Differential Operators and Function Spaces Il Block 4, 2012

Exercise sheet 2 Applications of Paley-Wiener
Exercise class week 18 and Interpolation
Exercise 5:

Let P(D) = Z (IaDa, Qg € (C, Wlog a(m,O,...,O)#O'
la|<m

Show that the equation P(D)u = f € & (R™) has a solution u € &' (R™) if and only if

IO o
P(e) eo((Cn).

f(§1+2762, 76”) .

Hint: Show and use the following fact with h(z) := T GEST T

Ifh(z) € O(C), p(z) = pmz™ + -+ p12+ 10

= [pmh(0)] < i i>1<|h( 2)p(2)|-

Exercise 6: "Schur’s test”
Let (X, n) and (Y,v) be o-finite measure spaces, k : X x Y — C measurable. Consider
the integral operator

Kf(y) = /X k() f (@) du(x)

between suitable L”-spaces, and let 1 < p1, gy < 00, po =1, q1 = 00, - + ﬁ =1.

) 11k, )| oo (v) < Bo for all elements z € X = ||K|[11(x)- za0 vy < Bo
) If ||k(m,y)|]Lp/1(X) < B forallelementsy € Y = ||K||LP1<X)_>L00(Y) < B

c) Conclude that K : LP*(X) — L%(Y') is bounded and ||K|| ;g (x)_ 190 (v) < By~9B{ for

1L _1_¢g4 0 —
Sy =1-0+randg =2, 0<6<1

Hint: In a) and b) use Hélder’s inequality and in c) the Riesz-Thorin theorem

Remark: Accordingtoc) qo =p} =1 = K : LP(X) — LP(Y') bounded for all p.

Exercise 7: Young’s inequality
Let1 §p,q,r§oosuchthat%+$: l—l—%,fELp(]R”), g € L1(R"™).
Apply Schur’s test to k(x,y) = g(y — x) to conclude

1f *gll, < [1f1l, llgllg

Remark: The argument applies to convolutions on any group with a biinvariant measure
(and not just R™).
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Exercise 8:
Let (X, ) be a measure space, f : X — C measurable. Define the distribution function
A :[0,00) = [0, cc] by

Ap(t) = p({r e X :[f(x)] = 1}).

lforz e S

ForSCXletﬂs(x):{Oforx¢S'

a) Check that

o0

P/ﬂ{f|>t}tp and

0
dt
1511 = p/xf@)tpt 1<p<os,
1l =t {6205 Ar(t) = 0}

b) Show Chebychev’s inequality A¢(t) <t~ [[f][,”.

c) Show thatfor 1 < p < oo 3¢, ¢y :

11l < (Z Af<2">2"”> =[[Emae?) g, <o 10

nez
1
d) Let LP>*(X) := {f : X — C measurable: [[f]], ., :=suptAs(t)r < oo} . Use b) to show
’ t>0

LP(X) C LP>(X). If X = R™ with the Lebesgue measure, show that f(x) = |x|_% belongs
to L (R™)\LP(R™), 1 < p < 0.
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