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ABSTRACT 

 
This paper investigates an error estimate for the partition of unity method solution of time dependent diffusion 
problem. An enriched finite element method is used to solve the problem and the results are compared to a 
predefined error estimate. Gaussian functions with two different variations are used to compute the results 
and the one with better approximation is then used for the subsequent analysis. The problem is analyzed 
with different values of time steps i.e. 0.001, 0.01 and 0.1. The L

2
 error for the solution and derivatives of the 

solution is computed and compared to the defined error estimate. It is confirmed that at each time step the 
actual error is bounded by the error estimate.  
 
 
 
1.   INTRODUCTION 
 
The partition of unity finite element method 
(PUFEM) [1] is a powerful technique used to 
numerically solve complex engineering problems 
governed by steady-state and time-dependent 
partial differential equations. The method has 
shown remarkable reduction in computation time 
and memory requirements for complex engineering 
problems involving time-dependent partial 
differential equations. Melenk and Babuška [1] 
developed the mathematical background of the 
partition of unity method. They showed how the 
partition of unity finite element method can be used 
to employ the structure of the differential equation 
under consideration to construct effective and 
robust methods. 
 
The PUFEM incorporates special functions into the 
finite element method (FEM) to solve the problem. 
These special functions called enrichment 
functions are chosen based on an approximate 
analytical solution of the problem. To a great extent 
the effectiveness of the PUFEM depends on the 
proper selection of enrichment functions. A wisely 
chosen enrichment function can provide better 
approximation than standard polynomial shape 
functions used in the classical finite element 
method. Strouboulis et al. [2] showed that the 
choice of enrichment function affects the solution 
of the problem. They used harmonic basis 
functions to obtain better accuracy corresponding 
to the problem of the elliptical void in an infinite 
medium.  
 
The PUFEM is effectively used to solve 
engineering problems both in solid and fluid 

mechanics. In solid mechanics it has shown its 
effectiveness in problems involving discontinuities, 
voids, cracks and complex geometries. In fluid 
dynamic applications it is beneficial to represent 
strong continuous variations in the solution using 
relatively coarse meshes, for example, in viscous 
regions associated with wall bounded flows. Munts 
et al. [5] investigated the effectiveness of PUFEM 
for convection-diffusion problems. O’Hara et al. [3] 
used it for transient analysis of sharp thermal 
gradients. They used global-local enrichment 
functions to problems of transient heat transfer 
involving localized features. Laghrouche and 
Mohamed [4] used it for solving the Helmholtz 
equation in two dimensions. They constructed 
oscillatory shape functions as the product of 
polynomial shape functions and either Bessel 
functions or planer waves. In their work they dealt 
with the diffraction of an incident plane wave by a 
rigid circular cylinder. Duarte and Kim [6] used 
PUFEM for accurately modeling a crack using 
enrichment functions from the asymptotic 
expansion of the elasticity in the neighborhood of 
the crack. Mohamed et al. [7] used PUFEM for the 
solution of time dependent diffusion problems. 
They used multiple enrichment function to obtain 
the results. In their work they compared the results 
of both finite element method and PUFEM and 
concluded that in general the PUFEM shows 
higher accuracy than the conventional FEM for a 
fixed number of degrees of freedom. They showed 
that PUFEM requires less computational resources 
for the time-dependent diffusion problems than the 
standard FEM. A full description of previous work 
can be found in [7]. 
 
In our present work we use PUFEM to solve the 
time-dependent diffusion problem and then 
compare the results to pre-defined error estimates. 
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We use two different variations of exponential 
enrichment functions to solve the problem. For 
both the enrichment functions we compute the L

2 

norm error for the solution and its derivatives and 
then select the enrichment function with better 
approximation for all further analyses. 
 
2. THEORY 
 
2.1 Problem formulation 
 
Given an open domain Ω ⊂ ℝ2   with boundary Γ 
and given time interval ]0,T], we are interested to 
solve the following transient diffusion equation 
 
��

��
− �	� = ��, ��,					�, �� ∈	]0, �]	�	Ω																				�1� 

 
Where � = 	 ��, ��� are the spatial coordinates,	� is 
the temperature, t is the time variable, � is the 
diffusion coefficient and ��, �� represents the 
effect of internal sources/sinks. We consider an 
initial condition 
 �� = 0, �� = �����,						�� ∈ 	Ω�																																			�2� 
 
where ����� is a prescribed initial field. The 
aforementioned equations are subjected to a 
Robin type boundary condition 
 ���� + ℎ� = ��, ��,					�, �� ∈	]0, �]	�	Γ																							�3� 
 
where n is the outward normal on the boundary Γ 

and � is a given boundary function.  
 
To solve equation (1)-(3) numerically, we divide the 
time interval into "# subintervals $%, %&'] with 
duration 	 = %&' − % for ( = 0, 1, 2, …"#. We 
discretize equation (1) in time using an implicit 
scheme. 
 �%&' − �%* − �	�%&' = 	��%&', ��																															�4� 
 
or 
 −	�%&' + ,�%&' = -																																																							�5� 
 
where 
 - = ,�*��%&', �� + �%�,						, = 	 1�*											 	 
 
To solve equation (5) with the finite element 
method we first multiply the equation with a 
weighting function,	/, and then integrate over Ω 
 

−0 /Ω 	�%&'1Ω + 0 /Ω ,�%&'1Ω = 0 /Ω -1Ω						�6� 

 
Now suppose we have a function,	3	, such that 
 

3 = /4�%&' = 5/��%&'��/ ��%&'�� 6																																									�7� 
 
Taking divergence of the function 3 and applying 
the divergence theorem, we get 
 

0�∇/. ∇Ω �%&' +Wk�%&'�1Ω − 0 /∇�%&'. (< 1Γ 

= 0 /-Ω 1Ω																																																																								�8� 
 
Substituting the boundary conditions and 
rearranging, we get 
 

0�4/. 4Ω �%&' +/,�%&'�1Ω + 0 /�,�%&' − ��> 1? 

= 0 /-Ω 1Ω																																																																								�9� 
 
Equation (9) is the weak form of the problem to be 
solved with PUFEM. 
 
 
3. PARTION OF UNITY MEHTOD TO SOLVE THE 
PROBLEM 
 
To solve the weak form (9) with FEM, the 
temperature u over each element is approximated 
using the nodal values and polynomial shape 
functions 
 

u = BNDuDE
DF' 																																																																				�10� 

 
In PUFEM the nodal values, uD, are written as a 
combination of enrichment functions. In our case 
we considered the following sum of global 
exponential functions to enrich the solution space 
 -G%H = I', IJ, IK, … . . IL 																																															�11� 
 
We considered two types of global exponential 
functions. 1

st
 enrichment function is termed as IMN 

and the 2
nd

 is termed as IMO. 
 

IMN = PQRSTU VW − PQRSXU VW
1 − PQRSXU VW 																																														�12� 
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	IMO = PQYSTOUOZW − PQYSXOUOZW
1 − PQYSXOUOZW 																																													�13� 

 	[ = 1, 2, 3, … . \ 
 
with ]� ≔ |	� − �`| being the distance from the 
function control point �` to the point �. The 

constants ]a = b 'c'.'de and f = b ''.'de  control the 

shape of the exponential function,	IM. Alturi and 

Zhu [8] also used an enrichment function similar to 
(12) with [ = 2 as a weight function in the context 
of meshless methods for solving the linear Poisson 
equation. Similar functions are used when [ = 1 in 
[5, 9] and [ = 2 in [3, 10]. We use both the 
enrichment functions IMN and IMO to find the L

2
 

norm error for solution and derivatives of the 
solution. In the subsequent theory, the derivatives 
are given only for IMN. Similar derivatives can also 

be found for IMO. 
 
Considering the aforementioned enrichment 
functions, the nodal values are written as 
 

�g = BhiML
jF' IM 																																																																		�14� 

 
where the FEM is now used to find the unknowns hiM instead of the nodal values. Using (14) to re-

write (10), we get 
 

u = BB"ihiML
jF' IMk

iF' 																																																						�15� 
 
The product of the enrichment function with the 
polynomial shape function is considered as new 
shape function		l�iQ'�M&L , i.e. 

 l�iQ'�M&L = "iIM																																																																																						�16� 
 
The derivatives of the new shape function are 
given as 
 �l�iQ'�M&L�� = IM �"i�� − "i�� − �a� [fM PQRSTU VW

1 − PQRSXU VW ]��MQJ� 
 
and 
 �l�iQ'�M&L�� = IM �"i�� − "i�� − �a� [fM PQ�STU �W

1 − PQ�SXU �W ]��MQJ� 
 
The second derivatives of the new shape function 
are given as 
 

�Jl�iQ'�M&L��J = $−2�"i�� �� − �a� [fM PQRSTU VW
1 − PQRSXU VW ]��MQJ� 

+"i [fM PQRSTU VW
1 − PQRSXU VW �1 − [fM ]��MQJ��� − �a�J 

+[ − 2]�J �� − �a�J] 
 
and 
 �Jl�iQ'�M&L��J = $−2�"i�� �� − �a� [fM PQRSTU VW

1 − PQRSXU VW ]��MQJ� 

+"i [fM PQRSTU VW
1 − PQRSXU VW �1 − [fM ]��MQJ��� − �a�J 

+[ − 2]�J �� − �a�J] 
 
3.1 Definition of error estimate 
 
In this section we define the error estimate for the 
method. We will then compare the results obtained 
by the PUFEM to the error estimate. 
 
Let us define 
 ���, � = −%%&' − % �%&'��� + %&' − %&' − % �%��� 
 
and 
 û��, � = ���, %&'�, ẛ��, � = ���, %&'�,  ∈ $%, %&'] 
 
Let � and o be the numerical and exact solution 
respectively of the equation (1), with 
 o�0, �� = o����  and  o|Ω = 0  
then 

 

0 |op�%&'�, �q − �p�%&'�, �q|r1�Ω + 

s |∇�o − ��|J1�1 ≤ uJJ + uc																																							J#vwN
#v �17� 

 
where 
 

uJJ = 0 ||� − �#� − 	�||xyN�Ω�J#vwN
#v

 

					≤ z 1#vwN#v z �� − �#� − 	��J∆  1Ω 

 					≅ 0 ��%&' −∆
�%&' − �%* − ��J�%&'��J+ �J�%&'��J ��J *2 1Ω 
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+0 ��% −∆
�%&' − �%* − ��J�%��J + �J�%��J ��J *2 1Ω								�18� 

 
and 

ucJ = 0 ||∇�� − û||}O�Ω�J#vwN
#v

 

= 0 ~ %&' − %&' − %�J 1	0 $∆
#vwN
#v

���%&'�� − ��%�� �J 

+���%&'�� − ��%�� �J 

 = 1�%&' − %�J �%&'J − %&'�%&'J − %J� 
 +13 �%&'K − %K�0 $∆ ���%&'�� − ��%�� �J + 

���vwN�� − ��v�� �J]1Ω  																																																								�19� 
 
 
We will calculate the quantities defined in (17), and 
will then compare it with the summation of two 
error terms uJJ and ucJ. 
 
4. NUMERICAL ANALYSIS 
 
Numerical results of the PUFEM for the proposed 
problem are presented here. We consider a square 
domain		Ω = $0,2]	x	$0,2]. We solve the transient 
equations (1) - (3) with reaction term		��, ��, the 
boundary function � and the initial condition ����� 
being explicitly calculated such that the exact 
solution is given by 
 o = �J��J��2 − ��J��2 − ��J��1 − PQ�#�															�20� 
 
To quantify the error for both the enrichment 
functions, we compute the relative L

2
-norm error 

for the solution and derivatives of the solution, 
defined by 
 �J = ||� − o||}O���||o||}O��� 																																																									�21� 
��J = ||�� − o�||}O���||o�||}O��� 																																																					�22� 
��J = ||�� − o�||}O���||o�||}O��� 																																																				�23� 
 
where �, �� and ��  are the numerical solution and 

its derivatives with respect to � and � respectively. 
Similarly o, o� and o� are the exact solution and 

its derivatives with respect to � and � respectively.  
 
4.1 Comparison of different enrichment 
functions 
 
We solve the problem using two different variations 
of Gaussian enrichment functions IMN and IMO. For 

all the analyses the parameter	� = 0.1. The initial 
analysis is carried out using both type of 
enrichment functions using a 7x7 mesh, \ = 6 and ∆ = 0.001. The solution is obtained for 50 time 
steps. A comparison of results using IMN and IMO is 

presented in Table 1. The results are presented at 
different time steps, i.e. at time step 1, 20, 40 and 
50. The L

2
 error for the solution and its derivatives 

is computed.  
 
Table 1 compares the results of L

2
-norm error for IMN and IMO. In the table �r represents the relative 

error for the solution while ��r and ��r are the 

relative error in derivatives of the solution w.r.t � 
and � respectively. From results of �r error for IMN 

and IMOwe notice that the values are slightly higher 

for IMNthan IMO. At 1
st
 time step it is 0.647% for IMNwhile 0.633% for IMO. But values of ��r and ��r 

are less for IMN than IMO. The same trend is 

observed at all the time steps. Both the error 
estimates uJJ and ucJ	 as well as the quantities 
defined in equation (17) involve derivatives of the 
analytical and exact solution, so we are more 
interested in better values  for ��r and ��r. As IMNyields better values for both ��r and ��r than IMO, 
we select IMN for all our subsequent analysis with \ = 2, 3…6 . All the further analyses are carried 
out with three different values of time steps, i.e. ∆ = 0.001, 0.01	and	0.1. 
 
Table 1. Comparison of relative error for IMN and IMO enrichment functions 

 Relative error for IMN   Relative error for IMO  

Time 
step 
No. 

�r % ��r % ��r % �r % ��r % ��r % 

1 0.647 3.499 3.502 0.633 3.819 3.818 

20 0.699 3.476 3.479 0.670 3.801 3.801 

40 0.715 3.474 3.478 0.679 3.800 3.801 

50 0.720 3.474 3.478 0.682 3.800 3.800 

 
 
4.2 Calculation of error estimate for the method 
 
We compute the quantities defined by equation 
(17). These quantities calculate the error in the 
numerical solution compared to the exact solution 
and error in the derivatives of numerical solution in 
comparison to the derivatives of exact solution. As 
defined by equation (17), the summation of these 
two quantities should be less than or equal to the 
summation of two error terms uJJ and	ucJ. These two 
error terms are defined by equations (18) and (19) 
respectively. Figures 1(a)-1(c) show the 
comparison of these quantities. In graphs the term 
‘’Error’’ represents the actual error in the method 
as defined by equation (17), and the term ‘’EB’’ 
represents the summation of error terms  uJJ and  ucJ. Solution is obtained using different number of 
enrichment functions \ = 2, 3, …6, In Figures 1(a)-
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1(c)  results are shown at 50
th
 time step for three 

different values of ∆, i.e. ∆ = 0.001, 0.01	and	0.1. 
Results of the figures 1(a)-1(c)  show that the 
actual error in the method is well below the defined 
estimates. The difference between these actual 
errors and the defined estimates increases with the 
increasing number of enrichment functions. This 
suggests that if we increase the number of 
enrichment functions we get much better results. 
The values of error estimates uJJ and  ucJ also 
depend on the selectin of the value of time step ∆. 
Figure 2 represent the results of relative error at 
t=0.5 for different values of time steps	∆.  
 

 
Figure 1(a). Comparison of actual error and error 
estimate at 50

th
 time step for ∆t = 0.001(t=0.05) 

 

 
Figure 1(b). Comparison of actual error and error 
estimate at 50

th
 time step for ∆t = 0.01(t=0.5) 

 

 
Figure 1(c). Comparison of actual error and error 
estimate at 50

th
 time step for ∆t = 0.1(t=5) 

 

 
Figure 2. Comparison of actual error and error 
estimate at t=0.5 and ∆t = 0.001, 0.01 and 0.1 
 
Figure 2, shows the effect of selecting different 
values of time step	∆. By changing the value of 
time step value	∆, the actual error stays almost at 
the same position. As shown in the graph these 
values almost overlap each other for all the three 
values of time steps		∆, however the value of 
predefined estimate is strongly dependent on the 
selection of value of	∆. Figure 2 depicts that with 
increasing the value of	∆, the values of the error 
estimates also increase. For higher values of	∆, 
the difference between the actual error and the 
defined error estimate increases. Equations (18) 
and (19) show the dependency of these error 
estimates on the value of	∆.  
 
4.3 Conditioning of the partition of unity 
method 
 
In this section we show some of the results for the 
conditioning of the PUFEM. Figures 3(a)-3(c) show 
the conditioning for partition of unity method at 50

th
 

time step for ∆ = 0.001, 0.01	and	0.1. From figures 
3(a)-3(c) it is clear that the conditioning number 
increases very sharply as the number of 
enrichment functions increases. This is anticipated 
because the enrichment functions start with 
relatively sharp gradients closer to the source and 
then rapidly flatten out at higher orders. A similar 
behaviour is also reported in [7]. Mohamed et al. 
showed that using higher number of enrichment 
functions, the same error can be achieved using a 
lower number of degrees of freedom. However 
conditioning affects the accuracy of the PUFEM. 
 

Figure 3(a). Conditioning of the method with 
increasing number of enrichment functions for ∆t = 
0.001(t=0.05) 
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Figure 3(b). Conditioning of the method with 
increasing number of enrichment functions for ∆t = 
0.01(t=0.5) 
 

 
Figure 3(c). Conditioning of the method with 
increasing number of enrichment functions for ∆t = 
0.1(t=5) 
 
Figures 3(a)-3(c) show that with the increasing 
number of enrichment functions, the conditioning 
degrades very quickly. The same kind of behaviour 
is observed with all the values of time step ∆. This 
puts a limit on the use of higher enrichment 
functions. For our analyses we use up to 6 
enrichment functions.  
 
5. CONCLUSIONS 
 
In this paper, we used the PUFEM to solve the 
time dependent diffusion equation. We calculated 
the errors in the solution and its derivatives for the 
PUFEM. We defined an error estimate and 
compared the actual error in the method with the 
defined error estimate. We used two different 
enrichment functions and showed its effect on the 
solution. We also show the effect of increasing 
enrichment function on the conditioning number of 
the resulting system of equations.  Based on the 
analyses, we can draw the following conclusions: 
 

• Results of the actual error are well below 
the defined error estimate. 

• Results are obtained with three different 
values of time step	∆, and for each value 
of ∆, the results are within the range of 
error estimate, which show the 
effectiveness of the method for time 
dependent diffusion problem. 

• The definition of the error estimates is 
dependent on the selection of time step 
value ∆, higher value of time step means 
higher value of the error estimate. 

• Selection of enrichment function affects 
the accuracy of the solution. By choosing 
an enrichment function intelligently, one 
can obtain better results. 

• Increasing the number of enrichment 
functions produce better results but the 
enrichment functions can be increase only 
up to certain limit after which the system 
becomes ill-conditioned. 
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