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Abstract This paper presents a space-time BEM-BEM coupling strategy, based on
the Poincaré-Steklov operator, to approximate elastodynamics problems defined on
bidomains having different material properties. This strategy can be conceived as
a non-overlapping domain decomposition approach, where continuity of displace-
ments across the transmission interface is strongly enforced, while equilibrium of
tractions is only weakly imposed. Some preliminary numerical results for a simple
bidomain configuration will be shown.

1 Introduction

Boundary Element Methods (BEMs) for hyperbolic problems treated in time do-
main have recently reached several advancements in different directions: space-time
mesh adaptivity, applications to nonlinear contact problems, 3D simulations (see
e.g.[2,3,5,6, 4,16, 17]).

Moreover, let us remember that they have been successfully applied in seismology,
in particular for the study of the soil-structure interaction [23], in acoustics [20, 9]
and in the analysis of the electromagnetic scattering [12], taking advantage of di-
mensionality reduction and of the implicit enforcement of radiation conditions at
infinity.
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When one deals with regions having different material properties (e.g. layered soils)
or even different physics (e.g. in solid-fluid coupling) domain decomposition is
needed. In this framework, problems are often dealt with using numerical approaches
which essentially combine the well-known advantages of the Finite Element Method
(FEM) or, more recently, of the Virtual Element Method (VEM), with BEM (see
e.g. [25,13,22,1, 11, 21, 26, 18, 19, 14]).

On the other hand, domain decomposition can be entirely performed with a BEM
approach (see e.g. [27, 10, 15, 24]), and this is the point of view considered in
this paper. The advantage of the BEM is that it provides a natural treatment of the
interface: the continuity and compatibility conditions that have to be satisfied on the
interface respectively by the primal unknown function and its spatial derivative can
be simply incorporated because they both appear directly in the boundary integral
formulation.

This paper presents a space-time BEM-BEM coupling strategy, based on Poincaré-
Steklov operator, to approximate elastodynamic problems defined on bidomains hav-
ing different material properties. This strategy can be conceived as a non-overlapping
domain decomposition approach, where the continuity for the displacement across
the transmission interface is strongly enforced, while, differently from [8] where
acoustic wave propagation was taken into account, the equilibrium for tractions is
only weakly imposed. The proposed approach, here applied to a 2D model problem,
can be easily generalized to the 3D case.

The paper is structured as follows: in Section 2 the differential model problem is set
up, together with its weak reformulation, while in Section 3 the boundary integral
representations of the Poincaré-Steklov operator are illustrated. The discretization
phase is described in Section 4 and some preliminary numerical results for a simple
bidomain configuration are reported in Section 5.

2 Differential model problem and its weak formulation

Let us consider a wave propagation problem, in absence of external forces, in a
piecewise homogeneous linear elastic body, like the one represented by the bidomain
Q= Q,UQ, c R?shownin Fig. 1, where the two domains Q;, j = 1, 2, are separated
by a transmission interface F{ = Fé =: I'!. Moreover, the boundary of each Q; is
constituted by the union of three disjoint portions, i.e. 3Q; =T% U7 U =: T;.

The time dependent deformation of each domain € in the time interval (0, T'], for
T > 0, is described by the Navier-Lamé equations for the corresponding displacement
fields u;(z,x):

V'O‘j(llj)—gjﬁJ':O in(O,T]ij,jzl,Z. @)

Here, an over dot denotes the derivative withrespect to time variable, o j represents
the homogeneous mass density of Q; and o (u;) is the Cauchy stress tensor, defined
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Fig. 1 Example of bidomain.

by
O'J'(llj) = QJ'(CI%J - Zcéyj) (V . llj)[ + Qjcéyj (Vul + Vll;—) ,
where the pressure and shear velocities are denoted by cp ;, cs, ;. We will consider

trivial initial conditions for u; and i, while the following mixed boundary conditions
will be assigned:

u; =0, on (O,T]xl“;.‘ )
p; =f;, on (O,T]xl“f. 3)

Dirichlet condition (2) implies no movement of the elastic bodies along F}.‘. Neumann
condition (3) involves the elastic traction fields whose definition over (0, 7] and the
entire boundary I'; is

pj = O'j (uj)‘l'j l’lj . (4)

being n/ the outward-pointing unit normal vector to I'; (see Fig. 1).
The transmission conditions assigned on the interface, along the whole time interval
of analysis, describe a rigid connection between € and Q;:

u-u=g on (0,7]X r! ®))
pi+p2=f, on (0,7]xT". (6)

Data g = 0 and f = 0 correspond to the classical continuity of displacements and
equilibrium of tractions, while general g, f allow to model a fixed, rigid relative
displacement or a surface force applied at the interface. For the sake of simplicity,
in the sequel we will consider g = 0.

The differential model will be set in a weak boundary integral formulation, by means
of the Poincaré-Steklov operator S; on (0,T] x I';, defined by

Sj (“j|rj) =p)- )
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where u; is the solution to the elastodynamics equation (1) in (0, 7] x€;. The traction
p; in the last equality was defined in (4). To simplify the notation, the subscript |r;
in the argument of the operator S is omitted whenever it is clear from the context.
Moreover, the weak formulation, based on an energy approach developed in [7] for
elastodynamics, involves weighted L? inner product in space and time, defined by

T
(@ Vor,. 0.1 = /0 /r Q%) - ¥(1, ) dys dt.
J

Note that the space domain of the inner integration may also be replaced by a subset
F} C I'; of the boundary, when relevant.

In the above framework and considering space-time anisotropic Sobolev spaces
typically used in the context of wave propagation (the interested reader is referred to
the Appendix in [6] for more details), having set

C:={(vi:(0,T]xT} = R%vy: (0,T] x T2 — R?)|v; € H'([0,T], H/*(T)))?,

v; =0 ae.on (0,7T] XF;‘, vi =vy ae.on (0,7T] XFI},

problem (1)-(6) in the unknowns u; in (0, T'] X Q; is equivalent to the following one
foru; on (0,7] xI;:

given f; € H*([0,T], A~V>(I7))* and f € H*([0,T], H™'/>(T"))?, find (w1, w2) €
C such that for all (vi,v) € C:

(Sj (uj) 9Vj>O,F§’,(0,T] = (fj’Vj>0,r_;’,(o,T]’ j=12 (¥
(S1 (1), Vo1 0,771 + (S2 (W), VYo rr 0,77 = £ V)o,re 0,7 ©)

having used the notation v := v; = v, on the transmission interface [, Let us note
that the continuity for the displacement across the transmission interface is strongly
enforced in C, while, differently from [8] where acoustics wave propagation was
taken into account, the equilibrium for tractions is only weakly imposed by (9), as
for the Neumann boundary conditions in (8).

The proof of equivalence is straightforward. In fact, if u;, j = 1,2, are solutions
of (1)-(6), their traces (u;|r,, uz2|r,) satisfy (8)-(9), due to definition (7) and condi-
tions (3) and (6). To show the converse assertion, that a sufficiently smooth solution
(ug,up) of (8)-(9) leads to solutions u; of (1)-(6), first we note that each u; in the
domain (0,T] x Q; can be recovered from its boundary values on (0,7 x I'; (see
the representation formula (13) in Section 3). We therefore only need to show that
the solution u; satisfies the boundary conditions.

The homogeneous Dirichlet condition on I'¥ and the continuity of displacements
across the transmission interface are satisfied because (u;, ;) € C. Traction bound-
ary conditions are directly deducible from (8)-(9) and definition (7).
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3 Boundary integral representations of Poincaré-Steklov
operator

The Poincaré-Steklov operator (7) can be implemented by means of classical bound-
ary integral operators, thereby allowing efficient computation. In each domain
Q;, j = 1,2, we consider the time-dependent single layer and double layer potential
operators V; and K ;, that act onto the generic fields ¢ ; andy ;, for (¢,x) € (0, T]xQ;,
as follows:

Ve = [ [ Gy 6 pdnr, (10)

t .
(K ;]1(t, %) =‘/0 ./r [G'j,y (G;)" (. tsx,ym) | W (T, y)dyydr,  (11)

where G; is the fundamental solution to (1), whose explicit expression for 2D
problems reads:

Gjns(X,y:1,7) = (12)
Hlcp;(t=1) =] | rary 26,1 =72 =17

Cp 4 B
2mojcee,j e =02 =12

cl%j(t -7)2 72

_Hlesj(t=1) =r] | rars 2C§,J-(l -1)?2-r2  us céyj(t —-1)2

2mojes,j (=12

2
2_,2 T 2
j(t ) —r cs.

s,
for n,s = 1,2, being H|[-] the Heaviside step function, r, and r the n-th cartesian
component and the euclidean norm of the vector r = x —y, respectively, and ¢, the
Kronecker delta.

The subscript y applied to the stress tensor o; in (11) denotes the variable for the
application of the spatial derivative, while for the vector n/ it declares the point of
I" where we are considering the normal direction.

The unknown displacement u; can be expressed by the representation formula

uszjpj—Kjuj, in (O,T]XQ.j. (13)

Letting x € Q — x € I' in (13), we deduce the classical boundary integral equation

1

Euj :(Vij —le,lj, in (0, T] er, (14)
taking into account the free term %u ; generated by the operator K ; under the limiting
process. Moreover, we need also to introduce the adjoint double layer operator ‘K]*
and the hypersingular integral operator ‘W;, for (x,7) € (0,T] x I';:
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536160 = [ [ [0 (6)) t.x ymd] ¢y (731 .
(W6 = [ [ (o1 (1 (6)" rixeymd) ud] .y e

involved in the further boundary integral equation

1 « )
Epj =Kip; —Wju;, in(0,T]xT;. (15)
It’s easy to see, from (14) and from a combination of (14) and (15), that the Poincaré-
Steklov operator S defined in (7) can be expressed by two equivalent forms, namely:
the non-symmetric formulation

1
S =v;! (7(,- + 5[) (16)
and the symmetric formulation

S; = («; + %I) V! (7{, + %1) - W;. (17)
Remark. While the symmetric and non-symmetric formulations are equivalent for
the continuous problem, the resulting discrete formulations are no longer equivalent
and have different advantages and disadvantages. The symmetric formulation relates
to the elastic energy and is much better understood mathematically (see e.g. [5,
6]). On the other side, the non-symmetric formulation is obviously easier from an
implementation point of view and computationally cheaper.

4 Discretization

To solve (8)-(9) in a discretized form, we consider a uniform decomposition of the
time interval [0,7] with time step Az = NLM, Na; € N*, generated by the time
instants t, = €At, £ =0, ..., Na,. We define the corresponding spaces

Vil = {ow € L2AOTY) = ony,, € Po VE= 0Ny =1}, (18)

Ve, = {rA, e C™([0,T)) ¢ rary,,, € P, VE=0,...Na =1, 0(0) = o}, (19)

te41l
where Py, k > 0, is the space of the algebraic polynomials of degree k. For the space
discretization, we introduce on I'; a boundary mesh constituted by a set of straight
line segments 7; = {e], ...,eMJ.} such that h; := length(e;) < h,e; Nej = 0 if
i # jand UZ’I e; isequal to I';, if I'; is polygonal, or is a suitably fine approximation
of I'; otherwise, which anyway will be still denoted by I';. Let us remark that the
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mesh over the transmission interface I'/ must be the same from both T’ 7.J=1,2.1In
relation to 7;, we consider the spaces of piecewise polynomial functions

x,;}rj = {w, € L*(T)) : wple, € Pr. e; € T} c H'A(T)), X1 = x,;,lrjmﬁ—lf2(r;),
Xpr, ={wn € COT)) = whle, € Prs er € T} c HAT)), X)) = X o nHA(T)),
where l“;. crIj.

In this discrete setting, the weak problem (8)-(9) is approximated in the form:
find ll;l’m € (ngl_;, ® VY )2 uhh e (X]S’F, ® V9 )% such that, having set

u},.”A’, on (0,T] xT¥
uj =14 u, on (0,7 xTT (22)
0, on (0,T] X F}?

A A .
(S nar (W nar) 2V t>0,r§’,(o,r] = ;. V] t>0,r§’,(o,r], Jj=12

A A _ e ohA
(Stmar (Wrnac) V"ot o011 + (Senae (W2,nac) V" Yorr 0.1 = €V o 0.1

h.At )\2 hA 042
forall vi*' e (Xg,rf ® VY )2 VA e (Xg’l_, ® VY2

Let us remark that the whole discrete displacements field u; j, A, has to be continuous
on (0,T)xIy, j=1,2.

We first consider the definition of the Poincaré-Steklov operator in its unsym-
metric form (16): because of its dependence on the inverse operator V™!, to
handle the above equations we need to define the dummy variable ¥ ; 5 A, :=

‘”Vj_l (V(j + %I) u; ;. As, belonging to the space (X/:,lr, ® VA_tl)z.
This translates in solving the following system of weak boundary integral equa-
tions:

h,At 0
find % € (X?

such that

02 yh,A 0 02 -1 —-1\2
,F;_’®VAI) ,ubht g (Xh,l“1®VAt) and  j p.ar € (Xh,Fj®VAt) s

(Ve 4 (7 + 57wy e =0, /=12,
< JTJ J.h, l>0,l"j,(0,T] J 2 J J.h,At 0.I'.(0.T]

. h,At . h,At .
i hAts VS > = <f~ \ &% > =1,2
<'/" U Jorrory VY ooy T T 0T

2
Z <<‘/’j,h,At,"’h’At>o,r',(0,T]} = <f’ ‘.'h’At>o,rl,(o,T]

=1
(23)

h,At 0 012 yhA 0 02 -1 ~1y2
Jorallv;™ € (thfj-’ ®Vy ) VAl e (Xh,F’ ®Vy) andnjpar € (Xh,rj V)"



0 0 0
—Vi lrvr (Ki )+ 3 M)l rr) (Ki )+ 3 M)y 1 0 0
0 MT|(F{),FI) 0 0 0 0
sO = Ml 0 0 0
2
0 0 (0 0 (0) 0 M20|(FZP’FZ)
0 0 (K" + 3 Mo)lry,rry (57 + 3 M)y vy V3 Ly
4 4 4
Vi K ey K ey 0 0
0 0 0 0 0
s = 0 0 0 0 0 s 0=1,--+,Nar—1
0 0 0 0 0
I3 4 l
0 0 KNy Ky V3 )
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At this stage, we introduce standard piecewise polynomial basis functions to
span the finite dimensional functional spaces (18)-(21) , considering as space-time
test and shape functions the product of basis functions in space variable with basis
functions in time variable (the interested reader is referred e.g. to [6] for further
details). Hence, we obtain the algebraic reformulation of (23), i.e. the linear system
SX = F in the unknowns the coefficient of the approximated solutions with respect
to the considered basis. The linear system has the form

S(?) 00 o0 X(0) F(o)
s(1) sO ... X() Fa)
: ) : . = . , (24)

S(NAt*I) S(NAt*Q) S(O) X(NAt_l) F(NA,—I)

where the matrix S shows a block lower triangular Toeplitz structure, so that the
system (24) can be solved by block backsubstitution. This leads to a marching-on-in-
time time stepping scheme, in which only the inversion of the block S(? is required
at every time step. The structure of the time blocks s ¢=0,---,N Ar—1, Whose
dimension is related to the degrees of freedom in space variable, is

where, with obvious meaning of notation, sub-blocks V;.[) and K;f) ,forj =1,2,are
obtained from the discretization of the boundary integral operators V;, K related
to each of the two domains, while M, j = 1,2 represent mass matrices related to
the identity operator J . Moreover, the sub-blocks indices refer to the portions of the
boundaries containing the support of the involved test (left index) and shape (right
index) functions.

When dealing with the symmetric form of the Poincaré-Steklov operator, the
weak boundary integral problem to be solved, always considering the dummy vari-

able ¢ p A = (VJ.‘1 (‘Kj + %I) u; A, is the following:

M) | (rt.1y)

b}
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h,At 02 kA 2 -1 —12
ﬁndu]. € (X](:’F,_,@VA)I) N S (X2’1_1®V£t) and i par € (Xh,rj®VAz) ,

J
such that, having set w; j a; as in (22), with the same continuity constraint,

_ aly . 9 . . 1 . " . = | =
<(VJ"0.1»th”"],h’Al>0,F_,-,(0,TJ + <(7(.1 + 2]) uJ’h»A”nj,h,At>0’rj’(0’T] 0, /=12
9+ 3T ) V) = (W a0 V) = (1, 9) =12
<( jtal)¥inan; 0.I” (0,71 WA 0.I”.(0.7] 7V 0.7,(0,7] y
P
o, 1 A A A
Z {<(7(1 + 51) ¥jnae Ve - <Wj“j,h,At’V ’ t>o,rl,(o,T] = <f"’ ’ t)o,rl,(o,T]
= 0,I7,(0,T]
(25)
A _ _
Jor all v = (XEJ_}, VY )2 VA e (Xg’r, ®VY )2 andnjpar € (Xh}rj ®VhH~
Its algebraic form SX = F has the same structure as in (24), with time blocks
0 0 0
—Vi N (Ki Y4l My rr) (Ki 4l M|, ) 0 0
0 0 0
(Ki(o)) +3 MD ey —Wi(o))krf’.rf’) ?(})Nﬁ )|<(FO{’),F'> (0)0 o 0
SO = K" + M) i,  -W) leerry W =W Dl ey =Wy ey (KT 4 IM2) oy |-
0 0 0
0 0 Wil r2 ) W lerrry (K + 5 M) T ep
0 0 0
0 0 & + M)l & +3M) ey V3 L)
(€) () ()
—X% (o) K1(0)|<r1,rf> Kl(ojm’m 0 0
()T
Kl(f) lepry _W%GMF{I’F{’) j)}v : |(<rtf)’rl) (f)o ©) ’
T T
SO = KMoy -W) Loz rry W0 =Wy Dl aer ey =Wy ey K57 iy |- €= 10+ Nav-1.
¢ ¢ ¢
0 0 W e =W Ly B ep
) (€) ©)
0 0 Kyl K iy Vo I

The sub-blocks V;[) , Kﬁ.ﬁ), M;j, j = 1, 2 have the same meaning of the corresponding

ones in the unsymmetric formulation, while W , j = 1,2 are obtained from the dis-
cretization of the boundary integral operator W related to each of the two domains.
Again, the sub-blocks indices refer to the portions of the boundaries containing the
support of the involved test (left index) and shape (right index) functions.

5 Numerical results

Here we give some preliminary numerical results considering a simplified config-
uration, where a square elastic body of side length L, centered in the origin of the
cartesian reference system in the plane, is completely embedded into another one,
so much wider to be considered unbounded, and (possibly) made by a different ma-
terial. In this case, the whole square boundary represents the transmission interface
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!, while Fj.’ =T = 0; therefore I'; = T ! j = 1,2. In this scenario, the system
matrix in (24) presents simplified time blocks of the form

v &P+ Im) 0 VO k" o
SO = MT 0 My, s9= 0 0 0 [ =1 Nao,
0 (K + 1M v 0 x{¥-v{

using the unsymmetric formulation of the Poincaré-Steklov operator, and of the form

(0) 0 41
) ) ) +3M) 0
SO = ®?+1m)™ WO w20 & + L My)7 |,
0 0
0 &Y +iMy) -V
—V(;) K7 0
© = | gOT _yy© OO =1,
SY=1KY =W, —{)WZ( ) K, , s =1, N1,
0 K -vl)

in the symmetric case. Here, the boundary indices of the sub-blocks have been omit-
ted because they are all equal to T/,

For both domains €, j = 1,2, we assume cp,; = 1, while we consider two different
share velocities, namely cs ; = %, %, J = 1,2, in all possible coupling configura-
tions. For the numerical simulation, the side length of the boundary square is L = 1,
the final time of analysis is T = 2 and a boundary vertical force applied at the
top side of the square, f = —[0, 1]T H(¢), is considered. Having set Ar = 0.05 and
h = 0.05, in Figs. 2, 3, 4, 5, we show the deformations of the bidomain, made by
the same or different materials. Just for representation purposes, the surrounding
unbounded domain has been depicted as bounded by a square, centered in the origin
of the cartesian reference system in the plane, of side length 2L. Results have been
obtained using the unsymmetric formulation of the Poincaré-Steklov operator, while
those obtained in the symmetric case have not been shown because the bidomain
deformations are visually the same. Note that these latter strictly depend on which
elastic parameters are coupled together.

Acknowledgements The first and second authors are members of Italian INJAM-GNCS, whose
financial support is gratefully acknowledged.
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Space-time BEM-BEM coupling for elastodynamics
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Fig. 4 Deformation of the bidomain for cp;; = 1,c¢s,1 =0.7, cpp =1,c52 =0.5
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Fig. 5 Deformation of the bidomain for cp;; = 1,c¢s;1 = 0.5, cpp =1,c52 =0.7



