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Abstract. We introduce a new Calderón-type problem for fractional pow-

ers of Schrödinger operators, with local boundary conditions. The associated

Dirichlet-to-Neumann operator maps Dirichlet data to Neumann data on the
boundary. We show that this operator determines the Taylor series of the

potential at the boundary. In particular, analytic potentials are uniquely de-
termined. These are the first results for a fractional Calderón problem with

sources and measurements on the boundary. Our proof builds on recent ad-

vances for pseudodifferential boundary value problems to compute the com-
plete symbol of the Dirichlet-to-Neumann operator.

The inverse conductivity problem posed by Calderón [1] asks whether one can
determine the electrical conductivity of a medium in a smooth domain from mea-
surements of electrical currents, when voltages are imposed on the boundary. A
closely related problem concerns the determination of the potential in a Schrödinger
equation from boundary measurements. Assume that there exists a unique solution
u ∈ H1(Ω) to the Dirichlet problem

∆u+ V u = 0 in Ω,

in a smooth domain Ω ⊂ Rn for every Dirichlet boundary datum γ0(u) := u|∂Ω =
f ∈ H1/2(∂Ω). The boundary measurements are encoded in the Dirichlet-to-
Neumann operator ΛV on the boundary ∂Ω, defined as the Neumann boundary
data ΛV f = γ1(u) := (ν · ∇u)|∂Ω of the solution, where ν is the outward unit
normal to ∂Ω. The Calderón problem for the Schrödinger equation asks whether
one can determine V from ΛV .

A fundamental uniqueness result in dimension n ≥ 3 was obtained in [28]: ΛV

determines V ∈ C∞(Ω) uniquely. We refer to [5, 30] for overviews of the classical
Calderón problem and its variants.

In recent years, inverse problems for fractional Laplacians and related operators
have attracted considerable interest [4, 25]. In particular, [7] initiated the study of
an inverse problem for the fractional Schrödinger equation, and quantitative unique-
ness results were first obtained in [24]. One difficulty with these operators is that
they are nonlocal, unlike differential operators. This poses a problem when studying
boundary value problems in a domain. Unlike for the classical Calderón problem,
previous works define a Dirichlet-to-Neumann operator using exterior data, in the
complement Rn \ Ω of the domain, rather than data on the boundary ∂Ω. The
work closest in spirit to the problem considered here is [6], where boundary mea-
surements for exterior sources are considered.
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This article presents the first results on inverse problems involving fractional op-
erators with local boundary conditions, corresponding to sources and measurements
on ∂Ω analogous to those in the classical Calderón problem. Our main result is a
boundary determination theorem stating that the associated Dirichlet-to-Neumann
operator Λα,V determines all normal derivatives of V at the boundary. Therefore,
analytic potentials are uniquely determined in Ω. Since Λα,V = ΛV when α = 1,
this embeds the classical inverse problem in an analytic one-parameter family in α.

More precisely, for α ∈ (0, 1), the fractional Laplacian ∆α on Rn is defined as
a pseudodifferential operator of order 2α ∈ (0, 2) or, equivalently, as a singular
integral operator,

(1) ∆αu(x) = Fξ 7→x

(
|ξ|2αû(ξ)

)
= cn,α pv.

∫
Rn

u(x)− u(x+ y)

|y|n+2α
dy.

Our goal is to study this and related operators acting on functions supported in
a compact, connected and smoothly bounded domain Ω ⊂ Rn, or more generally
in Ω ⊂ M . Here, (M, g) is a complete Riemannian manifold of dimension n ≥ 2
with bounded geometry. Following Seeley [26], we may define the fractional powers
∆α

V := (∆ + V )α, for a given potential V ∈ C∞
c (M) and ∆ = ∆g the Laplace-

Beltrami operator.
For the operator ∆α

V , we consider the nonhomogeneous Dirichlet problem

r+∆α
V u = 0 in Ω,

γ0(d
1−αu) = f on ∂Ω,

(2)

where r+∆α
V u := (∆α

V u)|Ω and d is a smooth extension of the distance to ∂Ω. The
problem (2) is well posed in appropriate transmission spaces by [17]. A Dirichlet-
to-Neumann map associated to (2) was introduced in [17] as

Λα,V (f) := αγ1(d
1−αu).(3)

As in the case of the ordinary Laplacian, Λα,V is an elliptic, classical pseudodiffer-
ential operator on ∂Ω of order 1 [17, Theorem 6.1]. We remark that the pre-factor
α in (3) arises from normalisations of fractional trace operators appearing in [17],
see the discussion after Equation (6) below. The main result of this work is:

Theorem 1. For α ∈ (0, 1] and any open U ⊆ ∂Ω, the first k + 2 terms of the
complete symbol of Λα,V on U determine α and the k terms ∂j

νV |U for 0 ≤ j ≤ k−1.

Theorem 1 is a consequence of Theorem 2.8 and Corollary 3.2. In the case of
analytic potentials, this boundary determination result also implies a solution to
the Calderón problem:

Corollary 2. Assume that M and V are analytic in a neighborhood of Ω. Then
Λα,V uniquely determines α ∈ (0, 1] and V in Ω.

Our proof applies to slightly more general Laplace-type differential operators A
than A = ∆+ V , as in (4) below. It builds on recent advances by Grubb for frac-
tional boundary value problems using pseudodifferential methods, beginning with
[15], which make it possible to study Λα,V [17]. We obtain its complete symbol
and recursively determine all normal derivatives of V , leading to the main tech-
nical result Theorem 2.8. This approach mirrors the work by Kohn-Vogelius [21],
further developed by Lee-Uhlmann and Sylvester-Uhlmann in [22, 29], which used
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pseudodifferential methods to show the boundary determination of the conductivity
(or metric): They proved, similarly, that the complete symbol of the Dirichlet-to-
Neumann operator determines all normal derivatives of the conductivity. Stronger
results for problems related to the current article, including boundary determina-
tion of g and stability estimates, may follow by constructing CGO-like solutions;
this is pursued in [11].

Notation: We follow the standard notation for pseudodifferential operators [13].
The Fourier transform on Rn is denoted by F and is given by

Ff(ξ) :=

∫
Rn

f(x) e−ix·ξdx.

We set Dx = −i ∂
∂x . For β = (β1, . . . , βn) ∈ Nn, we write |β| =

∑
j βj , D

β
x =

Dβ1
x1

· · ·Dβn
xn

and xβ = xβ1

1 · · ·xβn
n . In this convention, for a Schwartz function f on

R
n,

F(Dβ
xf)(ξ) = ξβFf(ξ) and F(xβf)(ξ) = (−Dξ)

βFf(ξ),

and the composition of two pseudodifferential operators with symbols p, q is, up to
smoothing operators, an operator with symbol

p ∗ q ∼
∑
β

1

β!
∂β
ξ pD

β
xq =

∑
β

1

β!
Dβ

ξ p∂
β
x q.
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1. Set-up and outline

In this section we give an outline of how pseudodifferential methods allow us
to determine the full symbol of the Dirichlet-to-Neumann operator and study its
dependence on V . Classical references on pseudodifferential boundary problems in-
clude [3, 20]. The approach has more recently been developed especially by Grubb,
beginning with [14, 15], and [8, 9, 16, 17, 19] are particularly relevant for the present
work.

Recall from the introduction that (M, g) is a complete Riemannian manifold
of dimension n ≥ 2. On M we consider a second-order differential operator of
Laplace-type,

A =
∑
|β|=2

gβ(x)Dβ
x +

∑
|β|=1

bβ(x)D
β
x + a0(x)(4)

= a2(x,D) + a1(x,D) + a0(x),
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i.e. an operator with the same principal symbol a2 as the Laplace-Beltrami operator
and smooth, compactly supported lower-order terms a0, a1. We sometimes write
gx(ξ, ξ) = |ξ|2x or gx(ξ, ξ) = |ξ|2 when the x-dependence is clear from context.

For this exposition, we assume that either M is compact, or M = Rn and that
A coincides with the Euclidean Laplacian outside a compact set. Following Seeley
[26], see also [13], the fractional powers of the sectorial operator A on M , given by
the contour integral

(5) P = Aα = − 1

2πi

∫
Γ

λα(A− λ)−1dλ

along an appropriate contour Γ ⊂ C, define a pseudodifferential operator P of order
2α on M .

We use the pseudodifferential approach in [17] to solve a nonhomogeneous bound-
ary problem for P in a smooth, bounded domain Ω ⊂ M ,

r+Pu = 0 in Ω,

γα−1
0 (u) = f on ∂Ω,

(6)

prescribing the Dirichlet trace γα−1
0 (u) := Γ(α)γ0(d

1−αu). To do so, one computes
a factorization P ∼ P−P+ in “minus” and “plus” operators, which preserve support
in M \ Ω, respectively Ω. An explicit formula for the full symbol s of the operator

Λα(f) = γα−1
1 (u) := Γ(α+ 1)γ1(d

1−αu)

is then obtained in local coordinates x = (x′, xn) ∈ Rn
+ from [17, Theorem 6.1]:

(7) s(x′, ξ′) = − lim
zn→0+

F−1
ξn→zn

q+(x′, 0, ξ′, ξn)− α|ξ′|.

Here, q+ is the full symbol of Q+ = P+(Ξα
+)

−1, a reduction of P+ to order 0 using
an appropriate order-reducing operator Ξα

+. We note that [17, Theorem 6.1] uses
⟨ξ′⟩ rather than |ξ′|, but for the symbol computation of Λα this has no impact as
we use also |ξ′| in the computation of q+. We also note that the formulas of [17,
Theorem 6.1] involve the projection h+ (cf. [17, Appendix]), which for the rational
functions we consider plays no role after having taken the limit zn → 0+. Our main
technical results clarify how this symbol s depends on the symbol of A from (4).
Following the above approach, the proof is divided into 5 steps as follows.

Step 1: Resolvent (Subsection 2.1). The resolvent (A − λ)−1 in the contour
integral (5) is a pseudodifferential operator with parameter λ of order −2. Treating
λ as another covariable, the parameter-dependent pseudodifferential calculus [13,
27] allows us to construct the complete symbol b of the resolvent (A− λ)−1,

b ∼
∞∑
j=0

b−2−j(x, ξ, λ).

Each term b−2−j depends smoothly on x and (ξ, λ) ̸= 0 and is homogeneous of
order −2 − j in (ξ, λ) under the scaling t · (ξ, λ) := (tξ, t2λ). The symbols b−2−j

are defined inductively from the symbol of A, i.e. from a0, a1, g and their derivatives.
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Step 2: Fractional powers (Subsection 2.2). The contour integral (5) relates
the complete symbol p of P = Aα to the symbol b of the resolvent (A− λ)−1,

p ∼
∞∑
j=0

p2α−j(x, ξ).

Here, each p2α−j is a smooth function of x and ξ ̸= 0, which is homogeneous of
order 2α − j in ξ and computable from b−2−j(x, ξ, λ). The resulting explicit ex-
pressions show that p2α−j/p2α restricts to a polynomial on the cosphere |ξ| = 1,
which depends on α in a polynomial way.

Step 3: Wiener-Hopf factorization (Subsection 2.3). Near the boundary
∂Ω, we can in local coordinates x = (x′, xn) ∈ Rn

+ determine the factorization of
the symbol p,

p ∼ p− ∗ p+ ≡
∑

β∈Nn

1

β!
∂β
ξ p

−Dβ
xp

+.

Here, p± ∼
∑∞

j=0 p
±
α−j(x, ξ) extend holomorphically to the complex half-plane

∓Im(ξn) > 0, and the principal symbols p±α (x, ξ) are invertible. The leading term
is explicitly factorized as p2α = p−α p

+
α , and p±α−j are then determined inductively,

(8)
p2α−j

p2α
− 1

p2α

∑
k+l+|β|=j

k,l<j

1

β!
∂β
ξ p

−
α−kD

β
xp

+
α−l = q+j + q−j .

Here, q±j are rational functions in ξn, whose coefficients are homogeneous in ξ′.

They are determined by holomorphicity in ∓Im(ξn) > 0. Then p±α−j := q±j p
±
α . We

refer to [14, 17, 20] for the analytical properties of p± in the case of operators like
the fractional Laplacian and to [9] for related explicit computations.

Step 4: Symbol of Λα (Subsection 2.4). The symbol s ∼
∑

j s1−j(x
′, ξ′) is

explicitly computed using (7) as

s1−j(x
′, ξ′) = − lim

zn→0+
F−1

ξn→zn
q+j (x

′, ξ′, ξn), j > 0,

using the residue theorem to compute the inverse Fourier transform of the rational
function q+j . As a result,

(9) s1−j(x
′, ξ′) = cj(α)∂

j−2
xn

a0(x
′)|ξ′|1−j

x + ã1−j(x
′, ξ′),

for a universal polynomial cj(α) of degree j − 1 and a symbol ã1−j which only de-
pends on derivatives of a0 of order ≤ j−3 and tangential derivatives of order ≤ j−2.

Step 5: Boundary determination of V = a0 (Section 3). Equation (9)
determines the first k terms in the Taylor expansion of a0 at the boundary from
the first k + 2 terms s1, . . . , s−k in the symbol of Λα, as long as cj(α) ̸= 0. As the
polynomial cj(α) is universal, we can perform the computation in a special case.
By choosing a particular potential in the half-space Rn

+, we show in Section 3 that
cj(α) < 0 for all j > 1 and α > 0.
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Moreover, we consider the model case A = ∆ + V in the half space Rn
+, where

we in Equation (18) compute that

s1(x
′, ξ′) =− α|ξ′|,

s0(x
′, ξ′) = 0,

s−1(x
′, ξ′) =− α

2
a0(x

′)|ξ′|−1, c2(α) = −α

2
,

s−2(x
′, ξ′) =− α2

4|ξ′|2
∂xna0 −

iα

4|ξ′|3
L′a0, c3(α) = −α2

4
,

with L′ = ξ′ · ∇x′ tangential to the boundary.

Remark 1.1. It is a natural question to study the Calderón problem also for oper-
ators of the form P = ∆α

g + V , as in [4, 24, 25]. Such operators P are not classical
pseudodifferential operators, and their analysis would require a nontrivial extension
of the approach in the current article. Further discussion of such operators can be
found in [18, Section 4].

2. The symbol of Λα and its structure

In this section we follow the steps of the proof outlined in Section 1.

2.1. Step 1: Resolvent. The resolvent (A−λ)−1 is as discussed above an elliptic
pseudodifferential operator with parameter of order −2, see [13, 27]. To shorten
notation, we denote the symbol of A by a and recall that a2 is given by the metric
g. One finds the symbol with parameter b of the resolvent from the ansatz

b ∼
∞∑
j=0

b−2−j(x, ξ, λ),

for which the equation (a − λ) ∗ b ∼ 1 determines the symbols b−2−j inductively.
Indeed, the leading term in the equation gives

b−2(x, ξ, λ) = (gx(ξ, ξ)− λ)−1,

and for j > 0,

b−2−j(x, ξ, λ) =− (gx(ξ, ξ)− λ)−1
∑

k+l+|β|=j
l<j

1

β!
∂β
ξ a2−k(x, ξ)D

β
xb−2−l(x, ξ, λ) =

=− (gx(ξ, ξ)− λ)−1
∑

l+|β|=j
l<j

1

β!
∂β
ξ a2(x, ξ)D

β
xb−2−l(x, ξ, λ)−(10)

− (gx(ξ, ξ)− λ)−1
∑

l+|β|=j−1
l<j

1

β!
∂β
ξ a1(x, ξ)D

β
xb−2−l(x, ξ, λ)−

− (gx(ξ, ξ)− λ)−1a0(x)b−j(x, ξ, λ).

We can compute from the formulas above that

b−3(x, ξ, λ) =a1(a2 − λ)−2 +
∑
|β|=1

∂β
ξ a2D

β
xa2(a2 − λ)−3 =

=a1(x, ξ)(|ξ|2x − λ)−2 + gx(ξ,Dx|ξ|2x)(|ξ|2x − λ)−3
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and more generally an induction argument combined with Equation (10) gives the
following structural statement.

Proposition 2.1. For any j there is a collection of homogeneous polynomial sym-
bols p̂l,j of order 2l + 2 for even j and order 2l + 1 for odd j such that

b−2−j(x, ξ, λ) =

j∑
l=0

p̂l,j(x, ξ)(|ξ|2x − λ)−⌊j/2⌋−l−2

Each polynomial p̂l,j is given by a universal polynomial evaluated on the data(
ξ, |ξ|2x, Dx|ξ|2x, . . . , Dj

x|ξ|2x,

a1(x, ξ), Dxa1(x, ξ), . . . , D
j−1
x a1(x, ξ),

a0(x), Dxa0(x), . . . , D
j−2
x a0(x)

)
,

by contracting with the metric tensor.

2.2. Step 2: Fractional powers. We now compute the complete symbol p of the
fractional power Aα. It takes the form

p ∼
∞∑
j=0

p2α−j(x, ξ),

where each p2α−j is explicitly computed from residue calculus as a contour integral

p2α−j(x, ξ) = − 1

2πi

∫
Γ

λαb−2−j(x, ξ, λ)dλ,

and Γ is an appropriate contour. For detailed expositions, see [13, 26, 27].
We have p2α(x, ξ) = |ξ|2αx . Performing the contour integral, we compute that

p2α−1(x, ξ) =αa1(x, ξ)|ξ|2α−2
x +

α(α− 1)

2
|ξ|2α−4

x

∑
|β|=1

∂β
ξ a2D

β
xa2 =

=αa1(x, ξ)|ξ|2α−2
x +

α(α− 1)

2
gx(ξ,Dx|ξ|2x)|ξ|2α−4

x .

More generally we can perform the contour integral on the structural expressions
in Proposition 2.1 and obtain the following. We recall the notation for the binomial
coefficient “x choose m” for a real number x and a natural number m:(

x
m

)
:=

x(x− 1) · · · (x−m+ 1)

m!
.

Proposition 2.2. The collection of homogeneous polynomial symbols p̂l,j from
Proposition 2.1 computes the complete symbol expansion of Aα by

p2α−j(x, ξ) =

j∑
l=0

(
α

⌊j/2⌋+ l + 1

)
p̂l,j(x, ξ)|ξ|2α−2⌊j/2⌋−2l−2

x .

For later purposes, we note that for order reasons we have the following.
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Lemma 2.3. The collection of homogeneous polynomial symbols p̂l,j from Propo-
sition 2.1 are of the form

p̂l,j(x, ξ) =

⌊l/2⌋∑
k=0

cj,l,k∂
j−2
xn

a0(x)ξ
l−2k
n |ξ|2kx + p̃l,j(x, ξ).

Here, cj,l,k are universal rational numbers, and each polynomial p̃l,j is given by a
universal polynomial evaluated on the data(

ξ, |ξ|2x, Dx|ξ|2x, . . . , Dj
x|ξ|2x,

a1(x, ξ), Dxa1(x, ξ), . . . , D
j−1
x a1(x, ξ),

a0(x), Dxa0(x), . . . , D
j−3
x a0(x), D

j−2
x′ a0(x)

)
,

by contracting with the metric tensor.

2.3. Step 3: Wiener-Hopf factorization. Next, we consider the pièce de résis-
tance in computing the symbol of the Dirichlet-to-Neumann operator: the Wiener-
Hopf factorization of p. We are looking for a factorization

p ∼ p− ∗ p+,
where p± ∼

∑∞
j=0 p

±
α−j(x, ξ) extends holomorphically to ∓Im(ξn) > 0 and p±α (x, ξ)

is invertible. Existence of such factorizations was proven in [14, 20]. The principal
symbol factors as p2α = p−α p

+
α , where

p±α = (ξn − h±)
α.

The lower order terms p±α−j are computed inductively from writing out the equation

p ∼ p− ∗ p+. We write the terms in the form p±α−j = q±j p
±
α and find q±j from

p±α , p
±
α−1 . . . , p

±
α−j+1 by decomposing

(11)
p2α−j

p2α
− 1

p2α

∑
k+l+|β|=j

k,l<j

1

β!
∂β
ξ p

−
α−kD

β
xp

+
α−l = q+j + q−j ,

where q±j are the rational functions in ξn with coefficients in homogeneous functions

of ξ′ that are determined from the property of having no poles ∓Im(ξn) > 0. A
key difference between our problem and the general results of [14, 20] is that the
symbol p that we factorize satisfies that

p2α−j

p2α
is a rational function for any j, so the

decomposition (11) can be computed from partial fraction decompositions. This
methodology was heavily used in the explicit computations of [9]. The reader is
also encouraged to consult the appendices of the unpublished, expanded version
[10], where a plethora of computational methods can be found. In particular,
the appendices of [10] together with Lemma 2.3 imply the following structural
description of p±α−j .

Lemma 2.4. The collection of symbols p±α−j can be written as

p±α−j = p̌±α−j + p̃±α−j ,

where

p̌±α−j(x, ξ
′, ξn) = ∂j−2

xn
a0(x)

∑
k+l−m=−j

ck,l,m(α)ξkn|ξ′|l(ξn ∓ i|ξ′|)α−m
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for universal, rational polynomials ck,l,m(α) in α and p̃±α−j is given as a sum of

terms of the form ξkn|ξ′|l(ξn ∓ i|ξ′|)α−m multiplied by a universal polynomial evalu-
ated on the data(

ξ, |ξ|2x, Dx|ξ|2x, . . . , Dj
x|ξ|2x,

a1(x, ξ), Dxa1(x, ξ), . . . , D
j−1
x a1(x, ξ),

a0(x), Dxa0(x), . . . , D
j−3
x a0(x), D

j−2
x′ a0(x)

)
,

by contracting with the metric tensor.

Remark 2.5. The collection of the symbols p̌+α−j is inductively determined by de-
composing

p̌2α−j

p2α
− 1

p+α

j∑
q=1

(
α
q

)
(ξn + i|ξ′|)qDq

xn
p̌+α−j+q = q̌+j + q̌−j ,

where p̌2α−j contains the leading xn-derivatives as computed in Lemma 2.3:

p̌2α−j(x, ξ) =

j∑
l=0

⌊l/2⌋∑
k=0

(
α

⌊j/2⌋+ l + 1

)
cj,l,k∂

j−2
xn

a0(x)ξ
l−2k
n |ξ|2kx |ξ|2α−2⌊j/2⌋−2l−2

x .

The functions q±j are rational in ξn with coefficients in homogeneous functions of

ξ′ and are determined by their holomorphicity in ∓Im(ξn) > 0. We then set

p̌+α−j := q̌+j p
+
α .

In the next subsection, we proceed with our structural discussion. First, we
end this subsection with an example of the subleading term in the Wiener-Hopf
factorization of p. We need to decompose the following expression according to
holomorphicity in the upper/lower half-plane:

p2α−1

p2α
− 1

p2α

∑
|β|=1

∂β
ξ p

−
αD

β
xp

+
α =

=α
a1(x, ξ)

|ξ|2x
+

α(α− 1)

2

∑
|β|=1 ∂

β
ξ a2D

β
xa2

|ξ|4x
−

∑
|β|=1 ∂

β
ξ p

−
αD

β
xp

+
α

|ξ|2αx
=

=α
a1(x, ξ)

(ξn − h+)(ξn − h−)
+

+
α(α− 1)

2

∑
|β|=1 ∂

β
ξ [(ξn − h+)(ξn − h−)]D

β
x [(ξn − h+)(ξn − h−)]

(ξn − h+)2(ξn − h−)2
−

− α2

∑
|β|=1 ∂

β
ξ (ξn − h−)D

β
x(ξn − h+)

(ξn − h+)(ξn − h−)
.

Using that∑
|β|=1

∂β
ξ [(ξn − h+)(ξn − h−)]D

β
x [(ξn − h+)(ξn − h−)] =

= i
∑

γ,ϵ∈{+,−}

(∂xn
hγ(ξn − hγ)(ξn − hϵ) +∇x′hγ · ∇ξ′hϵ(ξn − hγ)(ξn − hϵ)) ,
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and

∂β
ξ (ξn − h−)D

β
x(ξn − h+) = −i∂xn

h+ + i∇x′h+ · ∇ξ′h−,

we obtain the useful expression

p2α−1

p2α
− 1

p2α

∑
|β|=1

∂β
ξ p

−
αD

β
xp

+
α =

=α
a1(x, ξ)

(ξn − h+)(ξn − h−)
− iα2−∂xn

h+ +∇x′h+ · ∇ξ′h−

(ξn − h−)(ξn − h+)
+

+
iα(α− 1)

2

(
∂xnh+ + ∂xnh− +∇x′h− · ∇ξ′h+ +∇x′h+ · ∇ξ′h−

(ξn − h−)(ξn − h+)
+

+
∂xn

h+ +∇x′h+ · ∇ξ′h+

(ξn − h−)2
+

∂xn
h− +∇x′h− · ∇ξ′h−

(ξn − h+)2

)
.

To decompose this, first write

a1(x, ξ) = a10(x, ξ
′) + a11(x)ξn.

Then we have

a1(x, ξ)

(ξn − h+)(ξn − h−)
=

a10 + a11ξn
(ξn − h+)(ξn − h−)

=

=

(
a11
2

(
1 +

h+ + h−

h+ − h−

)
+

a10
h+ − h−

)
1

ξn − h+
+

+

(
a11
2

(
1− h+ + h−

h+ − h−

)
− a10

h+ − h−

)
1

ξn − h−
,

and therefore,

∂β
ξ (ξn − h−)D

β
x(ξn − h+) = −i∂xn

h+ + i∇x′h+ · ∇ξ′h−.

Continuing the computation from above, we conclude

p2α−1

p2α
− 1

p2α

∑
|β|=1

∂β
ξ p

−
αD

β
xp

+
α = q+1 + q−1 ,

where we write

q±1 (x, ξ) = τ±12(x, ξ
′)(ξn − h±(x, ξ

′))−2 + τ±11(x, ξ
′)(ξn − h±(x, ξ

′))−1,

and

τ±12 =
iα(α− 1)

2
(∂xnh∓ +∇x′h∓ · ∇ξ′h∓),

τ±11 =
αa11
2

(
1± h+ + h−

h+ − h−

)
±

αa10 − iα(α+1)
2 ∇x′h+ · ∇ξ′h− + iα(α−1)

2 ∇x′h− · ∇ξ′h+ + iα(3α∓1)
2 ∂xn

h−

h+ − h−
.

In particular,

p±α−1(x, ξ) = τ±12(x, ξ
′)(ξn − h±(x, ξ

′))α−2 + τ±11(x, ξ
′)(ξn − h±(x, ξ

′))α−1.



BOUNDARY DETERMINATION FOR A FRACTIONAL CALDERÓN PROBLEM 11

2.4. Step 4: Symbol of Λα. We now aim to determine

s1−j(x
′, ξ′) = − lim

zn→0+
F−1

ξn→zn
q+j (x

′, 0, ξ′, ξn).

Let us first carry out this computation for j = 1. Note that on xn = 0 we have
h±(x

′, 0, ξ′) = ±i|ξ|x′ . Therefore, by residue calculus we compute that

s0(x
′, ξ′) =− τ+12(x, ξ

′) lim
zn→0+

F−1
ξn→zn

[(−i|ξ′|+ ξn)
−2]

− τ+11(x, ξ
′) lim

zn→0+
F−1

ξn→zn
[(−i|ξ′|+ ξn)

−1] = −iτ+11(x, ξ
′).

More generally, we employ the following lemma that follows from residue calculus.

Lemma 2.6. Consider the rational function

ρ(ξn) =

j+1∑
l=1

τl(ξn − h)−l,

where Im(h) ̸= 0. Then

lim
zn→0+

F−1
ξn→zn

ρ =

{
iτ1, Im(h) > 0,

0, Im(h) < 0.

In particular, if we have simplified the expression for p±α−j to the form

(12) p±α−j(x, ξ) =

j+1∑
l=1

τ±jl (x, ξ
′)(ξn − h±(x, ξ

′))α−l,

then

(13) s1−j(x
′, ξ′) = −iτ+j1(x, ξ

′).

We note that we can write pα−j in the form (12) using a partial fraction decompo-
sition. Computationally, it is of course hard to first of all find p±α−j in general and

secondly to rewrite it in the form (12). However, we can circumvent the form (12)
using the following identity.

Lemma 2.7. For a > 0 and m ≥ k ≥ 0 and m ≥ 1

− lim
zn→0+

F−1
ξn→zn

[
ξkn(ξn − ia)−m

]
= ik−m

(
k

m− 1

)
a−m+k+1.

We can apply Lemma 2.7 to q̌+j appearing in the factorization p̌+α−j := q̌+j p
+
α ,

where p̌+α−j contains the leading xn-derivatives on a0 as described in Lemma 2.4.
We can by Lemma 2.4 write

q̌+j (x, ξ
′, ξn) = ∂j−2

xn
a0(x)

∑
k+l−m=−j

ck,l,m(α)ξkn|ξ′|l(ξn − i|ξ′|)−m.

Applying Lemma 2.7 to this identity gives us that
(14)

lim
zn→0+

F−1
ξn→zn

q̌+j (x
′, 0, ξ′, ξn) = ∂j−2

xn
a0(x)

∑
k+l−m=−j

ik−m

(
k

m− 1

)
ck,l,m(α)|ξ′|1−j .

Equation (14) and Lemma 2.4 prove the following theorem.
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Theorem 2.8. For α ∈ (0, 1] and j = 2, 3, 4, . . ., the symbol s1−j is of the form

s1−j(x
′, ξ′) = cj(α)∂

j−2
xn

a0(x
′)|ξ′|1−j

x + ã1−j(x
′, ξ′),

where cj(α) is a universal, rational polynomial in α of degree j − 1 and the symbol
ã1−j is a finite sum of products between powers of |ξ′|x and universal polynomials
evaluated on the data(

ξ, |ξ|2x, Dx|ξ|2x, . . . , Dj
x|ξ|2x,

a1(x, ξ), Dxa1(x, ξ), . . . , D
j−1
x a1(x, ξ),

a0(x), Dxa0(x), . . . , D
j−3
x a0(x), D

j−2
x′ a0(x)

)
,

by contracting with the metric tensor and setting xn = 0.

We note that c0(α) = 0 and c1(α) = 0 for order reasons. The computation (14)
shows that in terms of the universal polynomials ck,l,m(α) of Lemma 2.4,

(15) cj(α) =
∑

k+l−m=−j

ik−m

(
k

m− 1

)
ck,l,m(α).

3. The half-space with potential

It remains to prove that cj(α) ̸= 0 for j > 1. We do so by computing cj(α) for a
particular geometry and particular potentials, rather than using the semi-explicit
expression (15). The particular geometry is the half-space Rn

+ and the particular
potentials are Vµ(x

′, xn) = e−µxn for µ > 0 small. We remark that this example
is not compactly supported, as assumed in Theorem 1, but the rapid decay still
justifies the symbol computations and leads to the same polynomial cj(α).

3.1. Computations for a general potential in half-space. We start out by
investigating the polynomial cj(α) by explicit computations for the Schrödinger
operator A = ∆+ V in the Euclidean half-space

Ω = Rn
+ := {(x′, xn) ∈ Rn−1 ×R : xn ≥ 0}.

The computations exemplify the program outlined in Section 1 for this particular
geometry. We will write L := 2iξ · ∇x and denote by ∆ the Laplacian in the
x-direction.

We compute as above that

b−2(x, ξ, λ) =(|ξ|2 − λ)−1,

b−3(x, ξ, λ) =0,

b−4(x, ξ, λ) =− V (x)(|ξ|2 − λ)−2,

b−5(x, ξ, λ) =− L(V )(x)(|ξ|2 − λ)−3,

b−6(x, ξ, λ) =− L2(V )(x)(|ξ|2 − λ)−4 + (V (x)2 +∆(V )(x))(|ξ|2 − λ)−3.

Proceeding by induction, we can conclude the relation

b−2−j = (−∆b−j + Lb−1−j − V b−j)(|ξ|2 − λ)−1.
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For instance, we have that

p2α−1(x, ξ) =0,

p2α−2(x, ξ) =αV (x)|ξ|2α−2,

p2α−3(x, ξ) =− α(α− 1)

2
L(V )(x)|ξ|2α−4,

p2α−4(x, ξ) =
α(α− 1)(α− 2)

6
L2(V )(x)|ξ|2α−6 +

α(α− 1)

2
(V (x)2 +∆(V )(x))|ξ|2α−4.

Let us compute the first terms in the Wiener-Hopf factorization at the boundary
R

n−1 × {0} of Rn
+ in the asymptotic expansion p± ∼

∑
j p

±
α−j . We have

p±α (x, ξ) = (ξn ∓ i|ξ′|)α,
as well as

p±α−1(x, ξ) = 0.

We determine p±α−2 = p±α q
±
2 from decomposing

pα−2

pα
− 1

pα

∑
k+l+|β|=2

k,l<2

1

β!
∂β
ξ p

−
α−kD

β
xp

+
α−l = q+2 + q−2 .

We compute the left hand side as αV (x)|ξ|−2 given p±α−1 = 0 and the x-independence
of p±α . We proceed by decomposing

α
V

|ξ|2
=

αV

2i|ξ′|

(
1

ξn − i|ξ′|
− 1

ξn + i|ξ′|

)
.

Therefore

p±α−2(x, ξ) = ± αV

2i|ξ′|
(ξn ∓ i|ξ′|)α−1.

We can determine p±α−3 = p±α q
±
3 from decomposing

(16)
pα−3

pα
− 1

pα

∑
k+l+|β|=3

k,l<3

1

β!
∂β
ξ p

−
α−kD

β
xp

+
α−l = q+3 + q−3 .

Write L′ = ξ′ · ∇x′ . Given p±α−1 = 0 and the x-independence of p±α , the equation
(16) takes the form

(17) −α(α− 1)

2
L(V )|ξ|−4 +

α2

2|ξ′|
(∂xn

V + i|ξ′|−1L′(V ))|ξ|−2 = q+3 + q−3 .

If we now perform the Fourier transforms giving

s1−j(x
′, ξ′) = − lim

zn→0+
F−1

ξn→zn
q+j (x

′, 0, ξ′, ξn),

we deduce the first few terms

s1(x
′, ξ′) =− α|ξ′|,(18)

s0(x
′, ξ′) =0,

s−1(x
′, ξ′) =− α

2
V (x′)|ξ′|−1,

s−2(x
′, ξ′) =− α2

4|ξ′|2
∂xn

V − iα

4|ξ′|3
L′(V ).
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To obtain the term s−2, we used that

s−2 = − lim
zn→0+

F−1
ξn→zn

q+3 = −iResξn=i|ξ′|q
+
3 = −iResξn=i|ξ′|(q

+
3 + q−3 ),

and then applied the identity (17).
We see from here that the polynomials c2(α) and c3(α) from Theorem 2.8 take

the form

(19) c2(α) = −α

2
and c3(α) = −α2

4
.

3.2. Computing cj(α). Next we compute the polynomial cj(α), using a clever
choice of potential V in the half-space Rn

+. The outcome of this computation is
given by.

Proposition 3.1. For every j ≥ 2, and 0 < α ≤ 1 it holds that −2jcj(α) is the

Taylor coefficient at 0 of degree j − 1 of the holomorphic function
(

1+z
1−z

)α
. In

particular, we have that the polynomials cj(α), j = 2, 3, . . ., fit into a generating
function

(20)

∞∑
j=2

cj(α)t
j−1 = −1

2

[(
2 + t

2− t

)α

− 1

]
.

Note that
1 + z

1− z
= 1 + 2

∞∑
k=1

zk.

In particular, Proposition 3.1 ensures that cj(1) = −2−j+1, j ≥ 2. This identity
can also be directly obtained from the method of proof of [22, Proposition 1.1] for
the classical Calderón problem.

Proof of Proposition 3.1. Fix r = |ξ′| > 0 and work on the half-line x = xn ≥ 0.
Consider the family of potentials

Vµ(x) = e−µx.

We set
A0 = D2

x + r2, and Aε = A0 + εVµ, ε > 0.

We can impose the restriction that 0 < µ < r because r > 0 is fixed. We introduce
the notation

Kµ(z) =

(
(z + iµ)2 + r2

)α − (z2 + r2)α

(z + iµ)2 − z2
.

Since
DxVµ = Vµ(Dx + iµ),

the divided-difference formula gives

d

dε

∣∣∣∣
ε=0

Aα
ε = VµKµ(Dx).

The principal Wiener–Hopf factors at ε = 0 are

p−0 (z) = (z + ir)α, p+0 (z) = (z − ir)α.

Writing the first variations of the Wiener–Hopf factors as Vµa
±
µ , linearization of

p−∗ p+ gives
Kµ(z) = a−µ (z)p

+
0 (z) + p−0 (z + iµ)a+µ (z).
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Thus the sum of the plus and minus components is

(21) Fr,µ(z) =
Kµ(z)

(z + i(r + µ))α(z − ir)α
.

We have that Fr,µ(z) = O(z−2) as |z| → ∞. The first variation of the Dirichlet-to-
Neumann symbol s at ε = 0 is therefore

ṡ(r, µ) :=
d

dε

∣∣∣∣
ε=0

s(r, µ) = − 1

2π

∫
R

Fr,µ(z) dz.

Using principal branches, (21) simplifies to

(22) Fr,µ(z) =
1

iµ(2z + iµ)

[(
z + i(µ− r)

z − ir

)α

−
(

z + ir

z + i(µ+ r)

)α]
.

Set

Aµ(z) =

(
z + i(µ− r)

z − ir

)α

, fµ(z) =
Aµ(z)

iµ(2z + iµ)
.

The principal branch of Aµ is holomorphic in the closed lower half-plane. Indeed,
if its inner ratio were −τ with τ > 0, then

z = i
τr + r − µ

1 + τ
,

which lies in the upper half-plane because µ < r. The reflection z 7→ −z − iµ in
(22) yields ∫

R

Fr,µ(z) dz = pv

∫
R

fµ(z) dz + pv

∫
R−iµ

fµ(z) dz.

The individual integrals are symmetric principal values at infinity, and since fµ(z) =
(2iµz)−1 +O(z−2) their sum is absolutely convergent.

The only pole in the strip is z0 = −iµ/2, and

Aµ(z0) =

(
2r − µ

2r + µ

)α

.

Closing the first contour in the lower half-plane and then moving the second contour
to the real axis gives

pv

∫
R

fµ(z) dz =
π

2µ
− π

µ
Aµ(z0), pv

∫
R−iµ

fµ(z) dz = pv

∫
R

fµ(z) dz+
π

µ
Aµ(z0).

Hence ∫
R

Fr,µ(z) dz =
π

µ

[
1−

(
2r − µ

2r + µ

)α]
,

and therefore

(23) ṡ(r, µ) = − 1

2µ

[
1−

(
2r − µ

2r + µ

)α]
.

We note that the identity (23) implies the homogeneity property

ṡ(ρr, ρµ) = ρ−1ṡ(r, µ), for ρ > 0.

At the linearized level ṡ, in our flat model Rn
+ with the potential depending only on

xn, no tangential or nonlinear terms occur. In particular, ṡ expands asymptotically
in r into terms of the form (∂m

x Vµ)(0)r
1−j . A term (∂m

x Vµ)(0)r
1−j scales as ρm+1−j ,
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so degree 1− j can contain only m = j−2. Since (∂m
x Vµ)(0) = (−µ)m, we conclude

that

(24) ṡ(r, µ) =

∞∑
j=2

cj(α)(−µ)j−2r1−j .

A priori, the expression (24) should be interpreted as an asymptotic expansion in r
but a fortiori it holds as analytic functions. By analyticity we can set µ = −rt in the
expression (23) for ṡ and comparing with the expansion in r in (24) proves that the
polynomials cj(α), j = 2, 3, . . ., fit into the generating function (20). We conclude
that −2jcj(α) is the Taylor coefficient at 0 of degree j − 1 of the holomorphic

function
(

1+z
1−z

)α
. □

It remains to conclude that cj(α) ̸= 0:

Corollary 3.2. We have that

(25) c2(α) = −α

2
, c3(α) = −α2

4
,

and, for j ≥ 3, the polynomials cj(α) satisfy the recursion relation

(26) 4j cj+1(α) = 4α cj(α) + (j − 2)cj−1(α).

In particular, cj(α) < 0 for every α > 0 and j ≥ 2.

Proof. The values of c2(α) and c3(α) in Equation (25) follow from the computation
(19). To obtain the recursion relation, write

Φα(z) =

(
1 + z

1− z

)α

=

∞∑
n=0

an(α)z
n.

By Proposition 3.1 we have that cj = −2−jaj−1. We see that Φα satisfies the
differential equation

(27) (1− z2)Φ′
α(z) = 2αΦα(z).

In terms of the Taylor series, (27) is equivalent to the recursion relation

(n+ 1)an+1 = 2αan + (n− 1)an−1, n ≥ 1.

which shows (26). Combining this recursion relation with c2(α), c3(α) < 0, we
conclude that cj(α) < 0 for every α > 0 and j ≥ 2. □
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[26] R. T. Seeley, Complex powers of an elliptic operator, Singular Integrals (Proc. Sympos. Pure
Math., Chicago, Ill., 1966), pp. 288–307, Amer. Math. Soc., Providence, RI, 1967.

[27] M. Shubin, Pseudodifferential operators and spectral theory, Springer-Verlag, Berlin, second

edition, 2001.
[28] J. Sylvester, and G. Uhlmann, A global uniqueness theorem for an inverse boundary value

problem, Ann. of Math. 125 (1987), 153–169.
[29] J. Sylvester, and G. Uhlmann, Inverse boundary value problems at the boundary—continuous

dependence, Comm. Pure Appl. Math. 41 (1988), no. 2, 197–219.

[30] G. Uhlmann, Inverse problems: seeing the unseen, Bulletin of Mathematical Sciences 4
(2014), 209–279.

https://arxiv.org/abs/2201.11357v1
https://lup.lub.lu.se/record/7c9d8485-d7d6-4d47-80a5-a5533685c4ca


18 HEIKO GIMPERLEIN AND MAGNUS GOFFENG

Heiko Gimperlein

Engineering Mathematics

Universität Innsbruck
Technikerstraße 13

6020 Innsbruck

Austria

Magnus Goffeng,

Centre for Mathematical Sciences
Lund University

Box 118, SE-221 00 Lund

Sweden
Email address: heiko.gimperlein@uibk.ac.at, magnus.goffeng@math.lth.se


	1. Set-up and outline
	2. The symbol of  and its structure
	2.1. Step 1: Resolvent
	2.2. Step 2: Fractional powers
	2.3. Step 3: Wiener-Hopf factorization
	2.4. Step 4: Symbol of 

	3. The half-space with potential
	3.1. Computations for a general potential in half-space
	3.2. Computing cj()

	References

