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2011-03-07

SWSCUSTZ Module TextSpreadsheet

Modul: 5010-B4-4f11/;Videregaende Teori Og Anvendelser Af
Differentialoperatorer Og Funktionsrum (Difffun2)

Uge(t): 15-24 (11 apr
2011-19 jun 2011)

mandag M S
Woos-g
T o
tirsdag 1a-1s
Aktivitet Beskrivelse Type Uge(r)|Start {Shit |Lokale |Underviser
5010-B4-Videregaende teori
og anvendelser af Forelzesning aud -

3 . . . 1 .
difforentaialoperatorer og - |\p e rvisningstidspunke|Forekesning| 15 |8:15 [10:00{A0d  |Cimperlein
fuktionsrum er kun mandag den 14.4 09 Heiko
NB!NB!lundervisningstidspunkt g ' (HCQ)
er kun mandag den 14.4 B
5010-B4-Videregaende teori
gi%i‘:f:’rftzﬁ]sszgf;orer og Forelzsning NBlse lelii— Gimperlein,
funktionsrum NB1 Se llyjlrmemde for lokale den |Foreleesning] 17-24 110:15]12:00 09 Heiko
hjemmeside for lokale den ) (HCO)

14.4 B

onsdag
torsdag

Aktivitet Boskrivese  [Type  |Uge()|Start [Shut |Lokale [Underviser
501 O-B4-V1dere.3gaende.teon og Forelzesning NB! aud -

anvendelser af differentaialoperatorer tidspurkt er Aud  |Gimperlein,
og funktionsrum NB!! P Forelesning]15  [8:15 |10:00 P
Undervisningstidspunkt er kun den kunne torsdag 09 Heiko

g IREEP den 17.4 HCD)
5010-B4-Videregéende teori og aud -

anvendelser af differentaialoperatorer . . . ~nlAud  |Gimperlein,
og finktionsrum NB!! Se hjemmeside Forelgsning | Forelesning| 17-25 |10:15112:00105 " fiyeq,

for lokale den 14.4 (HCO)
5010-B4-Videregdende teori og 15 oV -

anvendelser af differentaialoperatorer  |Jvelser Ovelse ) 71 25 13:15]15:00]A104

og fimktionsrum ‘ (HCO)
fredag

< Tilbage Udslriv Dato/Tidspunki: 7 mar 2011 12:36

< Forige uges skema

Naste uges skema >
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2011-03-07 SIS - VisKursus

g Ny P

SIS-hovedside -> Naturvidenskab -> De matematiske fag (Matematik, Statistik, Forsikringsvidenskab og

Matematik-@konomi) -> Kandidatuddannelsen -> Blok 4 (11. april - 24. junj 2011) -> Skemagruppe A

Videregdende teori og anvendelser af
differentialoperatorer og funktionsrum

(DiffFun2)

SEREEE T plREe

Udgave: Fordr 2011 NAT
Point: 7,5
Blokstruktur: 4. blok
Skemagruppe: A

Fagomréde: mat
For&r
Semester:
Varighed: 9 uger
Institutter: Institut for Matematiske Fag

Uddannelsesdel: Kandidat niveau
Kontaktpersoner: Henrik Schlichtkrull, tif. 35 32 07 50, rum 04.2.10, email: schlicht@math.ku.dk

Heiko Gimperlein, tif. 35 32 07 72, email: gimperlein@math.ku.dk

Andre
undervisere:

Skema- i Vis skema for kurset

oplysninger: Samlet oversiat over tid og sted for alle kurser inden for Lektionsplan for Det

Naturvidenskabelige Fakultet For8r 2011 NAT
Undervisnings- 11. april - 24, juni 2011

periode:

Undervisnings- 4 timers foreleesning og 2 timers gvelser pr. uge

form:

Indhold: I kurset videreudvikles emnerne fra DifFun, og der gives en introduktion til
harmonisk analyse. Det vil omfatte et antal effektive teknikker til vurdering af
integraler (som stationaer fase metoden), Littlewood og Paleys faserums analyse,
singulaere integraler og pseudo-differentialoperatorer, samt grundlaeggende
Fourieranalyse pa lokalkompakte abelske grupper.

Méalbeskrivelse: At kunne lgse kontrete og abstrakte problemer der vedrgrer kursets faglige omréde.

Laerebgger: Udvalgte kapitler fra:

e T. Tao, Graduate Fourier Analysis, lecture notes,

e E. Stein, Singular integrals and differentiability properties of functions, Princeton
University Press,

e E. Stein and G. Weiss, Introduction to Fourier Analysis on Euclidean Spaces,
Princeton University Press, suppleret med andet materiale.

Tilmelding: Kursus- og eksamenstilmelding og afmelding sker p& www.kunet.dk Tilmelding skal
ske i perioden den 1. — 10. december 2010.

Faglige An2 og "Differentialoperatorer og funktionsrum® eller tilsvarende. Grundlaeggende

forudsaetninger: begreber fra KomAn og FunkAn vil veere nyttige.

Eksamensform: Lgbende evaluering med ugentlige obligatoriske afleveringsopgaver og et
afsluttende projekt, som bedgmmes bestdet/ikke bestdet med intern censur.
Reeksamen: 30 minutters mundtlig prgve uden forberedelse.

Eksamen: Lgbende evaluering.

Reeksamen: Mundtlig prgve den 1. september 2011.

Pensum: Fastlaagges lgbende.

Undervisnings- Engelsk

sprog:

Sidst redigeret: 11/11-2010

sis.ku.dk/kurser/viskursus.aspx?knr=12... 71
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LECTURE NOTES 3 11

We can thus interpret D as the largest L? operator norm of the T

D = sup 1Tl L2 may— £2(R3)-

To compute this operator norm we make the following observation? ‘

Lemma 1.12 (TT™* identity). Let T : H — X be a continuous map from o Hilbert
space to a normed vector space, and let T* : X* — H be its adjoint. Then

1Tl o = [T | xems it = [TT* |42, 5

Proof The first identity is just duality. Then we have
C AT I xx S TN Esx T % om = 1T o mr
which gives the lower bound in the second identity. For the upper bound, observe
that for any f € X* that
IT*flE = (£, TT*F) < e ITT* Fllx < 1% ITT* o3

taking square roots gives the upper bound as desired.

In light of this identity we know that
. D2 = Sl;}p ”TTT:”L2(Rd)_)L2(Rd).

Now let us take a look at what 1,7} is. Observe that 7, is an integral operator
with kernel 1
K —1

(z,y) = |B(z, T(m))lllm y|<r(z)-

Thus the adjoint is given by

Trg(y) = /R , mlnm—ylsm)g(@ de

and then T'T™* is given by
1
£ N , , .
B0 = [, .o TG e o -sseo@) s

Note that the y integral can be computed fairly easily. First we observe that the y
integral vanishes unless [x—2'| < r(z)+r(z’), and in the latter case it enjoys a bound
of Og(min(r(z),r(z))%). Also, [B(w,r(x))| ~a r(z)? and [B(a',r(2"))| ~a r(z')*.
Putting this together we see that

1
[T:T79(2")| Sa /Rd Ljg—a|<r(a)r(2r) oy o P RPN ]g(m)] da.
It is natural to split this integral into the regions r(z) < r(z’) and r(z) > r(z'),
leading to the bound
* 1
|- T g(2)] Sa / Lio—a/|<2r(z) g e )d lo(z)| dx +/ 1]m~$’|$2r(m');(_m,—)‘§|g(x)l dz.

Comparing this with the formulae for T;. and T}, we obtain the interesting pointwise

inequality
[T T g(x")] Sa Torlgl(2) + Tolg)(2")
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24 I: REAL-VARIABLE THEORY

ProPOSITION.

sup |f * ®,(z)] < caM f(z).
>0
"The proof of this majorization (and its variants) can be found in
Chapter 2, §2.1. For a more precise form of (16), see §8.16 below.

We give two of the original and most important examples. First, if -

t

g 8(x) = cal + |af*)~(+0/2,
where "

r(=)
aln+1)/27

then ®(z) is the Poisson kernel, and

Qﬁ\”

u(z,t) = (f * 8;)(z)

gives the solution of the Dirichlet problem for the upper half space

R = {(z,t) :z € R™,t > 0},

namely

52 no 52
Au= @m JM malwv%s =0, wa,0) = f(a).
The second example is the Gaussian kernel
®(z) = (4m) "2~ 1=l /4,

This time, if w(z,t) = (f * ®,1/2)(z), then u is the solution of the heat
equation .
A 0 & 82

#-figeims wo-r

I8

6.2 Singular Integrals. The main result proved in Theorem 3
for singular integrals is a conditional one, guaranteeing the boundedness
on LP for a range 1 < p < g, on the assumption that the bounded-
ness on L9 is already known; the most important instance of this occurs
when ¢ = 2. In Womyﬁﬁm with this, we consider bounded linear transfor-

§6. EXAMPLES OF THE GENERAL THEORY 25

bounded function m on R” (the “multiplier”), so that T' can be realized

as
. TF() =m(O)F (), -

where ~ denotes the Fourier transform. Alternatively, at least on test
functions f € S, T' can be realized in terms of convolution with a ker-
nel K,

Tf=fx*K,

where K is the distribution given by R=mt '
We shall now examine how Theorem 3 (for ¢ = 2) applies to this
class of operators. To proceed further, we assume that the distribution K
agrees away from the origin with a function that is locally integrable away
from the origin; we denote this function by K (z). Then (17) implies that

(17)

T(z) = \ K(@—y)fw)dy, for ae. o ¢ suppf

whenever f is in I? and f has compact support. This is the represen-

tation (8) in the present context. Next, the basic condition (10) is then
equivalent with

\:V _ __%,s..ﬁs_%m} (18)

for all y 5 0, where ¢ > 1.

6.2.1 Let us consider the condition (18) further. First, as is easily
seen, it is a consequence of the differential inequalities

N

_A%MVQWA@# < Aglz|mled ' for mb o,

(184)
or its weaker form, (here y > 0 is fixed)
[ .
|K(z—y) - K(z)|]< A o whenever |z| > cly|. (18,)

How do K, satisfying such conditions, come about? It turns out that, -
roughly speaking, such conditions on X have equivalent versions when
stated in terms of the Fourier transform of X , namely the multiplier m.
In Chapter 6, we shall prove the following proposition:

+

For these two realizations of translation-invariant operators on I[2 (R™), see
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2 FOURIER ANALYSIS ON GROUPS

(3) 1f = [ fdm  (feC.(G))-

1.1.2. It V is a non-empty b;ben subset of G, then m(V) > 0.
For if m(V) = 0 and K is compact, finitely many translates of V'
cover K, and hence m(K) = 0. The regularity of # then implies
that m(E) = 0 for all Borel sets E in G, a contradiction.

1.1.3. We have spoken of the Haar measure of G, This is justi-

fied by the following uniqueness theorem:
It m and m' ave two Haar measures on G, then m' = Am, where 4

i a positive constant.
Proof: Fix g e C,(G) so that [ gdm = 1. Define 4 by
[ &(—)dm! (@) = 4.
For any feC,(G) we then have
[ tam = [ e@amy) [ H@)dm (@)
= [ eWam(y) [ & + y)im' @)
= [ m' @) [ £ + y)am(y)
= [,am' @) [ &ty — )1 ()im(y)
= [ t)am(y) [ ely — w)am' (W) = 4 [ f dm.

Hence #’ = Am. Note that the use of Fubini’s theorem was legi-
timate in the preceding calculation, since the integrandsg (y)f(x+y)
and g(y — 2)f(y) are in C (G X G). ’ :
Thus Haar measure is unique, up to a multiplicative positive
constant. If G is compact, it is customary to normalize » so that
m(G) = 1. If G is discrete, any set consisting of a single point is
assigned the measure 1. These requirements are of course contra-

dictory if G is a finite group, but this will cause us no difficulty. -

Having established the uniqueness of 7, we shall now change our

notation, and write [ f(%)dx in place of [q fdm. Thus dz, dy, . . .
will always denote integration with respect to Haar measure.
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1.1.4. For any Borel set E in G, m{(— E) = m(E). For if we
set m!(E) = m(— E), m’ is a Haar measure on G, and so there is
a constant A such that m(— E) = Am(E) for all Borel sets E.
Taking E so that — E = E, we see that A= 1.

1.1.5. Translation in L?(G). If Gisa LC4 group and 1 < p
= oo, we shall write L?(G) in place of L?(m) (see Appendix E7).
It is clear that the L*-porms are translation invariant, i.e., that

(1) Wello =11fll,  (@eG),
where, we recall, f, is the translate of f defined by
@) L) =Hy—=) (yeG)
THEOREM. Suppose 1 < p < oo and e L?(G). The map
3) x> fp

is a uniformly comtinuous map of G into L*(G).

Proof: Let ¢ > 0 be given. Since C,(G) is dense in L*(G) (Appen-
dix E8) there exists g € C.(G), with compact support K, such that
llg — fll, < ¢/3, and the uniform continuity of g (Appendix B9)
implies that there is a neighborhood ¥ of 0 in G such that

@ g — gulles <5 (I T2

for all ze V. Hence |l|g — g,l{, < £/3, and so
”f — fw“m é ”f - g”p -+ ”g - gx”p + ”gm — fw”p <&

ifaxel, Flna‘uy’ fm - fﬂ = (f - fﬂ—w)au SO that ”fw - fy”:p < if .

y —x eV, and the proof is complete,

Note that the same theorem (with the same proof) is true with
Co(G) in place of L?(G), but that it is false for L®(G), unless &
is discrete.

1.1.6. Convolutions. For any pair of Borel functions f and g
on the LCA group G we define their convolution f# g by the

formula
@ (t* @) = [ flo — )el)dy




18 PART I GENERAL THEORY
If we continue in this way, we see that
w0
Vc ﬂ (Y +27").
n=1

Since {27V} is a local base, it now follows from (a) of Theorem 1.13
that V < Y. But Y= Y. Thus V < ¥, which implies that kV < Y for
k=1,23,.... Hence Y = X, by (a) of Theorem 1.15, and consequent-

ly dim X < m. : 111/

123 Theorem If X is a locally bounded topological vector space with the
Heine-Borel property, then X has finite dimension.

PROOF. By assumption, the origin of X has a bounded neighborhood
V. Statement (f) of Theorem 1.13 shows that Vis also bounded. Thus
Vis compact, by the Heine-Borel property. This says that X is locally
compact, hence finite-dimensional, by Theorem 1.22.

Metrization

We recall that a topology 7 on a set X is said to be metrizable if there is a
metric d on X which is compatible with . In that case, the balls with radius
1/n centered at x form a local base at x. This gives a necessary condition
for metrizability which, for topological vector spaces, turns out to be also

sufficient.

1.24 Theorem If X is a topological vector space with a countable local
base, then there is a metric d on X such that

(@) d is compatible with the topology of X,
(b) the open balls centered at O are balanced, and
(¢) disinvariant: d(x + z, y + z) = d(x, y) for x, y,z € X.
If, in addition, X is locally convex, then d can be chosen so as to satisfy
(@), (b), (c), and also

(d) all open balls are convex.

PROOF. By Theorem 1.14, X has a balanced local base {V,} such that
(1) Vier T Verr + Varn + Vi < 0, (n+1.2,3,...);

+

when X is locally convex, this local base can be chosen so that each ¥,
is also convex.
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PROOF. Let S be the sphere which bounds the open unit ball B of
¢" Thus z€ S if and only if £|z;|* =1, and z € B if and only if

Tiz? < 1
Suppose f: €"-+ Y is an isomorphism, This means that f is

linear, one-to-one, and f(€") = Y. Put K = f(S). Since f is continuous
(Lemma 1.20), K is compact. Since f(0) = 0 and f'is one-to-one, 0 ¢ K,
and therefore there is a balanced neighborhood V of 0 in X which

does not intersect K. The set
E=f"'(V)=f""V A Y)

is therefore disjoint from S. Since f is linear, E is balanced, and hence
connected. Thus E < B, because 0 € E, and this implies that the linear
map f ! takes ¥ n Y into B. Since f~! is an n-tuple of linear func-
tionals on Y, the implication (d) ~» (a) in Theorem 1.18 shows that f ™!

is continuous. Thus fis a homeomorphism.
To prove (b), choose p € ¥, and let f and V be as above. For

somet > 0, p € tV, so that p lies in the closure of
Y N (tV) =f(tB) < f(tB).

Being compact, f(¢B) is closed in X. Hence p e f(tB) = Y, and this
proves that Y= Y. I/

1.22 Theorem Every locally compact topological vector space X has
finite dimension.

PROOF. The origin of X has a neighborhood V whose closure is
compact. By Theorem 1.15, V is bounded, and the sets 27"V (n = 1, 2,

3,...) form a local base for X.
The compactness of ¥ shows that there exist x, ...,

such that

X, 1 X

I7c(xl +3Vyu .- U (x,, +2V)

Let Y be the vector space spanned by x,, ..., x,,. Then dim Y <m.

By Theorem 1.21, Y is a closed subspace of X. ',
Since V < Y + 3V and since AY = Y for every scalar A # 0, it

follows that
) Waery+iv

SO that
VeY+ 3V eaY+Y+iV=Y+1V.




2011-06:-06 Gmail - exercise

§ A .
ﬁ i Douglas Lundholm <douglas.lundholm@gmail.com>

wCoogle

exercise

Heiko Gimperlein <gimperlein@math.ku.dk>
To: Douglas Lundholm <lundholm@math.ku.dk>

Wed, Jun 1, 2011 at 7:25 PM

Dear Douglas,
I still owe you the solution of exercise 7.1c:

Let x be as in the hint and set y=sum_{n>=1} x"n. Then phi(y) = phi(x) +
phi{x) phi(y) = 1+ phi(y), or 0=1. Contradiction.

If phi is not identically 0, there's an x such that phi(x)=1. if A has a
unit (called e), 1 = phi(x) = phi(ex) = phi(e) phi(x) = phi(e). Since
le|=1, |phi|>=1. But from the first part, |phi|<=1, so|phi,’=1.

By the way: It's always a good idea to bring your own sponge and chalk to
the biology department. Chalk is available in the mail room, and you're
welcome to take the sponge from my office (there's also some chalk there).
Usually, kursussal 4 is locked, and one has to ask one of the biologists

on the floor to open it.

Have a good weekend,
Heiko

NN

https://mail.google.com/mail/?ui=2&ik... 172
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