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Acoustic wave transmission problems in frequency domain

Geometric setting:

Qy

I'n

Qo

Q C R3 bounded Lipschitz domain with boundary T,
1 UT Uy subdomains and jump interface,

[ =TpUTlNUT}: Dirichlet-, Neumann, impedance part of the boundary,
F1 = 891 and F2 = 892.
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Assumption on the coefficients

Assumption. For 5 = 1, 2, the coefficients in the PDE satisfy

1. A; € L% (Q;, R3S,

2. pj € L% (),

3. s Cog:={C € C|Re( >0} and |s| > sq for some sg > 0.




Goal:

Introduce a transform of the PDE to an integral equation on the skeleton
> = 0f21 U 0€25 such that

a) the resulting skeleton equation is coercive and elliptic,

b) the explicit knowledge of a fundamental solution/Green’s function is not
required.

Remark: There are many approaches to transform boundary value problems
to integral equations:

a) direct/indirect method

b) first kind/second kind integral equation

c) scalar equation/symmetric coupling/non-symmetric coupling

and the proof of well-posedness can be a subtle issue.



Abstract layer potentials:

Sesquilinear forms:

¢:HY(Q) x HL(Q) — C £(s) (u,0) := (AV, Vo) s+ (pjs?u, @) o

Ej:Hl(Qj)XHl( -)—>(C £ (s) (u,v) —<A Vu, Vv> +<pjs2u,@>ﬂ.

.7 J




Coercivity and continuity of £(-,-), £; (-, )

Lemma (Bamberger/Ha-Duong 1986), . For j = 1,2 and p := s/ |s]| :

£(s) (v, w)| < Af|vllrs.g llwlligs, Re £ (s) (v, ) 2 ANEE 0[5,

wijj;S Re Ej (S) (’Uj, ,u’Uj> )\|:TG|S

£ (5) (w5 05)| < Aflesg. il

with
| Ai=min{\(p),\(A)} and A:=max{A(p),A(A)}.

1/2
lollge = (IV0l320q) + I lwl32igy)




Associated operators:

L: H (R3) — H~1(R?) (Lu) (v) == £(u,v),

L+ HY (R3) — H~1(R3), (Lju) (v) == ¢ (u|Qj , U|Qj) ,

o (R%) i= {w e ' (R%) s wir, = 0} ;! (R?) o= (Mo (R%))'

Lp,; (s) : HY (Q;) — H; ™ (R3) (Lpy; () v,w>R3 = £;(s) (v, w|Qj)

Vw € Hiy (R3).




Corollary. The operator Lp.; (s) applied to functions v € H (Qj,Aj) C
H1 (Qj> is the piecewise application of the differential operator in £2; :

— div (Ava) —|—ij2@ in €,

o (0= { Rha

Remark. Since the PDE has zero right-hand side, the solution satisfies u; €
H1 (Qj, Aj). The operator form of this equation is given by

I—D;j (S) uj =0 in Q], j — 1,2.




Layer potentials:

a) Single layer potential

We employ the approach by A. Barton, Elect. J. Diff. Eq., 2017, for our
setting.

Definition. The solution operator (acoustic Newton potential) N (s) :
H-1 (R3) — H1 (R3) Is given by the relation

((s)(N(s) f,w) = (f,W)ps  Vfe H1(R3), vwe H!(R3).




Lemma. The Newton potential is a left inverse of L (s), i.e.,

v=N(s)oL(s)v=N(s)oLi(s)v+N(s)ola(s)v Vve H!(R?

and satisfies the estimate

IN(5) flls.s < o 1oy, VS € B (R3).




Definition. For j = 1,2 and ¢ € H~1/2 (I'j) the single layer potential
S;(s): H~1/2 <Fj) — H1 (R3) is given by

Sj(s) ¢ = N(s) (135 (5)) .

Alternative definition:

Lemma. For ¢ € H1/2 (Fj), it holds S; (s) ¢ € H! (R3> and

¢ (s) (Sj (s) go,v> = <g0,'yD;j (s) @>r_ Vv € H1 (R3) :

J




b) Double layer potential.

Definition. Let o € HY/2(I') and f € H1 (R3> such that yp.; (s) f = &.

Then, the double layer potential D; (s) : H1/2 (Fj> — H1 (Qj> x H1 <Qj/)

(with 7/ := 3 — 7) is given by

D; ()¢l = = Fla, + (N()L; () f)], -

J

Dj (5)¢lq = fla, = (N()Li () f) g -

J




These abstract potentials satisfy the homogeneous PDE:

Lemma. Forany o € H-1/2(T.), v € HY2 (T ) it holds for j, m € {1,2
J J

Lp;j (5) Sm (s) ¢ = Lp;; (s) Dm (s) ¢ = 0.

Lemma (Green’s representation formula). Let u € H1 (Qj,Aj) and
Lp.;(s)u = 0. Then, the Green's representation formulae hold

w=(S;(5) 75 (s)u = Dj () 1055 () u)| -

0= (Sj () va () = Dj () 30y (3w -




Lemma. For any ¢ € H1/2 (I'j> and ¢ € H1/2 (I'j) the jump relations
hold:

(5e)oy@=0 |

(S (s) SO)LM (s) = —¢,

(D) 9)]y ) =v,  [(Dj()v)], (s)=0.




Calderén operators:

The application of the Cauchy trace to Green's representation formula results
in the Calderdn identity on the domain skeleton.

Definition. For j = 1,2, the skeleton operators are given by

Vj(s): H-Y2(T;) — HY2(T;)  Vj(s)e = {S;(s) ¥} (),
K (s) : HTV2(T5) — HZV2(05) 0 K () @ 1= S () ehays (),

Wj (S) : H1/2 (Fj> — H_1/2 (rj) Wj (3) ¢ ‘= _{Dj (S) w}A;j (S) )




Cauchy traces and multi-trace space

X; = HY2 () x HY2(I}) forj=1,2

Xmult.— X, x X, multi trace space

Remark: The mulit-trace space is multivariate on the interfaces.



Definition. The Calderén operator C (s) : Xmult _, X mult js

C(s) :=diag [Cj(s) : j = 1,2] with C;(s):= [\7\/*;](8()8) :%8]

The sesquilinear form ¢ (s) : Xmult 5 Xmult _, C associated to the operator
C(s) —3ldis

2 1 VN
» _ —§Q§D — K‘7 (s) op _|_Vj (s) PN ) ( PN, >>
() (¢, ) : ;1<< W, (s)¢p —30n+ Ki(s)en )"\ ¥p )/

J




Multi trace and single trace formulation of the transmission problem:

Multi-trace formulation of original transmission problem (see Claeys et al., '15):

Find:

ymult _ (u;nult)2:1 _ <(ur|51;1jlt7url{l1;l}lt))2.:1 c Xmult
such that: ! !
(Cj(s) = 3ldj)umit=0  inQ; j=1,2

um™t =180

mult _
up.; = BD-"
Dij Ir;nrp JIr,nrp i=1.2.
3 :BN;j‘F r
/NN jOIN




Final step, the single-trace formulation:

A single trace formulation is obtained if the transmission conditions are
incorporated into the multi trace space Xmult,

Advantages:

1) The sesquilinear form c(s) (-, -) is coercive on Xgngle X Xgingle (but not
on Xmult o Xmult)_

2) The functions on the interfaces become single-valued.



Definition (single trace space)

\

( ( HUEHl(Q) }: wD_.:,yD_,,U
single . _ mult s.t. Vj € {1,2} 'J J
X = € Xmult | _ g
dw € H (Q,div) | " --=<wn->
\ | st V5 e{1,2} - YNy » 115 |
: ( _ wD;j ' =0
X(s)mgle — ,lp c Xsmgle | \V/j c {172} : ‘FJHFD L
AN wN,]‘r]mrN —

\




Set usingle .— ( mult 5;) and observe that usigle satisfies

(Cj(s) — 31d;) uj.‘"g'e =—(Gi(s)—31d;)B; InQ; =12

[usingle} = 0

single
UD;j
smgle

[ OFD

1,2.

.
I

‘F ﬂFN

This implies that usingle ¢ Xgmgle.



Variational form of the non-local skeleton problem in the single trace space:

Find usingle ¢ Xgingle such that

c(s) (usingle, o) = —c(s) (B,9) Vi € Xge©.

Set u;T‘Ult .= usi"8le 1 3 5o that Green's representation formula yields

uj = (Sj (s) url{l‘;‘;.lt —D; (s) ug“;lt) |Qj j=1,2.

The function u = (uj)éﬂl € H (€2, A) finally solves the original transmission
J:
problem.



Frequency explicit coercivity and continuity estimates:

Lemma (Florian, Hiptmair, STAS, 2022). The layer potentials and skeleton

operators satisfy the coercivity and continuity estimates:

Continuity of layer potentials:

155 (5) g, < Cikes Il gr1r2r vo e HV2(T),

HD] (S)wHHl(R?’\rj);s %F\l— ||¢||H1/2(r ) Vi € H1/2 ( )




Coercivity of skeleton operators:
Res \ 2 —1/2 (.
Re (0, V; (5) ) = i e llelfaar ) Ve e HT2(T;),

Re <Wj (S)¢>@> > Cﬁ;)‘ ||¢||H1/2(r ) Vi € H'/2 (rj) ’

Continuity of skeleton operators:
" 5| ~1/2
<Vj (s) 907¢>rj < C% H90||H—1/2(|—j) ”¢HH—1/2(FJ-) Ve, € H-1/ (rj> :

K el y-1rr,y < OAlRe

1/2(|- ) Vi € H—1/2 (I'J) ,

K (8)¢Hﬂl/2(rj) = /A\

Vi € HY2 (T ),

2
< AL Wl y Il grisary Voot € HY2 (1))

(W; (5) %, ¢>r




Well-posedness of single-trace formulation:

Theorem.

a) The sesquilinear form c(s) (-, ) : Xf)ingle X Xgi"gle — C is
continuous: for any a € Xg'ngle and 1, p € XMult it holds

coercive and

A R 2
Rec(s) (o, x) > CTIA2 ’Se‘és ol

() (0, 8) < (3 + CHAEL) 19l 91l




b) Forany 3 € Xmult the variational skeleton problem has a solution usi"gle ¢
X(S)'ngle which is unique and satisfies

l

single

u <ol 8)
X = 7 (Res)? "X~

Proof: Florian, Hiptmair, STAS, 2022.
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All my best wishes,
Ernst,

for the future!




