M. Here, (M,g) is a complete Riemannian manifold of dimension n > 2
with bounded geometry. Following Seeley [20], we may define the fractional powers
Ay = (A + V)2, for a given potential V € C°(M) and A = A, the Laplace-
Beltrami operator.

For the operator A{;, we consider the nonhomogeneous Dirichlet problem

rTA%u =0in Q,

Yo(d~u) = f on 99,

w(z) —ulx +1y)

[y|n+2a dy.

n

(2)

where rtA¢u := (A u)|q and d is a smooth extension of the distance to 9. The
problem (2) is well posed in appropriate transmission spaces by [17]. A Dirichlet-
to-Neumann map associated to (2) was introduced in [17] as

(3) Ao v (f) = am(d"™u).

As in the case of the ordinary Laplacian, A, v is an elliptic, classical pseudodiffer-
ential operator on 9 of order 1 [17, Theorem 6.1]. We remark that the pre-factor
a in (3) arises from normalisations of fractional trace operators appearing in [17],
see the discussion after Equation (6) below. The main result of this work is:

Theorem 1. For a € (0,1] and any open U C 99, the first k + 2 terms of the
complete symbol of Aoy on U determine o and the k terms 0LV |y for 0 < j < k—1.

Theorem 1 is a consequence of Theorem 2.8 and Corollary 3.2. In the case of
analytic potentials, this boundary determination result also implies a solution to
the Calderén problem:

Corollary 2. Assume that M and V are analytic in a neighborhood of Q. Then
Ao v uniquely determines a € (0,1] and V in Q.

Our proof applies to slightly more general Laplace-type differential operators A
than A = A+ V, as in (4) below. It builds on recent advances by Grubb for frac-
tional boundary value problems using pseudodifferential methods, beginning with
[15], which make it possible to study A,,v [L7]. We obtain its complete symbol
and recursively determine all normal derivatives of V, leading to the main tech-
nical result Theorem 2.8. This approach mirrors the work by Kohn-Vogelius [21],
further developed by Lee-Uhlmann and Sylvester-Uhlmann in [22, 29], which used
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pseudodifferential methods to show the boundary determination of the conductivity
(or metric): They proved, similarly, that the complete symbol of the Dirichlet-to-
Neumann operator determines all normal derivatives of the conductivity. Stronger
results for problems related to the current article, including boundary determina-
tion of g and stability estimates, may follow by constructing CGO-like solutions;
this is pursued in [11].

Notation: We follow the standard notation for pseudodifferential operators [13].
The Fourier transform on R™ is denoted by F and is given by

Ff():= (z)e” ™4 dx.
Rn
We set D, = —if. For 8 = (B1,...,B,) € N", we write |3| = Y, 8;, DI =
DBr... DB and 2P = xfl ---zP»_ In this convention, for a Schwartz function f on
R",
FDIAE) = Ff©) and F@’f)(€) = (=De)  Ff(9),

and the composition of two pseudodifferential operators with symbols p, g is, up to
smoothing operators, an operator with symbol

1 1
prag~y. @fprfq => @Dgpafq-
Rl Rl
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1. SET-UP AND OUTLINE

In this section we give an outline of how pseudodifferential methods allow us
to determine the full symbol of the Dirichlet-to-Neumann operator and study its
dependence on V. Classical references on pseudodifferential boundary problems in-

clude [3, 20]. The approach has more recently been developed especially by Grubb,
beginning with [14, 15], and [8, 9, 16, 17, 19] are particularly relevant for the present
work.

Recall from the introduction that (M,g) is a complete Riemannian manifold
of dimension n > 2. On M we consider a second-order differential operator of
Laplace-type,

(4) A=Y @D+ Y ba()D? + agla)
[8]=2 |B]=1
— as(z, D) + a1 (x, D) + ao ),
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i.e. an operator with the same principal symbol as as the Laplace-Beltrami operator
and smooth, compactly supported lower-order terms ag, a;. We sometimes write
92(6,6) = [€]2 or g.(&,€) = |€|*> when the x-dependence is clear from context.

For this exposition, we assume that either M is compact, or M = R™ and that
A coincides with the Euclidean Laplacian outside a compact set. Following Seeley
[26], see also [13], the fractional powers of the sectorial operator A on M, given by
the contour integral

(5) PzAaz—i,/)\a(A—/\)_ld/\
271 T
along an appropriate contour I' C C, define a pseudodifferential operator P of order
20 on M.
We use the pseudodifferential approach in [17] to solve a nonhomogeneous bound-
ary problem for P in a smooth, bounded domain Q C M,

r*Pu=01in ,

6
© v6 () = f on 09,

prescribing the Dirichlet trace v§ ' (u) := T'(a)y(d'~*u). To do so, one computes
a factorization P ~ P~ P7 in “minus” and “plus” operators, which preserve support

in M \ €, respectively . An explicit formula for the full symbol s of the operator

Aa(f) =277 (w) :=T(a + 1)y (d ™)

is then obtained in local coordinates x = (2, x,) € R’} from [17, Theorem 6.1]:
(7) S(@,€)=— lim Fol. qt(@,0,€,6,) —alé]
Zn—0t

Here, ¢* is the full symbol of Q* = PT(2%)~!, a reduction of P* to order 0 using
an appropriate order-reducing operator Z%. We note that [17, Theorem 6.1] uses
(&) rather than |¢'|, but for the symbol computation of A, this has no impact as
we use also |£'| in the computation of ¢g7. We also note that the formulas of [17,
Theorem 6.1] involve the projection h™ (cf. [17, Appendix]), which for the rational
functions we consider plays no role after having taken the limit z, — 0. Our main
technical results clarify how this symbol s depends on the symbol of A from (4).
Following the above approach, the proof is divided into 5 steps as follows.

Step 1: Resolvent (Subsection 2.1). The resolvent (A — A\)~! in the contour

integral (5) is a pseudodifferential operator with parameter A of order —2. Treating

A as another covariable, the parameter-dependent pseudodifferential calculus [13,
] allows us to construct the complete symbol b of the resolvent (A — \)~1

by boo (@6 0.
§=0

Each term b_s_; depends smoothly on = and ({,\) # 0 and is homogeneous of
order —2 — j in (£, \) under the scaling ¢ - (£, \) := (t£,t*)\). The symbols b_s_;
are defined inductively from the symbol of A, i.e. from ag, a1, g and their derivatives.
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Step 2: Fractional powers (Subsection 2.2). The contour integral (5) relates
the complete symbol p of P = A% to the symbol b of the resolvent (A — \)~!,

p~ ZPQa—j(ﬂf’@-
j=0

Here, each pa,—; is a smooth function of = and £ # 0, which is homogeneous of
order 2ae — j in £ and computable from b_s_;(z,&, A). The resulting explicit ex-
pressions show that pan—;/paq restricts to a polynomial on the cosphere |£| = 1,
which depends on « in a polynomial way.

Step 3: Wiener-Hopf factorization (Subsection 2.3). Near the boundary
09, we can in local coordinates x = (2/,x,) € R’} determine the factorization of
the symbol p,
_ 1 _
p~p xpt =Y @afp Dipt*.
BEN™ :
Here, p* ~ Z?C:o pf_j (z,€) extend holomorphically to the complex half-plane

FIm(¢,) > 0, and the principal symbols pZ(z, ) are invertible. The leading term
is explicitly factorized as pa, = p,pZ, and pf_ ; are then determined inductively,

P2o—j 1 Lo - v
(8) D2 - 2 § Eagpa_kDgpa_l =4q; +4q;-
“ “ kti+|B]=5
k,l<j

Here, q;[ are rational functions in &,, whose coefficients are homogeneous in £’.
They are determined by holomorphicity in FIm(¢,) > 0. Then pE_ = qjipi:. We
refer to [14, 17, 20] for the analytical properties of p* in the case of operators like
the fractional Laplacian and to [9] for related explicit computations.

Step 4: Symbol of A, (Subsection 2.4). The symbol s ~ 37, s1-;(2’,{') is
explicitly computed using (7) as

Sl—j(x/agl) == ZILH(I)JF fgllznq;r(xl,ﬁ/,ﬁn)v Jj >0,

using the residue theorem to compute the inverse Fourier transform of the rational
function q;'. As a result,

(9) s1-5(2, ) = ¢j()dL, 2ao(2)|E';77 + a1 (2", ¢,

for a universal polynomial ¢;(a) of degree j — 1 and a symbol @;_; which only de-
pends on derivatives of ag of order < j—3 and tangential derivatives of order < j—2.

Step 5: Boundary determination of V' = gy (Section 3). Equation (9)
determines the first k terms in the Taylor expansion of a¢ at the boundary from
the first k£ + 2 terms sy,...,s_j in the symbol of A,, as long as ¢;(«) # 0. As the
polynomial ¢;(c) is universal, we can perform the computation in a special case.
By choosing a particular potential in the half-space R, we show in Section 3 that
¢j(a) <0 forall j >1anda>0.
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Moreover, we consider the model case A = A + V in the half space R"}, where
we in Equation (18) compute that

sl(xlvg/) = 0‘|§I|7

so(2’, &) =0,
[0 Q
s_q(z',€) =— §a0($')|§/ -1 ca(a) = 5
2 . 2
;o o o a
. R L S
S Q(x ag) 4|£,|2 zn, A0 4|€/|3 ao, 03(05) 4

with L' = ¢ -V, tangential to the boundary.

Remark 1.1. Tt is a natural question to study the Calderén problem also for oper-
ators of the form P = Ay +V, as in [4, 24, 25]. Such operators P are not classical
pseudodifferential operators, and their analysis would require a nontrivial extension
of the approach in the current article. Further discussion of such operators can be
found in [18, Section 4].

2. THE SYMBOL OF A, AND ITS STRUCTURE

In this section we follow the steps of the proof outlined in Section 1.

2.1. Step 1: Resolvent. The resolvent (A — \)~! is as discussed above an elliptic
pseudodifferential operator with parameter of order —2, see [13, 27]. To shorten
notation, we denote the symbol of A by a and recall that as is given by the metric
g. One finds the symbol with parameter b of the resolvent from the ansatz

b~ Z b727]'(x7£a )‘>7

j=0
for which the equation (¢ — A) * b ~ 1 determines the symbols b_s_; inductively.
Indeed, the leading term in the equation gives

boa(,60) = (9:(6,6) = N7,
and for j > 0,

b—2—j(m7£? )‘) = - (91(575) - A)il Z %6?&2_k($,§)ng_2_l($7£, )‘) =
ket |Bl=j

I<j
(10) ——@e9-N" Y 5

I+|8l=j
1<j

- (g$(§7£) - /\)71 Z

+|Bl=j-1
1<j

- (ga:(§7§) - A)_lao(x)b*j(‘r7§7 )‘)
We can compute from the formulas above that
bfg(.%‘,g, )\) :al(ag - )\)_2 + Z 8?@21)5&2(@2 - )\)_3 =
18l=1
=a1 (2, &) (€17 = N) 72 + g2(& Do [E12)(1E]5 = M)~

0 az(x,€)DEb_o_y(z,€,\)—

%3?‘11(177 Db i(w,6,0)—
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and more generally an induction argument combined with Equation (10) gives the
following structural statement.

Proposition 2.1. For any j there is a collection of homogeneous polynomial sym-
bols py ; of order 21 + 2 for even j and order 21 + 1 for odd j such that

J

boo (2,8, 0) =D puj(a, &)(J82 — A) /272

=0

Each polynomial py ; is given by a universal polynomial evaluated on the data
(1€ Dalel... DLle
(11(35, 5)7 Dmal(xa 5)’ ceey Diilal(l’7 5)5
00(e), Detalo). ... DL Paaf) ).

by contracting with the metric tensor.

2.2. Step 2: Fractional powers. We now compute the complete symbol p of the
fractional power A“. It takes the form

oo
P~ Y praj(@,6),
i=0

where each pa,—; is explicitly computed from residue calculus as a contour integral

1
Procy(.) = 5 [ Ao (a0

and T' is an appropriate contour. For detailed expositions, see [13, 26, 27].
We have paq (z,£) = |£]2*. Performing the contour integral, we compute that

_ ola—1 o
P2a—1(2,§) Zaa1($’§)|f|ia 2+ %If\i ‘ Z 8?a2Dfa2 =
18l=1
ala—1)

59 (& Dal€D) €.

More generally we can perform the contour integral on the structural expressions
in Proposition 2.1 and obtain the following. We recall the notation for the binomial
coefficient “x choose m” for a real number z and a natural number m:

(x) _al@—1) @ —m+1)

m m!

=aay (z,&)E[3*7% +

Proposition 2.2. The collection of homogeneous polynomial symbols p;; from
Proposition 2.1 computes the complete symbol expansion of A% by

J

P2a—j(7,€) = Z (U/QJ Cj_ I 1) iﬁlyj(x,5)‘£|925a—2Lj/2J—2l—2.
1=0

For later purposes, we note that for order reasons we have the following.
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Lemma 2.3. The collection of homogeneous polynomial symbols p; ; from Propo-
sition 2.1 are of the form

11/2)
P, §) = Z ¢ k0 2ao ()€ P IERE + b (2, ).

Here, c; 1 are universal mtzonal numbers, and each polynomial p; ; is given by a
universal polynomial evaluated on the data

(e, €2, Dlel, .. DijeP,
al(xag)v D1a1($,§)7 o 7Di_1a1(m7§)7
ao(x), Dyag(x), . .., DI 3ay(x), Di,_2a0(x)>,

by contracting with the metric tensor.

2.3. Step 3: Wiener-Hopf factorization. Next, we consider the piece de résis-
tance in computing the symbol of the Dirichlet-to-Neumann operator: the Wiener-
Hopf factorization of p. We are looking for a factorization

p~pxpT,
where pT ~ Z;io pffj (7, &) extends holomorphically to FIm(&,) > 0 and pE(z, &)
is invertible. Existence of such factorizations was proven in [14, 20]. The principal
symbol factors as pa,, = p;pL, where
gc: = (gn - hi)a-

The lower order terms p§7 ; are computed inductively from writing out the equation

p ~ p~ xpt. We write the terms in the form piﬂ. = q?ﬁpi and find qj-[ from
+ + .

PE Dy sPo—j+1 by decomposing

P2a—j 1 Z + .+ -
(11) P _p ﬁ' fpa k :[vipozfl _qJ +qja
2 kt1+|B] =3
k,l<j

where qj[ are the rational functions in &, with coeflicients in homogeneous functions
of ¢ that are determined from the property of having no poles FIm(&,) > 0. A
key difference between our problem and the general results of [14, 20] is that the
symbol p that we factorize satisfies that % is a rational function for any j, so the
decomposition (11) can be computed from partial fraction decompositions. This
methodology was heavily used in the explicit computations of [9]. The reader is
also encouraged to consult the appendices of the unpublished, expanded version
[10], where a plethora of computational methods can be found. In particular,
the appendices of [10] together with Lemma 2.3 imply the following structural
description of p;,_ e

Lemma 2.4. The collection of symbols paifj can be written as
+ <+ ~t
Po—j = Pa—j +pa7j7
where

Paj(@.€,6) = 8 Pa0(@) D crpm(@)EN|E (& FilE)

k+l—m=—j
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for universal, rational polynomials ci i m(a) in a and ﬁifj is given as a sum of
terms of the form €F|¢' 11 (&, Fil€'])*™™ multiplied by a universal polynomial evalu-
ated on the data

(6162 Dalek..... DL
a1(x,§), Dwa1<xa§)7 s 7Diila1(x7§)7
ao(gj)’ Dmao(x), ceey Dii‘gao(z)? Di/an(SC)),

by contracting with the metric tensor.

Remark 2.5. The collection of the symbols pl‘_ ; 1s inductively determined by de-
composing

J

P2o—j 1 ) . y o
o Z( ) (€0 +ilE'NIDL, 5L jq =5+

where pa,—; contains the leading z,-derivatives as computed in Lemma, 2.3:

J /2]
Paa—j(2,€) = Z Z ( 17/2] +l+ 1) cj k0L Pag(x)gl 2R |g 2 |g 0l 2,
1=0

The functions qjE are rational in £, with coefficients in homogeneous functions of
& and are determmed by their holomorphicity in FIm(¢,,) > 0. We then set

s+ oo+

Py—j =45 Po-
In the next subsection, we proceed with our structural discussion. First, we
end this subsection with an example of the subleading term in the Wiener-Hopf

factorization of p. We need to decompose the following expression according to
holomorphicity in the upper/lower half-plane:

% - ]E Z 5510@ gp: =
18l=1
_ ay(z, &) N ala—1) 2 ip=1 8?a2D£a2 B 21511 B?p;Dfp;r _
I4F 2 €12 €13
Y a1 (z, ) n

(gn - th)(fn - h*)
e — 1) Xype1 O L€ — ) (En — ho)DE(En — ) (En — ho)]

2 (gn - h+)2(€n - h—)2
Z\m 1 ( —h)DJ(&n — hy)
(f —h)(&n —ho) '
Using that
Y (& = hi) (& = BIDY[(En = 1y ) (& — ho)] =
[B]=1

=1 Z (aznh')'(gn - h'y)(gn - hs) =+ Vr/h’y : VE’he(gn - h'y)(gn - he)) )

v,e€{+,-}
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and
02 (€n — h-)DJ (&, — hy) = —i0y hy +iVarhy - Verh_,

we obtain the useful expression

P2a—1 Z
- p 5pa gp;t =
P2« 2c 181=1
—o ay ({L‘7 5) . 9 _8xnh+ +Vyhy - Vg/h,

Gn—h)(&n—h) T (G —h)(& —hy)
+ iOé(Oé — 1) (8$nh+ + @gnh_ + vifh_ . Vg’h_;,_ + Vz/h_;,_ . vglh_ +
2 (fn—h,)(fn—h+)

Op, by +Varhy -Vehy Oy h_ +Vyh_ -Veh_

(fn - h—)2 (gn - h+)2

To decompose this, first write

a1(z,€) = aro(z, &) + ar1(2)&y.
Then we have

ay(x,§) _apptané, B

(gn - h+)(€n - h—) _(fn - h+)(£n - h—) B

a1 hy +h_ aio 1
— (4L (q
(2 <+h+—h>+h+—h)sn—hﬁ

+ CLA 1_h++h_ _ aio 1
2 hy — h_ hy —h_ ) & —h_’

a?(fn - h—)Dg(gn - h+) = _iaﬂﬂnh-i- +iVarhy Vg/h_.

and therefore,

Continuing the computation from above, we conclude

DP2a—1 _
2eml o — Z 0L pa DEps = af +ay,
P2a P2a 18/=1

where we write

i (2,€) = 1i5(2, &) (& — ha (2, €))% + 755 (2, €) (€ — ha (2, €))7,

2
+ aan h+ + h_
= 1+
= ( hy — h_
N Qagg — 1a(o¢+1)v h ngh + 7.04(04 1)V o - Vgh + mz(SOLIl auznh—

h+—h_

In particular,

pE o (2,6) = 15 (2, &) (& — ha(2,6))* 72 + 75 (2, €) (€n — ha(2,€))* !

)
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2.4. Step 4: Symbol of A,. We now aim to determine
Sl—j(zlagl) = - 111% ‘/—-vgnl_m"qj (Il,07€/7£n)'

Let us first carry out this computation for j = 1. Note that on z,, = 0 we have
hy(2',0,&") = £il€|,. Therefore, by residue calculus we compute that

so(a,¢) = = mh(w, &) Tm Fel (=il +6) 7]
- @€l FoL [+ €)1 = —irh (@.€)
More generally, we employ the following lemma that follows from residue calculus.

Lemma 2.6. Consider the rational function
j+1
p(&n) =Y ilen — 1),

=1
where Im(h) # 0. Then

m(h)
m(h)

In particular, if we have simplified the expression for p(ﬂ;_ ; to the form

>0,
2p—0F 0, < 0.

iTl, I
lim Fe ', p= { I

J+1

(12) Pa_j(@,6) = Z &n — h(2,8))*”

then
(13) s1—j(2', &) = —iT; t(x, €.

We note that we can write p,—; in the form (12) using a partial fraction decompo-
sition. Computationally, it is of course hard to first of all find pii ;in general and
secondly to rewrite it in the form (12). However, we can circumvent the form (12)
using the following identity.

Lemma 2.7. Fora>0andm>k>0andm>1

Zp—0T

We can apply Lemma 2.7 to §; appearing in the factorization p}_; := §}pg,
where ]51‘7 j contains the leading x,-derivatives on ag as described in Lemma 2.4.
We can by Lemma 2.4 write

0f (2.6.6,) =0 2a0(x) Y crum(@)ERIE (G — il )T

k+l—-m=—j
Applying Lemma 2.7 to this identity gives us that
(14)

. e k »
i L 06 =0k ) 3w (e

k+l—-m=—j

Equation (14) and Lemma 2.4 prove the following theorem.
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Theorem 2.8. For a € (0,1] and j =2,3,4,..., the symbol s1_; is of the form
s1-5(a',€) = ¢;()0] Zao(2)|€'377 + a1 (', &),

where ¢;j(c) is a universal, rational polynomial in o of degree j — 1 and the symbol
a1—; is o finite sum of products between powers of |€'|, and universal polynomials
evaluated on the data

(6162 DuleE..... DL
al(xag)a Dzal(xag)a e ’Diilal(xaf)v

ap(x), Dyao(z),. .., Dj_?’ao(x) Djzao(x)>,

T » !
by contracting with the metric tensor and setting x,, = 0.

We note that ¢o(e) = 0 and ¢;1(a) = 0 for order reasons. The computation (14)
shows that in terms of the universal polynomials cg i m () of Lemma 2.4,

(15) clay=" > i (mk1> Chtm ().

k+l—-m=—j

3. THE HALF-SPACE WITH POTENTIAL

It remains to prove that ¢;(a) # 0 for j > 1. We do so by computing c¢;(«) for a
particular geometry and particular potentials, rather than using the semi-explicit
expression (15). The particular geometry is the half-space R} and the particular
potentials are V,(z’,z,) = e #®» for u > 0 small. We remark that this example
is not compactly supported, as assumed in Theorem 1, but the rapid decay still
justifies the symbol computations and leads to the same polynomial ¢;(c).

3.1. Computations for a general potential in half-space. We start out by
investigating the polynomial ¢;(c«) by explicit computations for the Schrédinger
operator A = A 4+ V in the Euclidean half-space

Q=R%} :={(z,z,) ER" ' xR: z, >0}

The computations exemplify the program outlined in Section 1 for this particular
geometry. We will write L := 2i€ - V, and denote by A the Laplacian in the
z-direction.

We compute as above that

boo(, &, A) = (¢ = M)~

b_z(x,&, A) =0,

boa(z,&,0) == V(z) (P = N2,

bos(z,&,0) = — L(V)(@)(|€]* = N)~%,

bog(x,6,2) = — L2(V)(@)(|€]> = )~ + (V(2)* + A(V)(2))(|€]> = N2

Proceeding by induction, we can conclude the relation

bog—j = (—Ab_j+ Lb_1_; — Vb_j)(|g]* = )"
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For instance, we have that

pza—l(% f) =0,

p20472(xv§) :av(x)|£|2a—27

procs(,) = = 2O b e,

pracale, € =2 OO oy jepae o QO g2 aw@igpe

Let us compute the first terms in the Wiener-Hopf factorization at the boundary
R"! x {0} of R" in the asymptotic expansion pE ~ Ej pffj. We have

P (2,€) = (& FilE'])",
as well as
pi—l(‘xvg) = 0
We determine p$72 = piqzi from decomposing
Da—2 1 1 _ _
; " P Z Eagpakagpzfl =q; +45-
« * kti+8l=2 "
k<2

We compute the left hand side as o'V (z)|¢| =2 given p£ | = 0 and the z-independence
of p=. We proceed by decomposing

v on< 1 >
€12 20l¢'| \&n —ilg’] & +il€'])

Therefore v
e s o
pi—z(l‘,f) = iw(% Filen
We can determine p§_3 = piqg}t from decomposing

Pa—3 1 1.5 _ _

(16) = — Z @8?%[4@1)51’:4 =q3 +d;.
Pa Py i p=s
k<3

Write L' = ¢’ - V. Given pX | = 0 and the z-independence of pE, the equation
(16) takes the form

ala—1 _ o? o _ _
) DLWl @+ LV = af a5
If we now perform the Fourier transforms giving
AP . —1 ERYN /
Sl—j(x 35 ) - 72711%+ an_mnq_j (:L‘ 3075 7£n)7
we deduce the first few terms
(18) Sl(x/ﬂgl) = O‘|§/‘7
SO(:C/af/) :O7
@
saale',€) == SV@)EI,
2 .
5,8 = — L),

~qep®V T qep
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To obtain the term s_s, we used that
s_9=— lim f&;znqg = —iRes&:“E/‘q; = —iRes&:“w(q; +4q5),

2p—0t

and then applied the identity (17).
We see from here that the polynomials ca(a) and c¢3(a) from Theorem 2.8 take
the form

(19) CQ(Q):f% and c3(a) = — 2.

3.2. Computing c;(a). Next we compute the polynomial ¢;(«), using a clever
choice of potential V' in the half-space R’}. The outcome of this computation is
given by.

Proposition 3.1. For every j > 2, and 0 < o < 1 it holds that —2jcj(a) is the

. . . . 14+ «
Taylor coefficient at 0 of degree j — 1 of the holomorphic function (15) . In

particular, we have that the polynomials c;j(a), j = 2,3,..., fit into a generating
function
= , L[/2+t\"
. J-l (2}
(20) ch(a)t =3 [(2 t) 1] .
j=2
Note that

142 = 4
1_Z:1+2222.

In particular, Proposition 3.1 ensures that ¢;(1) = —27J+1 5 > 2. This identity
can also be directly obtained from the method of proof of [22, Proposition 1.1] for
the classical Calderén problem.

Proof of Proposition 3.1. Fix r = || > 0 and work on the half-line x = z,, > 0.
Consider the family of potentials
Vu(z) = e ",
We set
Ag=DI+7r* and A.=Ag+eV,, e>0.
We can impose the restriction that 0 < p < r because r > 0 is fixed. We introduce
the notation

Ko (o) = (G477 = (24
. (Gt inf =2
Since
DoV = Vu(Dy +ip),
the divided-difference formula gives
d
= . A =V, K, (D).

The principal Wiener—Hopf factors at ¢ = 0 are
po (2) = (z+1ir)*,  pg(2) = (2 —ir)~.
Writing the first variations of the Wiener—Hopf factors as Vuaff, linearization of
p~xpT gives
Ku(2) = a, (2)pg (2) + pg (2 +ip)a ().
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Thus the sum of the plus and minus components is
K, (2) .
Gz +i(r + W)z —in)®
We have that F).,(2) = O(z72) as |z| = co. The first variation of the Dirichlet-to-
Neumann symbol s at € = 0 is therefore

(21) Fru(2) =

. d 1
5(r,p) = & e s(r,p) = Ton RFr,u(Z) dz.
Using principal branches, (21) simplifies to

(22) Fru(2) = iu(Qzl—l— i) KZ +zi(—ui; r)>“ - (%)T '

Set
(DY A
Au(2) = < z —ir ) ’ Tul2) (22 +ip)

The principal branch of A, is holomorphic in the closed lower half-plane. Indeed,

if its inner ratio were —7 with 7 > 0, then

Tr+r—pu
147

which lies in the upper half-plane because u < r. The reflection z — —z — iy in
(22) yields

b

/R Fru(z)dz = pv/]R fulz)dz + pV/R_m fu(z)dz.

The individual integrals are symmetric principal values at infinity, and since f,(z) =
(2ipz) =t + O(272) their sum is absolutely convergent.
The only pole in the strip is zg = —ip/2, and

2r — o
A”(ZO) - <2T+Z>

Closing the first contour in the lower half-plane and then moving the second contour
to the real axis gives

™

T T
pv/ fu(z)dz = o —A,(20), pv/ fulz)dz = pv/ fu(z)dz+—A,(20).
R woop R—ip R H
Hence
m 2r — pu\“
Fo(2)dz= 21— ,
/IR wlz)dz u { <2r+u) }
and therefore

R

We note that the identity (23) implies the homogeneity property

$(pr, pu) = p~18(r, ), for p>0.

At the linearized level 3, in our flat model R"} with the potential depending only on
Ty, no tangential or nonlinear terms occur. In particular, $ expands asymptotically
in 7 into terms of the form (97"V,,)(0)r*=7. A term (97*V,,)(0)r'~7 scales as p™ 177,
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so degree 1 — j can contain only m = j —2. Since (97'V,,)(0) = (—u)™, we conclude
that

(24) 5(r, ) = Z cj(a)(—p) 2t

A priori, the expression (24) should be interpreted as an asymptotic expansion in r
but a fortiori it holds as analytic functions. By analyticity we can set 4 = —rt in the
expression (23) for $ and comparing with the expansion in r in (24) proves that the
polynomials ¢;(c), j = 2,3,..., fit into the generating function (20). We conclude
that —27¢;(a) is the Taylor coefficient at 0 of degree j — 1 of the holomorphic

«
function (ifi) . O

It remains to conclude that ¢;(«) # 0:

Corollary 3.2. We have that

2
e! @
(25) o) =-9, el =
and, for j > 3, the polynomials c;(a) satisfy the recursion relation
(26) 4jcjra(e) = daci(a) + (j — 2)¢j-1(a).

In particular, ¢j(o) <0 for every o> 0 and j > 2.

Proof. The values of ca(a) and c3(e) in Equation (25) follow from the computation
(19). To obtain the recursion relation, write

Bo(2) = (1 * z)a - Tian(a)z".

By Proposition 3.1 we have that ¢; = —277a;_;. We see that @, satisfies the
differential equation
(27) (1 —22)® (2) = 2a®,(2).

In terms of the Taylor series, (27) is equivalent to the recursion relation
(n+1)anpt1 = 20a, + (n—1ap—1, n>1.

which shows (26). Combining this recursion relation with ca(a),c3(a) < 0, we
conclude that ¢;(a) < 0 for every & > 0 and j > 2. (]
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