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Oscillatory integrals of the first kind

Given n € N we will study

Leo()) = / u(x) €20

foru e C*(R"), p € C*°(R";R) and A € R.
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Oscillatory integrals of the first kind
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Oscillatory integrals of the first kind

Given n € N we will study

loo(A) = / u(x) €22 gy
foru e C*(R"), p € C*°(R";R) and A € R.
Example
When n =1 and ¢ = —id we have

L —ia(N) = /OO u(x)e " ™dx = Fu(\).

— o0
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Oscillatory integrals of the first kind

Given n € N we will study
loo(A) = / u(x) €22 gy

foru e C*(R"), p € C*°(R";R) and A € R.

When n =1 and ¢ = —id we have

L —ia(N) = /OO u(x)e " ™dx = Fu(\).

— o0

Riemann-Lebesgue lemma: I, _ijq(A\) — 0 as A — *oo.
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Key question

How does 7, ,(\) behave as A — £ oo for general ¢?
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Key question

How does 7, ,(\) behave as A — *,00 for general ¢?

o) = [l ee 0 dr = [ uw)e o0 dx = 1,(-).
n Rl’l

Example

Settingn=1,u > 0and ¢ = 1 gives \\—mo
L) = [ ul)e dx = e,
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Principle of non-stationary phase

Let u € C°(R") and let ¢ € C*°(R"; R) such that V¢ is non-zero
on supp(u).
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Principle of non-stationary phase

Let u € C°(R") and let ¢ € C*°(R"; R) such that V¢ is non-zero
on supp(u). Then

1L, (\)| < Cyuo ™" forall N € Nyand A > 0.

Proof: On the blackboard (see exercise 3.1).
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1L, (\)| < Cyuo ™" forall N € Nyand A > 0.

Proof: On the blackboard (see exercise 3.1).

Consequence: The essential contributions to the asymptotic
behavior of 7, ,(\) come from the stationary points of ¢ (i.e.
points y with Vi (y) = 0)
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Principle of non-stationary phase

Let u € C°(R") and let ¢ € C*°(R"; R) such that V¢ is non-zero
on supp(u). Then

1L, (\)| < Cyuo ™" forall N € Nyand A > 0.

Proof: On the blackboard (see exercise 3.1).

Consequence: The essential contributions to the asymptotic
behavior of 7, ,(\) come from the stationary points of ¢ (i.e.
points y with Vi (y) = 0)

Assumption: The stationary points y € supp(u) of ¢ are
non-degenerate (i.e. det(9;0;¢(y)); # 0).
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The Morse Lemma

Lemma

Let xo € R” be a non-degenerate stationary point of
@ € C*(R*;R). Then there exist neighbourhoods V of xo and U

of 0 € R*, numbers ¢y,...,¢, € {1} and a diffeomorphism
H :V — U with H(xp) = 0 such that

poH ' (x) = p(xo) +e1x] + - + Enx
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The Morse Lemma

Lemma

Let xo € R” be a non-degenerate stationary point of
@ € C*(R*;R). Then there exist neighbourhoods V of xo and U

of 0 € R*, numbers ¢y,...,¢, € {1} and a diffeomorphism
H :V — U with H(xp) = 0 such that

p oM (x) = p(x0) +e1x] + -+ + €aX, = P(x0) + (x, Ex)

with £ = diag(ey, ..., &,).
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The Morse Lemma

Lemma

Let xo € R” be a non-degenerate stationary point of

@ € C*(R*;R). Then there exist neighbourhoods V of xo and U
of 0 € R*, numbers ¢y,...,¢, € {1} and a diffeomorphism

H :V — U with H(xp) = 0 such that

p oM (x) = p(x0) +e1x] + -+ + €aX, = P(x0) + (x, Ex)
with £ = diag(ey, ..., &,).

Remark: It can be shown that the number of +1’s amongst
e1,--.,&, IS €qual to the number of positive eigenvalues of

(8i59j90(x0))ij
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Proof of the Morse Lemma

Without loss of generality assume that xo = 0 and ¢(0) = 0.
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Proof of the Morse Lemma

Without loss of generality assume that xo = 0 and ¢(0) = 0.

After proving the case with xo = 0 and ¢(0) = 0, apply the
obtained result to the function x — (¢ (x + x9) — @(x0)).
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Proof of the Morse Lemma

Without loss of generality assume that xo = 0 and ¢(0) = 0.

On the blackboard we will show the following statement:
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Proof of the Morse Lemma

Without loss of generality assume that xo = 0 and ¢(0) = 0.

Forall N € {1,...,n+ 1} there exist neighbourhoods
Vv, Uy C R" of 0, a diffeomorphism Hy : Vy — Uy with
Hn(0) = 0, numbers ¢,, € {£1} and a set of functions

{qi(jN) i,j € N,N < i,j < n} with
) oo
o

( ) qZ] _q]l !
(iiiy) qék (0) # 0 for some 4, k
such that

gpoHN Zsmx + Z q X)XiX;.

N<ij<n
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Consequences of the Morse Lemma

Corollary

A non-degenerate stationary point x, of ¢ € C*°(R";R) is an
Isolated stationary point.
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Consequences of the Morse Lemma

Corollary

A non-degenerate stationary point x, of ¢ € C*°(R";R) is an
Isolated stationary point.

The compact set supp(u)

can only contain finitely @

many non-degenerate

stationary points of . ()
supplu
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Consequences of the Morse Lemma

Corollary

A non-degenerate stationary point x, of ¢ € C*°(R";R) is an
Isolated stationary point.

Let {0}, be a
bounded open cover of
supp(#) such that O,
contains precisely one
stationary point of .
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Consequences of the Morse Lemma

Corollary

A non-degenerate stationary point x, of ¢ € C*°(R";R) is an
Isolated stationary point.

Let {0}, be a
bounded open cover of
supp(#) such that O,
contains precisely one
stationary point of .

N

N
Lo =" 5 Y)W dx =¥ Ly, o (), ugy € C2(0)),
j=0

j=0
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Consequences of the Morse Lemma

Corollary

A non-degenerate stationary point x, of ¢ € C*°(R";R) is an
Isolated stationary point.

Let {0}, be a
bounded open cover of
supp(#) such that O,
contains precisely one
stationary point of .

supp ()
Partition of unity: =" ;v = 1 on supp(u) and 1 € C°(O;; [0, 1]).

N N
Lo(\) =) - i (X)u(x)e? ) de = "Ly, o (N), uty € C2(0)),
j=0 Jj=0

Can assume: ¢ has precisely one stationary point in supp(u).
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Special Case: Quadratic Forms

The Morse Lemma inspires us to consider the case ¢ = (-, A-),
where A is a real, symmetric and invertible n x n-matrix.
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Special Case: Quadratic Forms

The Morse Lemma inspires us to consider the case ¢ = (-,A-),
where A is a real, symmetric and invertible n x n-matrix.

Let A be a real, symmetric and invertible n x n-matrix. Then for
allu € C*(R"), A > 0 and all integers k > 0 and s > 7 we have

k—1

> (D,A™'DYu(0) | _s_;
L (g (M) — (det( ) o an
j=0
<a( S b,
— )\ Y
|| <s+2k

where D = 1(dy,...,0,).

Proof: On the blackboard
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Principle of Stationary Phase

Let u € C2°(R") and consider a ¢ € C*°(R"; R) with precisely
one stationary point xy, € supp(u), which is non-degenerate.
Then for all A > 0 and all k € N we have

IS

k—1
o) — ) 37 Tu(0)A 5] < G A4
j=0

where T; is a differential operator of order 2; with
C>°-coefficients.
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one stationary point xy, € supp(u), which is non-degenerate.
Then for all A > 0 and all k € N we have

IS

k—1
o) — ) 37 Tu(0)A 5] < G A4
j=0

where T; is a differential operator of order 2; with
C>°-coefficients.
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Principle of Stationary Phase

Let u € C2°(R") and consider a ¢ € C*°(R"; R) with precisely
one stationary point xy, € supp(u), which is non-degenerate.
Then for all A > 0 and all k € N we have

k—1
g ) — €290 3™ TN < G h 1%
j=0

where T; is a differential operator of order 2; with
C>°-coefficients.

Proof: Let H : V — U and £ be as in the Morse lemma.

Choose x € C2°(V) with v h
x = 1 near xy. M
supp(x)
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Principle of Stationary Phase (proof)
Then
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Principle of Stationary Phase (proof)

Then
Lo (N)
/V 3000 (140) () i+ / MPO[(1 = x)u) (x) d
_ /U eirp o H” (xu) o H ™' (x) |detJH " (x)|dx + L —y)u,0(A)
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Principle of Stationary Phase (proof)

Then
Lo (N)
/V 3000 (140) () i+ / MPO[(1 = x)u) (x) d
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Principle of Stationary Phase (proof)
Then

o)
/ NP0 () (x) e+ / XP[(1 = x)u](x) dx

/ P (p0) + 080 (vig) o H ™ (x) [detdH " ()] dx + (1 — o (A)
U

:'\4
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Principle of Stationary Phase (proof)
Then

o)
/ NP0 () (x) e+ / XP[(1 = x)u](x) dx

./ e (p0) + (v, €x)) w) o H ' (x) [det/H " (x) | dx + L1 —yyup (V)
U

:'\4
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Principle of Stationary Phase (proof)
Then

o)
/ NP0 () (x) e+ / XP[(1 = x)u](x) dx

./ M@M®+@5@M w) o H ' (x) [det/H " (x) | dx + L1 —yyup (V)
U _/

— fu(x)€ C= (R)

:'\4
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Principle of Stationary Phase (proof)

Then
Lo (N)
/ NP0 () (x) e+ / XP[(1 = x)u](x) dx
V n
/ iIX (p(x0) 4+ (x, Ex)) fu(x) dx + I(l—x)u,go()‘)
U
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Principle of Stationary Phase (proof)

Then
Lip(N)
:/ ™0 (xur) (x) dx + / e I(1 — x)u] (x) dx
V n
_ /U &) (9(x0) + (x, Ex)) £.(x) dx + 11—y, (A)

— eiASO(XO)Ifu7<"g'> ()\) —|_ I(I_X)u790()\)
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Principle of Stationary Phase (proof)
Then

Lo (A) = eP0OL ey (A) + 11—y )ue(N)
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UNIVERSITY OF COPENHAGEN FACULTY OF SCIENCE

Principle of Stationary Phase (proof)
Then

Lo (A) = eP0OL ey (A) + 11—y )ue(N)

so by setting Tju = (det(£)) ? {2 "(‘:4;)1,.?% and letting s be the
smallest integer > 5 we get

n

k—1
Lo (V) = ) 3 Tu(0)A =57
j=0

T
p—

S Ifu7<75>()\) o T}M(O) )\_%_J‘ —I_ }I(l_X)uago()\)|

~.
I
o
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Principle of Stationary Phase (proof)
Then

Lo (A) = eP0OL ey (A) + 11—y )ue(N)

S0 by setting Tu = (det(£)) ™+ 6%

smallest integer > 5 we get

and letting s be the

n

k—1
Iu,go()\) B eiASD(xo) Z le/t(()))\_ﬁ_j‘
=0

ey — (det(£))

Tl

— (D,£7'DY£,(0)

(4}

<

e E RN

I
o

J
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Principle of Stationary Phase (proof)
Then

Lo (A) = eP0OL ey (A) + 11—y )ue(N)

S0 by setting Tu = (det(£)) ™+ 6%

smallest integer > 5 we get

and letting s be the

n

k—1
Iu,go()\) B eiASD(xo) Z le/t(()))\_ﬁ_j‘
=0

EN\ i~ (D,ET'DVE0) . _,_.
_ _ ’ u —5J
< |l ) = (det( ) > A7 1 (V)]
SGIETIET DY DYl AT T+ AT

|| <2k—+s
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Principle of Stationary Phase (proof)
Then

Lo (A) = eP0OL ey (A) + 11—y )ue(N)

S0 by setting Tu = (det(£)) ™+ 6%

smallest integer > 5 we get

and letting s be the

n

k—1
Iu,go()\) B eiASD(xo) Z le/t(()))\_ﬁ_j‘
=0

EN\ i~ (D,ET'DVE0) . _,_.
_ _ ’ u —5J
< |l ) = (det( ) > A7 1 (V)]
SGIETIET DY DYl AT T+ AT

|| <2k—+s
S Ck,n,u,go A2 K
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The simplest asymptotic expansion of 7, ,(\)

Remembering the definitions of T;u and f,,

Tou = (det(i))—% (D, (i)Jl')>f

Tl

and

fu=[Oxw) o H '] - |detyH™!

Y

we see that

rou(0) = (det(£))

=

£u(0) = (det(i))_% det/H " (0)] u(xo)

Tl
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The simplest asymptotic expansion of 7, ,(\)

Remembering the definitions of T;u and f,,

B EN\ 2 (D, E7IDYY,
L= (det(ﬁ)) (4i)]!
and
fu=[Oxw) o ”H™'] - |[detyH ™',
we see that
EN\ 3
TQM(O) = (det(E)) fu(O) = C(al.ajcp(x()))ij u(xo)
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The simplest asymptotic expansion of 7, ,(\)

Remembering the definitions of T;u and f,,

tu= (0 (7)) G
and
fu=[Oxw) o ”H™'] - |[detyH ™',
we see that
Tou(0) = (det<%>)_%fu(0) = C(8:810(x0)); u(xo)
SO

Lo (N) = Co,010000)5 € u(x0) A2 | < CpupA ™27
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Final remarks

Topics for further studies
e Considering 7, ,(\) with complex A or complex ¢,
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Final remarks

Topics for further studies
e Considering I, ,(\) with complex A or complex ¢,
e Removing smoothness assumptions on u and ¢,
o Allowing degenerate stationary points of ¢ on supp(u).
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Whﬁm m=1 anct c{? "'Ld e /frpmue,

ARG gu('x) e zl" d?c = am(’/\\
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