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Contact / friction

Cracks

nonsmooth solutions: 
adaptive methods for nonlocal operators

Obstacles
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Nonlocal operators: recent and classical

  

Recent: 
Nonlocal physics

Classical: 
Reduction of 
local physics

Estrada, HG, Painter, SIAP 2018

Estrada, HG, draft 2018

Estrada, HG, Painter, SIAP 2018Estrada, HG, Painter, SIAP 2018

Banz, HG, Nezhi, Stephan, 
Comput. Mech. 2016

Estrada, HG, Painter, SIAP 2018
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Wave scattering off a crack: singular stresses

Crack problem ∼ −(−∆)−1/2u = f
Ωc = R3 \ ([−1, 1]2 × {0}), f = sin(t)5 on [−1, 1]2 × {0}.
solution near corner r−0.703..., solution near edge r−0.5...
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Wave scattering off a crack: error of numerical solutions

Crack problem ∼ −(−∆)−1/2u = f
Ωc = R3 \ ([−1, 1]2 × {0}), f = sin(t)5 on [−1, 1]2 × {0}, 0 < t < 0.5.

error ‖u(x0, t)− uh,∆t(x0, t)‖L2
t
: uniform vs. graded meshes
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HG, Meyer, Özdemir, Stark, Stephan, Numerische Mathematik 2018.
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Adapted meshes for real problems
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Steady state of fractional diffusion

−(−∆)1/10u = 1

Ω = {|x| < 1}.

Exact solution: u(x) = (1− |x|2)
1/10
+

Uniform vs. graded mesh
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Nonlocal diffusion

Heat equation with fractional Laplacians:

∂tu+ (−∆)su(x) = ∂tu+ cn,s

∫
Rn

u(x)− u(y)

|x− y|n+2s
dy = f(x), s ∈ (0, 1)

Nonlocal model problems of recent interest:
Numerical analysis: Ainsworth, Nochetto, Otarola, Salgado, . . .
Nonlinear PDE: Caffarelli, Figalli, Grubb, Ros-Oton, . . .
Image processing, Financial math, Math biology / ecology, Levy robotics,
. . .

This workshop: Nonlocal operators from ice dynamics.
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Fractional Laplacian

(−∆)su(x) = cn,s

∫
Rn

u(x)− u(y)

|x− y|n+2s
dy, s ∈ (0, 1) .

Careful: This is the generator of the Lévy process and has physical
meaning. Used in probability, PDE, applications.

Recent numerical analysis of (−∆)s: Ainsworth, Glusa (2017),
Nochetto et al. (2017)

Don’t confuse with spectral (−∆)s, the fractional power of the
Dirichlet problem.
Numerical analysis by Otarola, Nochetto and many others (2015 –)
“Dirichlet-Neumann operator” for degenerate Laplace eqn. on
R+ × Ω.
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Fractional contact problems

Heat equation with fractional Laplacian:

∂tu+ (−∆)su(x) = ∂tu+ cn,s

∫
Rn

u(x)− u(y)

|x− y|n+2s
dy = f(x), s ∈ (0, 1)

Obstacle problem: (see also Nochetto et al., Otarola–Salgado . . . )

Ω

u

χ

we actually consider general contact conditions (non-penetration, friction)
of relevance from nonlocal materials to image processing
in preparation with J. Stocek
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Fractional contact problems

Heat equation with fractional Laplacian:

∂tu+ (−∆)su(x) = ∂tu+ cn,s

∫
Rn

u(x)− u(y)

|x− y|n+2s
dy = f(x), s ∈ (0, 1)

we actually consider general contact conditions (non-penetration, friction)
of relevance from nonlocal materials to image processing

Numerical analysis: Otarola and Salgado (SINUM 2016)
Nonlinear PDE: Figalli and Caffarelli (J. Reine Angew. Math. 2013),
Begonas, Figalli, Ros-Oton (Inventiones 2017), . . .
Imaging: Osher, Schönlieb, . . .
Financial math: Merton (J. Finan. Econ. 1976)
Mathematical Biology: Carrillo (2018)
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Variational formulation

−(−∆)su = f in Ω

u = 0 in Rn \ Ω

Find u ∈ Hs
0(Ω) such that for all v ∈ Hs

0(Ω)

cn,s
2

∫∫
Rn×Rn

(u(x)− u(y))(v(x)− v(y))

|x− y|n+2s
dy dx =

∫
Ω
v(x)f(x)dx

unique solution
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Discretization

T = ∪Mi=1Ti triangulation (quasi-uniform or graded)

Vh piecewise polynomial functions of degree p on Γ = ∪Mi=1Ti
(continuous if p ≥ 1)

usually p = 1, Ṽh subspace vanishing at boundary
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Discretization

Variational formulation: Find uh ∈ Ṽh such that for all vh ∈ Ṽh

cn,s
2

∫∫
Rn×Rn

(uh(x)− uh(y))(vh(x)− vh(y))

|x− y|n+2s
dy dx =

∫
Ω
vh(x)f(x)dx

unique solution

For the heat equation ∂tu+ (−∆)su = f : dG(q) in time (q = 0 implicit
Euler).
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Singularities and graded meshes

−(−∆)su = f in Ω

u = 0 in Rn \ Ω

Theorem (folklore, Ros-Oton–Serra ’14, Grubb ’15)

Let s 6= 1
2 , Ω suff. smooth, f ∈ L∞(Ω).

Then u(x)
dist(x,∂Ω)s ∈ C

α(Ω) for some α > 0.

Logarithmic corrections for s = 1
2 .

Corollary

Quasi-optimal convergence on β-graded meshes:

‖u− uh‖Hs . hmin{βs, 3
2
}−ε .

radial nodes of β-graded mesh on unit disk: rj = 1−
( j
N

)β
, j = 1, . . . , N .
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Numerical experiment: −(−∆)su = f

Ω = {|x| < 1}. f = 1, s = 1
2

Exact solution: u(x) = (1− |x|2)s+

Uniform vs. graded mesh
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Convergence: −(−∆)su = f

{
(−∆)s u = 1 in Ω = B1

u = 0 in Ωc.

Exact solution: u(x) = (1− |x|2)s+

Convergence rates for s = 1
2

1
2 (uniform), 1 (graded)
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Numerical experiment: −(−∆)su = f

Ω = {|x| < 1}. f = 1, s = 1
10

Exact solution: u(x) = (1− |x|2)s+

Uniform vs. graded mesh
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Time-independent Obstacle Problem

Ω

u

χ

Let f ∈ H−s(Ω), χ ∈ Vh, χ ≤ 0 on ∂Ω.
Find u ∈ Hs

0(Ω), u ≥ χ, such that for all v ∈ Hs
0(Ω) with v ≥ χ

〈(−∆)su, v − u〉H−s,Hs ≥ 〈f, v − u〉H−s,Hs .

a(u, v − u) ≥ f(v − u),

Discretized weak form: Find uh ∈ Ṽh, u ≥ χh, such that for all vh ∈ Ṽh
with vh ≥ χh

a(uh, vh − uh) ≥ f(vh − uh),
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Computable error estimates (time-independent)

Theorem

Let uh ∈ Vh be the discrete solution of problem and U ∈ Hs be the
solution of the associated linear problem. Then

‖u− uh‖Hs ≤ ‖U − uh‖Hs + ‖σh − σ+‖H−s + 〈σ+, uh − χ〉
1
2 .

Using the local a posteriori estimator:
(Classical)

‖u−uh‖Hs .

√∑
T∈Sz

h2s‖σh‖2L2(T )
+ ‖σh − σ+‖H−s + 〈σ+, uh − χ〉

1
2

 .

(Nochetto et al 2010)

‖u−uh‖Hs .

 ∑
z∈Ph\Ch

h2s‖(σh − σh)Λz‖L2(Sz) −
∑
z∈Fh

σh〈uh − χ,Λz〉

 1
2
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Computable error estimates (time-independent)

Using the local a posteriori estimator:
(Classical)

‖u−uh‖Hs .

√∑
T∈Sz

h2s‖σh‖2L2(T )
+ ‖σh − σ+‖H−s + 〈σ+, uh − χ〉

1
2

 .

(Nochetto et al 2010)

‖u−uh‖Hs .

 ∑
z∈Ph\Ch

h2s‖(σh − σh)Λz‖L2(Sz) −
∑
z∈Fh

σh〈uh − χ,Λz〉

 1
2

Note that RHS is computable. This can be used as an error indicator for
adaptive algorithm.

H. Gimperlein (Heriot-Watt) Adaptive Finite Elements: Nonlocal Problems Edinburgh 2018 19 / 43



Adaptive algorithm in practice

1 Start with coarse grid: (∆x)i = h0 ∀∆i

2 Solve Finite Element problem

3 Compute error indicator η(∆i)

4 η(∆i) > δηmax =⇒ refine

5 GO TO 2.
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Computable error estimates (time-dependent)

Residual:
σkh = δukh + (−∆)sukh − fk

Theorem

‖u(tN )− uNh ‖2L2(Ω)

+

∫ T

0
‖u− uh‖2Hs + ‖u− uh‖2Hs + ‖∂t(u− uh) + (σ − σh)‖2H−sdt

. ‖u0 − u0
h‖2L2(Ω) +

∑
k

τk‖ukh − uk−1
h ‖2Hs

+
∑
k

τk

∑
z∈Ph

h2s‖(σkh − σkh)Λz‖2L2(Sz) −
∑
z∈Fh

σh〈ukh − ξ,Λz〉
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Time-dependent Obstacle Problem

Ω

u

χ

Let f ∈ L2(0, T ;H−s(Ω)), χ ∈ Vh,τ , χ ≤ 0 on ∂Ω.
Find u ∈ L2(, 0, T ;Hs

0(Ω)), u ≥ χ, such that for all v ∈ L2(0, T ;Hs
0(Ω))

with v ≥ χ
〈∂tu, v − u〉+ 〈(−∆)su, v − u〉H−s,Hs ≥ 〈f, v − u〉H−s,Hs .

〈∂tu, v − u〉+ a(u, v − u) ≥ f(v − u),

Discretized weak form: Find uh ∈ Ṽh,τ , u ≥ χh, such that for all

vh ∈ Ṽh,τ with vh ≥ χh
〈∂tuh, vh − uh〉+ a(uh, vh − uh) ≥ f(vh − uh),
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Mixed Formulation

(−∆)su− f ≥ 0,

u− χ ≥ 0,

((−∆)su− f)(u− χ) = 0, a.e. on Ω.

Let h ∈ H−s(Ω).
Find (u, λ) ∈ Hs

0(Ω)×H−s(Ω)+ such that{
a(u, v) + b(λ, v) = 〈f, v〉
b(µ− λ, u− χ) ≤ 0,

for all (v, µ) ∈ Hs
0(Ω)×H−s(Ω)+.

The mixed formulation is equivalent to the original variational inequality.
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Computable error estimates – time-independent obstacle
problem

Theorem

Let (u, λ), (uh, λh) be solutions of the continuous and discrete problem,
respectively. Let R := f − (−∆)suh. Then

‖u−uh‖2Hs +‖λ−λh‖2H−s .
∑

z∈Ph\Ch

h
2s+d− 2d

p ‖R−Rz‖2Lp(Sz) +
∑
z∈Fh

szdz,

where dz = 〈uh − χ, φz〉, and sz = 〈R,φz〉
〈1,φz〉 for z ∈ Ph ∩ Ω.
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Adaptive algorithm in practice

1 Start with coarse grid: (∆x)i = h0 ∀∆i

2 Solve Finite Element problem

3 Compute error indicator η(∆i)

4 η(∆i) > δηmax =⇒ refine

5 GO TO 2.
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Convergence of adaptive method
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Computable error estimates – time-dependent obstacle
problem

Theorem

Let (u, λ), (uh, λh) be solutions of the continuous and discrete problem,
respectively. Let R := f − (−∆)suh − ∂tuh. Then

‖(u− uh)(T )‖2L2(Ω) +

∫ T

0
‖u− uh‖2Hs(Ω) + ‖(λ− λh)‖2H−s(Ω)dt+

M∑
k=1

. ‖u0 − u0
h‖2L2(Ω) +

M∑
k=1

τk‖ukh − uk−1
h ‖2V

+

M∑
k=1

τk

∑
z∈Ph

h2s‖(Rk −Rkz)φz‖2Lp(Sz) −
∑
z∈Fh

skz〈ukh − χ, φz〉

 ,
where skz is defined as for the elliptic obstacle problem.
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Adaptivity: time-dependent obstacle problem
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BEM for ∆: Green’s function G / single-layer ansatz

Fundamental solution G(x) = electric potential of a point charge:

R2 : −∆

(
1

2π
log(|x|)

)
= δ(x) , R3 : −∆

(
1

4π|x|

)
= δ(x) .

Single layer ansatz / potential

u(x) = Sφ(x) :=

∫
Γ
G(x− y) φ(y) dsy, x ∈ Rd \ Γ,

is continuous and solves Laplace equation on Rd \ Γ: −∆u = 0.

Dirichlet problem

∆u = 0 in Ω, u = f on Γ = ∂Ω

⇐⇒ Vφ(x) :=

∫
Γ
G(x− y) φ(y) dsy = f(x) , x ∈ Γ

Note V ' (−∆)−1/2. W ' (−∆)1/2. Many numerical methods adapt.
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BEM for ∆: computable error estimates

Dirichlet problem for u(x) =
∫

Γ
G(x− y) φ(y) dsy

∆u = 0 in Ω, u = f on Γ = ∂Ω

⇐⇒ Vφ(x) :=

∫
Γ
G(x− y) φ(y) dsy = f(x) , x ∈ Γ

Finite element solution φh

〈Vφh, ψh〉 = 〈f, ψh〉 for all ψh ∈ Hh ⊂ H−
1
2 (Γ)
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BEM for ∆: computable error estimates

Theorem (Carstensen–Stephan ’95, Carstensen ’96, 2d)

Ω polygonal domain, f continuous and smooth on each side of Γ

quasi-uniform triangulation of Γ, pw. constant ansatz functions

Rh = f − Vφh
=⇒ ∀s ∈ [0, 1] ∀0 < h < h0 : ‖φ− φh‖H−s(Γ) ' hs‖∂ΓRh‖L2(Γ)
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BEM for waves: computable error estimates

Theorem

Let φh,∆t ∈ H0
σ(R+, H−

1
2 (Γ)) such that

R = ∂t f − V∂tφh,∆t ∈ H0
σ(R+, H1(Γ)) =⇒

‖φ− φh,∆t‖20,− 1
2

.
∑
i,∆

max{∆t, h∆} ‖R‖20,1,[ti,ti+1)×∆

max{∆t, h}‖R‖20,1−ε . ‖φ− φh,∆t‖22,− 1
2

The upper bound is independent of the approximation method: TDBEM,
convolution quadrature, no assumption on mesh.

The lower bound holds on quasi-uniform meshes.
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BEM for waves: computable error estimates

Theorem

Let φh,∆t ∈ H0
σ(R+, H−

1
2 (Γ)) such that

R = ∂t f − V∂tφh,∆t ∈ H0
σ(R+, H1(Γ)) =⇒

‖φ− φh,∆t‖20,− 1
2

.
∑
i,∆

max{∆t, h∆} ‖R‖20,1,[ti,ti+1)×∆

max{∆t, h}‖R‖20,1−ε . ‖φ− φh,∆t‖22,− 1
2

Residual error indicators (RB):

η2(∆, i) = max{∆t, h∆} ‖R‖20,1,[ti,ti+1)×∆

η2 =

∫ ti+1

ti

∫
∆

{[
∂tV φ(ti,x)− ∂tf(ti,x)

]2
+
[
∇TV φ(ti,x)−∇T f(ti,x)

]2}
dSdt
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Adaptivity: Wave Scattering off Triangular Cracks (1)

Vφ = sin5(t) on Γ = 30− 60− 90 Triangle, 0 < t < 2.5.

Compare residual indicators, energy, and sound pressure for uniform /
adaptive mesh refinements.
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Convergence rate h0.45 (uniform), h0.73 adaptive, as for
time-independent problems.
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Adaptivity: Wave Scattering off Triangular Cracks

Vφ = sin5(t) on Γ = 30− 60− 90 Triangle, 0 < t < 2.5.
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Crack problems for waves: Edge and corner singularities

Ωc = R3 \ ([−1, 1]2 × {0}), Vφ = sin(t)5 on [−1, 1]2 × {0}.
solution near corner r−0.703..., near edge r−

1
2
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Crack problems for waves: edge and corner singularities

Time-harmonic waves: (Kondratiev, Dauge, ...)
Solution behaves like

rγ−1 near corner, γ=0.29 for square screen

r−
1
2 near edge.

BEM on graded meshes =⇒ optimal approximation.
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Crack problems for waves: edge and corner singularities

Theorem

a) Solution has same leading singular behaviour as in time-independent
case.

b) Error of best approximation in H0
σ(R+, H−

1
2 (Γ)) = O(hmin{β

2
, 3
2
}−ε).

xj = 1−
(
j
N

)β
, j = 1, . . . , N .
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Wave scattering off a crack: error of numerical solutions

Crack problem ∼ −(−∆)−1/2u = f
Ωc = R3 \ ([−1, 1]2 × {0}), f = sin(t)5 on [−1, 1]2 × {0}, 0 < t < 0.5.

error ‖u(x0, t)− uh,∆t(x0, t)‖L2
t
: uniform vs. graded meshes

10 4 10 5 10 6 10 7

DOF

10 -4

10 -3

10 -2

10 -1

10 0

L 2
 e

rr
or

 in
 ti

m
e

uniform, (1,1,0.004)
β-graded, β=2, (1,1,0.004)
uniform, (0.75,0.75,1)
β-graded, β=2, (0.75,0.75,1)
uniform, (1,1,0.25)
β-graded, β=2, (1,1.25,0.25)

HG, Meyer, Özdemir, Stark, Stephan, Numerische Mathematik (2018).
HG, Özdemir, Stark, Stephan (2018).
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Conclusions for cracks

Analysis & numerics: convergence rates for crack problems
(in degrees of freedom on a 2d crack, error measured in energy norm)

0.5: h-version, uniform

0.77: h-version, adaptive
β
2 : h-version, β-graded, β ∈ [1, 3)

H. Gimperlein (Heriot-Watt) Adaptive Finite Elements: Nonlocal Problems Edinburgh 2018 37 / 43



Coulomb friction: computable error estimate

Theorem

Let F ≥ 0 constant, λt = Fλnξ, ξ ∈ Dirt(ut), where Dirt(ut)
subdifferential of ut 7→ |ut|, and assume F ‖ξ‖ is sufficiently small

‖u− uhp‖2
H̃1/2(ΓΣ)

+ ‖ψ − ψhp‖2
H−1/2(Γ)

+ ‖λkq − λ‖2
H̃−1/2(ΓC)

.
∑

E∈Th|ΓN
hE
pE

∥∥f − Shpuhp∥∥2

L2(E)
+
∑

E∈Th|ΓC
hE
pE

∥∥λkq + Shpu
hp
∥∥2

L2(E)

+
∑

E∈Th,Γ hE
∥∥ ∂
∂s

(
V ψhp − (K + 1

2)uhp
)∥∥2

L2(E)
+

〈(
λkqn
)+

,
(
g − uhpn

)+
〉

ΓC

+

∥∥∥∥(g − uhpn )−∥∥∥∥2

H1/2(ΓC)

+

∥∥∥∥(λkqn )−∥∥∥∥2

H̃−1/2(ΓC)

+

∥∥∥∥(|(λkq)t| − F(λkq)+
n

)+
∥∥∥∥
H̃−1/2(ΓC)

−
〈(
|(λkq)t| − F(λkq)+

n

)−
,
∣∣∣(uhp)t∣∣∣〉

ΓC

−
〈
λkqt , u

hp
t

〉
ΓC

+
〈∣∣∣λkqt ∣∣∣ , ∣∣∣uhpt ∣∣∣〉

ΓC
.
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Coulomb friction: displacement and forces

(a) Reference (circle), deformed
(square)

−0.5 0 0.5
−0.1

−0.05

0

0.05

0.1

0.15

0.2

0.25

(b) λn (cross), λt (dot)

Figure: Solution of the Coulomb-friction problem, uniform mesh 256 elements,
p = 1 (GLL/Bernstein)
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Coulomb friction: Error estimator vs. γ0

Ω = [−1
2 ,

1
2 ]2, ΓC = [−1

2 ,
1
2 ]×

{
−1

2

}
, ΓN = ∂Ω \ ΓC

Elasticity parameters E = 5, ν = 0.45, friction coefficient 0.3.

tside =

(
−10 sign(x1)(1

2 + x2)(1
2 − x2) exp(−10(x2 + 4

10)2)
7
8(1

2 + x2)(1
2 − x2)

)
ttop =

(
0

−25
2 (1

2 − x1)2(1
2 + x1)2

)
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Coulomb friction: meshes
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Figure: Adaptively generated meshes (Coulomb friction)
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Coulomb friction: error of h- and hp-adaptive methods
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uniform h, p=1, GLeL
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hp−adaptive, δ=0.5, GLL
hp−adaptive, δ=0.5, Bernstein
hp−adaptive, δ=0.5, GLeL
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Conclusions

Nonlocal operators with contact and in singular domains
choice of adapted meshes:
graded meshes for simple cracks, adaptive for complex problems

Example: Adaptivity and mesh refinements
for nonlinear fractional contact problems

Adaptivity: waves + elasticity
(for today no coupling to local problems)

HG, J. Stocek, Space-time adaptive finite elements for nonlocal parabolic
variational inequalities, in preparation.

HG, F. Meyer, C. Oezdemir, D. Stark, E. P. Stephan, Boundary elements with
mesh refinements for the wave equation, Numer. Math. (2018).

L. Banz, HG, A. Issaoui, E. P. Stephan, Stabilized mixed hp-BEM for frictional
contact problems in linear elasticity, Numer. Math. (2017).

See also http://www.macs.hw.ac.uk/∼hg94.
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