Differential Operators and Function Spaces Il Block 4, 2012

Exercise sheet 6 Calculus of pseudodifferential
Exercise class week 22 + 23 operators
Recall that

smi={a € C¥(R" xR") : Vo, € Nj3Cap

020Fa(w,€)| < Cas (1+ €)1}

Furthermore set S~ := (| S™and S*:= (J S™.
meR meR

Exercise 19:
a) (Borel's Lemma) Let (a;)jen, € C, (gj)jen, € (0,00), €5 \, 0 sufficiently fast and
n e CX(R), n(z) =1for|z| <1andn(z)=0for|z| > 2.

Show that f(z) := 3= Sta'n (f) is smooth and (8% f)(0) = a; V7.
=0 ’

Hint: For any x # 0, f(x) is defined by a finite sum.
b) (asymptotic summation) Let a; € S™i, m; \, —oc,e; as above and ¢ € C®(RY),

p(z) = 1for|z| > 2, p(z) =0for |z| < 1.
Show that

> aj(x,&)e(e;€) = a(x,£) € S™ and
j=0

k
a—>) a; €S VEkeN. (%)
§=0

Notation: We write a ~ ) a; if (+) holds. Observe that a ~ 0 if and only ifa € S~>°. Using

7=0
b), we define an associative product # : S /S x §%° /57 — §%°/57 via

(a+ S ) H#D+5)~ > ng‘a(x, €)D2b(x, €).

|| >0

Exercise 20:

a) Leta e S™, be S™ m,m e RU{—oc}. Show that a + b € Smax{mm}, a;;aga e sm-1Al,
ab € ™™ Conclude that if R; € S~°°:

(a+ Ry + S7°)#(b+ Ry + S™°) = (a + S™°)#(b + S~°) € S™+ /S~ s independent
of R;. The #-product is thus well-defined and we write a#b := (a + S™°)#(b + S™>). If
la(x, &) > C(€)™, showthata ' € S™andr :=a#a ! -1, F:=a '#a—-1€ S71/S~.

b) (Neumann series) Let b € S~1, b#™ = b# ... #b. Show that
——

n factors

<1+b+b#2+---+b#N)#(1—b)~1—b#(N+1>



Differential Operators and Function Spaces Il Block 4, 2012

and hence that

(1 +§:b#ﬂ') #(1—1b) ~ 1.
j=1

c) Continuing a), lets ~ S. 7%, 5§~ S 77, b =a '#(1+s), b = (1 + 5)#a"'. Show
j=1 j=1

that b#a ~ a#b ~ 1 and therefore b ~ b#a#b ~ b, or a#b — 1 ~ b#ta — 1 ~ 0.

Interpretation: Given a € S™ elliptic (|a| > C(£)™), we have found an inverse b € S~™ of a
up to a negligible remainder € S—°°.

Exercise 21:
a) Leta € S™. Recall

op()f(0) i= [ deal. ) f ()"
= [ a1y [ow o) f(0)] e
for Le := (1 + \x|2>_1(1 — A¢) and N e N from Exercise 17.
Write op(a) f(z) = (k(x,-) * f)(2), i.e. k(z,-) = Feos.a(x,§) is a distribution € S’(R™) for all
z € R™. Show that k(z, -)|r=\ (0} € L3, (R"\B:(0)) foralle > 0 and all z € R™. Furthermore

loc

k(z, 2)| < Cn ||~ for |z| > 1, N € N uniformly for all 2 € R".
Hint: Use that d¢'a(z,§) € L%(R”) forall oo > m+n+1 and .Fszaga(a:,g) = |2%(x, z)|.

b) Define the adjoint of a(x, D) with respect to the L?-scalar product:vf,g € S(R?) :
(a(z,D)*f,g9)r2 = (f,a(z,D)g)r2. Integrate by parts as in Exercise 17 to show, that
a(z,D)* : S — S and conclude that a(x, D) extends by duality, Vf € S,Vg € S :
(f,a(z,D)g) := {a(x, D)*f, g), to an operator on S’.

c) Let a € S~°. Show that a(x,D),a(x,D)* : & — S and therefore by duality, also
a(xz,D),a(x,D)* : §" — C°.

Hint: Integrate by parts yet again.
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