Differential Operators and Function Spaces Il Block 4, 2012

Exercise sheet 3 Integral operators and
Exercise class week 20 inequalities
Exercise 9:

1
For p € LY(—1,1) let (Fp)(\) := [ () da.
-1
a) If o € C°(—1,1), show that |(F)(\)| < Ci (1 +|A) % Vk e N
b) If ¢ is the restriction of a function in C*°(R), show that

ei)\ e—z’A
(Fe)A) = —o(1) + ——p(=1) < o2

Hint: Integration by parts!

Remark: Related expansions of integrals with oscillating integrands will be discussed later
in this course.

Exercise 10:

Let @ = {(z,y) € R?: Ree ¥ > 0}. Show that the integral operator associated to the
kernel k(z,y) = e ™®¥1q(x,y) is a truncation of the Fourier transform, which is not bounded
on L*(R).

Hint: Show that
9{6 <Tk]l[, 11>L2(R)
(Lr, 11) 2w

is large for large intervals I C R.

Exercise 11: Hardy’s inequalities

a) Forw : (0,00) — (0,00) measurable, we denote by L%, the LP-space associated to the

weighted Lebesgue measure A, Ay, (A4) = [w(z)dx for any measurable A C (0, 0). l.e.
A

1
P

LP = ¢ f:(0,00) — C measurable: ||f||,,, = lf(@)P w(z)de | < oo
p?
0

The triangle inequality in this case says

ff(:% 1) dy
0

< / 1l
w 0

p
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Letp > 1, a e Rand K : (0,00) x (0,00) — C a measurable function satisfying K (Az, \y) =
A 1K (z,y) for A > 0. Assume

C ::/|K(:E,1)|:E_1;a dz < 0.
0

Show that the operator Tk f(y) = [ K(z,y)f(x) dz is a bounded operator on L, for w(xz) =
0

z* and that |[Tk||pp ,» < C.

y—> L

Hint: Write Tk f (y) = [ K(z,1) f(zy) dz and use the triangle inequality.
0

b) Use a) to show that the "Hilbert integral” given by K(x,y) = ﬁ defines a continuous
operator on L?(0, c0) for p > 1.

c) Use a) to deduce Hardy’s inequalities

[ mf(y)dy pw"‘ldx ;Sp oo(yf(y))py‘r‘ldy ;,
[ (fo) eae) <2 (Jorrra)
0

0 0

(7 (7f(y) dy)pw”dx> ; S% (7(yf(y))py”dy) ;

0 T

where f >0, p>1, r > 0.

Exercise 12: "weak-type Schur test”
Slightly more sophisticated than Exercise 11 and Exercise 6 ist the weak-type Schur test
(use Marcinkiewicz intead of Riesz-Thorin): If k : X <Y — Cis measurable and ||k (z, y)|| fap.o (y) <
By, for almost every = € X, |\l<:(a:,y)||Lp/1m(X) < By, foralmostevery y € Y, p1, qo € (1,00)
= V0e€(0,1): T : LP(X) — L?(Y) bounded for

1 0 1 1-6 (1-0) 0
=1-0+—, —=——and ||1 <C 0B B7.
Do - 1’ o % || kHLPe—>Lq9 = “p1,90,0 20 1

Use this to show that f — |z|”® * f defines a bounded operator LP(R") — L"(R"™) for
1<p,r<oo, 0<a<nand%+%:l+1.
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