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Abstract

Local well-posedness for a nonlinear parabolic-hyperbolic coupled system modelling Micro-Electro-
Mechanical System (MEMS) is studied. The particular device considered is a simple capacitor with
two closely separated plates, one of which has motion modelled by a semi-linear hyperbolic equation.
The gap between the plates contains a gas and the gas pressure is taken to obey a quasi-linear
parabolic Reynolds’ equation. Local-in-time existence of strict solutions of the system is shown,
using well-known local-in-time existence results for the hyperbolic equation, then Holder continuous
dependence of its solution on that of the parabolic equation, and finally getting local-in-time existence
for a combined abstract parabolic problem. Semigroup approaches are vital for the local-in-time
existence results.

1 Introduction

In the present paper we study the short-time existence, uniqueness and smoothness of solutions for
the coupled parabolic-hyperbolic problem:
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which models gas pressure and membrane position in an idealised MEMS capacitor, accounting for
tension, but not elasticity, in the moving part of the capacitor — so that it is modelled as a membrane
rather than a plate.

Here the variables u(x,t) and w(x,t) represent gas pressure and gap width respectively, 2 C R
is an open, bounded interval, 8r, Bp, 61, 02 > 0 are given constants; ug = ug(x), vo = vo(z) and
wo = wo(x) are given functions. We prove the following result giving well-posedness for short time:

Theorem 1.1. Let o € (0,3), ug € H*™(Q), vo € H}(Q) and wy € H?*(), compatible with the
boundary conditions and such that ug,wo > 0. Then there exists a time interval [0,T) such that the
initial-boundary value problem (1.1) admits a unique strict solution (u,w) on [0,T) and

ue 7t ([0,7); L*(Q)) N C7 ([0,7); H*(Q)),
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Remark 1.2. (A) Note that global-in-time solutions are not necessarily expected, as quenching sin-
gularities with ingw(a:,t) — 0 may develop as t — T. Their precise description is the subject of
xTE

reference [18].
(B) The Sobolev regularity of a solution w is also limited because the inhomogeneous term in (1.1b)
does not vanish at boundary 02 of space Q2. In fact, the linear wave equation,

Pw 0w
W — w = 1, (.T,t) c (0, ].) X (0, OO), (12)
with homogeneous initial conditions w(x,0) = %—’f(w,O) = 0 and homogeneous boundary condition

w(0,t) = w(l,t) =0, t € [0,00), has a solution w(t) € HE(0,1) for every e > 0 and t € [0,00), but
w(t) ¢ H2(0,1). We thus do not expect higher integer-order Sobolev reqularity for w in Theorem 1.1.

MEMS, micro electro-mechanical systems, are small devices which combine mechanical and elec-
trical parts and effects, with particular examples including microphones, temperature sensors, res-
onators, accelerometers, data-storage devices etc. (see, for example, [14], [33] and [40]). The par-
ticularly simple device considered here is an electrostatically actuated MEMS capacitor (see Fig. 1),
having two parallel plates maintained at different, but constant, potentials. One plate is fixed and
flat, while the other, although flat at equilibrium and in the absence of an applied potential, is free
to move, but held fixed at its edges. It is also maintained at a sufficiently high constant tension for
it to be regarded as a membrane.

The two plates are close, and separated by a narrow gap, of varying width w, filled by a rarefied
gas, with local pressure u. The gas is taken to move according to Reynolds’ equation, which is valid
for a thin layer of viscous fluid, and behave as an isothermal ideal gas, thus giving PDE (1.1a), under
appropriate scaling. Taking the gas to move freely between the gap and the rest of the MEMS device
gives the first boundary condition (1.1d). With the flexible plate subject to sufficiently high tension,
it behaves as a membrane and we have the first two terms of (1.1b), again on scaling appropriately.
Having the membrane subject to pressure u from the gap and a constant pressure from the other side
gives the last terms on the right-hand side of (1.1b), after scaling u with that constant pressure. The
remaining term of the second PDE comes from electrostatic attraction: because the gap is narrow,
the electric field is (approximately) o« 1/w, giving a charge density on the membrane « 1/w, and
hence an attractive force oc 1/w? (also proportional to the square of the applied voltage difference
between the membrane and the rigid plate). Holding the membrane at its edges gives the second
boundary condition of (1.1d).

Gas at constant ambient pressure
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—
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Figure 1: Schematic of a simple electrostatically actuated MEMS capacitor.

Here we consider the case of one spatial dimension, corresponding to an idealised prismatic device,
translation-invariant and of infinite extent in one direction. In this case the energy space H'(Q) for
the wave equation is an algebra, simplifying the analysis of the nonlinearity.

In a companion paper [20] we consider the two-dimensional case when the tension in the flexible
electrode is not assumed to be so large. Elastic effects are then taken into account and a bi-harmonic
term is additionally included in the PDE (1.1b) for gap width w.

In another recent paper [19], we study the wellposedness of a different MEMS model, which is
simpler regarding its fluid flow: the equation (1.1a) is replaced by a linear elliptic PDE for the
gas pressure u but, like [20], includes a bi-harmonic term in the equation (1.1b) for gap width w.
Physically, such a simpler fluid model represents the operation of MEMS devices having effectively
incompressible fluid flow and an elastic plate. Here the dynamics of the gas pressure is replaced by a



quasi-static approximation — applicable when the gas flow can be regarded as slow, so that, to leading
order, the pressure and density can be regarded as constant. The resulting model can be reduced to
a perturbed semilinear dispersive equation for w via standard analysis of linear elliptic equations.

In many industrial applications, the movement of the upper plate is dominated by its tension, so
that elastic effects are negligible. This approximation in the limiting case leads to a wave equation
(1.1b) for the gap width w.

The mathematical analysis of the coupled system (1.1a)-(1.1d) is studied by a delicate combination
of the analytical techniques available for the constituent equations. We here adapt the techniques
from the companion paper [20]: refining the analysis of (1.1b), reducing the coupled system to
an abstract quasilinear, degenerately parabolic equation for the gas pressure u and showing the
wellposedness by analytic semigroup techniques.

In contrast to the model in the companion paper [20], the short-time existence of the coupled
system (1.1a)-(1.1d) leads to the quenching singularity of the semilinear wave equation in [18], which
motivates us to study the local behaviour of the quenching solution of the wave equation in [18§]
formally.

MEMS-related models have been studied for a number of years. Most attention has been directed
to models given by a single equation but there has been some work on systems. We now review
some literature which studies such models, numerically and/or analytically, to obtain qualitative
behaviour.

A key steady-state model, describing the shape of the deflected elastic membrane of a canonical
MEMS system, including the steady state of the model looked at in the present paper, can be written
in the dimensionless form

Br

Aw = 2 Y loa= 1. (1.3)

Here, w is again the gap between the membrane and the rigid plate. This model has been extensively
studied. For example, the paper [26] has shown that there is a 0 < S5 < 42L7°, where pg is the
principle eigenvalue for the associated eigenvalue problem

Ap+pup =0, ¢laq=0,

such that (1.3) has no solutions provided 8 > B}, while if Sp < £}, (1.3) has a solution. Flores et
al. [13] prove that (1.3) has a maximal solution for 8p < 83 in dimensions N < 2.

A generalisation of this problem has a membrane with a spatially varying permittivity profile,
with the stationary equation for the membrane then given by

Aw /BFfz(I)

w

5 w |BQ= 1. (14)

Ghoussoub and Guo [15] show how the change of the permittivity profile f(z) affects the critical
value B}.. Analytical and numerical techniques give upper and lower bounds on 8} which depend on
the permittivity profile, the nature of domain including shape, size and dimension N of the domain.
Taking Sr = S}, a corresponding extremal solution of (1.4) exists if 1 < N <7, but does not exist
if N > 8.

The dynamical problem for an elastic membrane has been of much recent interest and an elastic
membrane in a MEMS capacitor has been modelled by a semilinear wave equation
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with the first-derivative Ow /90t representing damping.

Flores [12] obtains the “pull-in” voltage separating the regime for which the membrane can ap-
proach a steady state, from the “touchdown” regime for which the membrane always collapses onto
the rigid plate. More specifically, it is shown that touchdown — gap width w falls to zero somewhere
— must take place in finite time if Sp > (7. Also, for small enough S, depending upon the initial
data (voltage is less than the “dynamic pull-in voltage”), touchdown, i.e. quenching, does not occur.
A related non-local model is studied in [24].

When the contribution of the inertial terms dominate, i.e. €2 > 1, from (1.5), we may neglect the
damping term, and rescale, to obtain the simpler hyperbolic model
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which has been extensively studied in [6, 12, 29, 31, 35]. In particular, Kavallaris et al. [31] obtain
local and global existence results for this MEMS model. They also study the dynamical behaviour
of solutions and dependence on the parameter Sr. The work of Chang and Levine [6] shows that,
for suitable initial data, the similar second-order semilinear PDE
2
%—sz—%, ’w|ag= 17
has a weak solution w in time interval [0, T] for some T > 0, and that w can be extended to a time
interval of the form [0, 7 + 7] for small 7, by using an iterative scheme. Other hyperbolic MEMS
equations can be seen in reference [38] and more general semilinear wave equations are looked at in
Sogge’s book [42].
When the damping term dominates, i.e. €
reduces to the parabolic equation studied in [13]:

2 < 1, then the semilinear damped wave equation

a—w—Aw:—ﬂ—F

ot w27 w ‘3(2: 1. (1.7)

In the case of two space dimensions, Flores et al. [13] prove that, for S < 8%, the solutions w of
(1.7), with initial value w|;—g = 1, converge to the maximal steady solution @ of (1.3) as t — oo,
while for Sr > 87, touchdown occurs. Related non-local problems can be also found in Kavallaris et
al. [30]. The work [17] of Guo et al. took spatially varying permittivity so that (1.7) is replaced by

ow Aw — _BFf2($)7
w
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wlpn=1, wl=0=1, (1.8)

with f(z) denoting the permittivity proflle; similar conclusions to Flores et al. [13] are obtained.

The touchdown of a highly damped membrane corresponds to the quenching of a solution to the
parabolic equation, and the quenching profile for a semilinear parabolic equation has been studied
extensively in J. S. Guo [22]. Other quenching solutions for parabolic equations can be found in
papers [5], [16], and references [8], [25], [32] of Kavallaris et al. To be specific, the paper [32] studies
a similar case to (1.8), in which the right-hand side —3r f(z)/w? of (1.8) is replaced by —Br|z|® /wP
with specific 8 and p, the resulting equation has a global-in-time solution for initial data close to
1, while quenching occurs for large S or small initial values. Similar conclusions also hold for a
non-local version of (1.8). Here a non-local term f(¢t) = 1/(1+ 04f9(1/w)d17)2 replaces the f(x)
above, with a a positive constant, and models the effect of connecting the MEMS device to a fixed
capacitor as well as a constant voltage source. More details can be found in Guo and Kavallaris [25],
and Guo et al. [23]. The recent publication [8] of Kavallaris et al. generalises the quenching solution
to stochastic parabolic equation modelling MEMS devices with random fluctuations of the potential
difference.

Recent publications on coupled systems modelling gap flow and membrane motion are less ex-
tensive, only studying the compressible version (1.1b) of the standard nonlinear Reynolds’ equation
numerically, for example in the works [2, 4, 28, 43, 44]. In particular, Bao et al. [3] study squeeze-
film damping with small amplitude deflections and linearise the nonlinear Reynolds’ equation (1.1b)
around the equilibrium position. The resulting equation is a heat equation, so that analytical solu-
tions are then available.

Our proof of Theorem 1.1 is outlined in Subsection 2.2. It relies on techniques for quasilinear
parabolic equations developed, for example, by Amann, Lunardi and Sinestrari [1, 37, 41]. Semigroup
methods of this kind have become a powerful tool for MEMS-related models defined by a single
equation or by an elliptic-parabolic coupled system, see [7], [10] and the recent survey [34]. We
here combine such parabolic techniques for the quasilinear Reynolds’ equation (1.1a) with semigroup
techniques for the semilinear hyperbolic equation (1.1b).

The plan of the paper is as follows: In Section 2, we introduce the relevant Sobolev spaces and
some of their basic properties, we also introduce the mild solution and strict solution for the general
evolution equation and their existence results, then we discuss the steps in the proof of Theorem 1.1.
In Section 3, we use a solving strategy for the system (1.1a), (1.1b) based on decoupling the equations
for the gap width w and the pressure u. We first consider the semilinear hyperbolic equation (1.1b) for
the gap width w with an arbitrarily given pressure v and use semigroup techniques for (1.1b) to show
the local well-posedness of (1.1b). While the regularity theory of semilinear hyperbolic equations has



been of much recent interest, we here require detailed properties of the solution operator u +— w(u)
in order to analyse the nonlinear Reynolds’ equation (1.1a) with abstract coefficients involving w(u).
For example, we prove appropriate Holder continuity of the solution operator u — w(u) in Section 4.
In Section 5, we investigate the local well-posedness of (1.1a) for u with abstract coefficients involving
w(u) by using techniques for quasilinear parabolic equations.

Notation

Recall that Q C R is an open and bounded subset. Denote by C' = C(£2) a positive constant that
may vary from line to line below but depends only on 2.

Definition 1.3. Denote by X a Banach space equipped with norm | - ||x, and set k € N and T €
(0,00). B(X) is a space of bounded linear operators on X . In the following, we shall be particularly
interested in X = L?*(Q), L>(Q), H*(Q), etc. B([0,T];X) denotes a space which consists of all
measurable, almost everywhere bounded functions u : [0,T] — X, t v u(t) with norm ||ul|go,r);x) =
supiepo, ) lu)llx. If X is a function space as above, we write u(t) : Q@ — R with x = [u(t)](z) =
u(x,t). The closed subspace of continuous functions is denoted by C([0,T]; X), and

d?u(t)
dti

k
CH(0, 71 X) = {us [0, — X s %2 € C([0.7): %), € [0.K]} , Jull v o.miey =sup > | .
te[0.7] 52 X

The definition extends to non-integer order k + a, « € (0,1), by setting

Ca([OuT];X) = {’U’: [OvT} — X [U]C"‘([O,T];X) = sup W < 00}7
0<t<t+h<T

ulloajo,m;x) = lulleqomx) + [uleao.m:x),

CoH(0, T X) = {u e CH0, T X) - % € C(0,T); X) },

_ d*u
lullcastro,m;x) = llulloro,17:x) + [W}CQ([O,T];X) .

Note that C ([0,T); By (V,r)) = {v € C(I0.TEL*(Q) : supyepor l0(t) — Ve < r} and
C*([0,T); Brz (V,r)) = {v € C([0,T); L* () : supsefo, ) 10(t) = Vllp2(q) < r} with V € L?(Q),
analogously, C ([0,T]; Bx (U,r)) = {u € C([0,T;X) : ulpa = Ulsg, SUPe(o,7] lut) = Ul x < r}

and C* ([0,T]; Bx (U, 7)) = {u €Co(0,T;X):  uloa =Uloa, supyepor lult) = Ullx < r} with
U € X, where X = HY(Q), H*(Q).
Let P: D(P) C X — X be an unbounded linear operator which generates an analytic semigroup

ePt, and define intermediate space Dp(c,00) as follows:
Dp(a,00) = {v € X : ||v]la =sup|[tF 7P| x < oo} .
>0
It is a Banach space with respect to the norm |[v||ppa,c0) = [[V]x + [[Vlla. Its closed subspace

Dp(a) ={ve X : limy,ot'"*Pe”'v =0} inherits the norm of Dp (e, 00).

Our main results on the well-posedness of the semilinear wave equation will be shown by construct-
ing a Picard iteration in the complete metric space Z(T'), given by (1.9), with 99 = vy, Wo = wo — b,

20y ={(3)e c ©rrz@ < mi@): (50) = (1) s (o) ) sz,mf’“}’
(1.9)

o3

2

2 Preliminaries and Outline

The approach in this article is functional analytic. In this section we recall standard notions and
results for abstract evolution equations and discuss the steps in the proof of Theorem 1.1.



2.1 Abstract Evolution Equations

Definition 2.1. Let X be a Banach space, A: D(A) C X — X a linear, unbounded operator which
generates a strongly continuous semigroup (Co-semigroup) {T(t) : t > 0}. Further, let T € (0, 00),
G e C([0, T);X) and ®g € X. A function ® is called a mild solution of the inhomogeneous evolution
equation

(1) = AD(1) + (1), t€[0,T], B(0) =D, (2.1)

if ® € C([0,T];X) is given by the integral formulation
t
B(t) = T(t)o + / T(t - 5)G(s)ds, te€[0,T). (2.2)
0
A function ® is said to be a strict solution of (2.1), if ® € C([0,T]); D(A)) N C([0,T]; X) is given by

the integral formulation (2.2) and satisfies (2.1).

Lemma 2.2. Consider a linear operator A on a Banach space X which generates a Cy-semigroup
{T(t) :t >0}, T € (0,00). Further, let &g € D(A) and G € C([0,T);X). If ® is a solution of the
inhomogeneous evolution equation (2.1) on [0,T], then ® is given by the integral formulation (2.2).

Assume that, in addition, either G € C([0,T); D(A)) or G € C1([0,T];X). Then the mild solution
® on [0,T] defined by (2.2) uniquely solves the inhomogeneous evolution equation (2.1), and

® € C([0,T]; D(A)) N C* ([0, T]; X) .

We refer to Theorem 6.9 in [27] for the proof of Lemma 2.2.
Lemma 2.3. Let X be a Banach space and ® € C([0,T1; X) be differentiable from the right with right
derivative ¥ € C ([0,T]; X). Then ® € C*([0,T];X) and &' = .

We refer to Lemma 8.9 in [27] for the proof of Lemma 2.3.

2.2 Outline of the Proof of Theorem 1.1

We now outline the key steps of the main result in this article, Theorem 1.1. Instead of considering
(1.1), we look for a unique strict short-time solution (u,v,w) of the following, equivalent coupled
system (2.3):

ou 10 3 Ou v
= — ) - — >0 .
% 0o (w u@x) e xeQ, t>0; (2.3a)
ov 0w Br
=20 0F —1 Q, t>0; 2.
% 0wl +6p(u—1), z€Q, t>0; (2.3b)
88—1: =v, z€Q,t>0. (2.3¢)

The initial values are given by u(z,0) = ug(x), v(z,0) = vo(z), w(x,0) = we(z), z € Q, and boundary
values by u(z,t) = 01, w(x,t) = b2, x € 9Q, t > 0.

Section 3 shows that there exists a unique solution (v,w) of the hyperbolic sub-system (2.3b),
(2.3c) for given, appropriately regular w, initial values v(z,0) = vo(x), w(z,0) = wo(z), z € Q and
boundary values w(x,t) = 62, x € 99Q, t > 0. Section 4 then establishes relevant properties of
solution operators u +— (v,w) = (v(u),w(u)) for short time intervals [0,T], such as Theorem 2.4,
which is a restatement of Theorem 4.1 in Section 4.

Theorem 2.4. The solution operator

W C([0,T]; Bgz(uo, r)) = C([0,T); Brz(vo, r) X Bpi(wp,T))

u= Wi(u) = (v,w) = (v(u), w(u))
is Lipschitz continuous with respect to u, i.e.
W (ur) = W (ua)ll o 0,032 () x 1 ) < Lwllun = ualloqo.rymz @),

where r > 0 is sufficiently small, Ly > 0 is a Lipschitz constant,

Br2(Vyr) ={f € L*(Q): |f = V2 <7}, with V€ L*(Q),

Bx(U,r)={f€X: floa=Uloqa, If =Ulx <r}, where X = H(Q), H*(Q) and U € X.



The arguments further give information about the Fréchet derivative of the solution operator W,
as stated in the following two corollaries, Corollary 2.5 and Corollary 2.6, which are the same as
Corollary 4.2 and Corollary 4.3, respectively, in Section 4, but stated differently.

Corollary 2.5. Given u € C([0,T]; Bg2(uo,r)) and small r > 0, the Fréchet derivative W' (u) of
W (u),
W' (u) : C ([0, T]: H*(Q) N Hy(2)) — C ([0,T]; L*(2) x Hy (%)),
q = W'(u)g = (v'(u)g, w'(u)q)
is Lipschitz continuous with respect to u, i.e. for ||q||c([07T];H2(Q)) <1,
W (u1)g — W' (u2)dll oo, 7y;12 (0 11 () < LF lua = wall oo ry;m2(0) -
Here Ly s a Lipschitz constant.
Corollary 2.6. If r > 0 is small and given u € C* ([0,T]; Byz(ug,r)), then there exists a Lipschitz
constant Ly > 0, such that

sup |[W'(u)q](t + k) — (W (gl ()l 20y 11 0y <P Lt Nl e o, 1:m2(02))
0<t<t-+h<T

R T Lt |lqll o o,71: 12 (2))
holds for all ¢ € C*([0,T); Brz(to, 7)), where @y = ug — 01,.

Based on these results for the solution operator u — (v,w) = (v(u),w(u)) to the hyperbolic
problem, we obtain an existence result for the coupled system (1.1) in Section 5. To do so, we
reformulate the system (1.1) as an abstract quasilinear parabolic equation involving v(u) and w(u):

Ou _ 1 9 (s 0w\ vl )
ot~ wu) oz <[ (w)] &C) o) (z,t) € Q x (0,T), (2.4a)
u(z,0) =uo(z), z€Q, wulx,t)=061, (x,t)€dx][0,T]. (2.4b)

Using a contraction mapping argument, we show that the solution of (2.4) exists as long as
(v(u),w(u)) € C([0,T); Brz(vo,r) x By (wo,r)) for small » > 0 and T > 0.
More precisely, we set & = u — 6;and consider the operator

- 1 0 . . o1 v(a + 01)
Fla)= ———— 0,)]? 0)— | - ——=
(1) = g (Iwta+ 0P+ op 3 ) - LU
Theorem 2.4, Corollary 2.5 and Corollary 2.6 imply Hoélder estimates for the nonlinear operator F,
i.e. Theorem 2.7, which slightly simplifies the statement of Lemma 5.4 in Section 5:

Theorem 2.7. Fix T > 0. If 4, ¢ € C*([0,T); Byz(uo,r)), with ug = g + 61, then there exist
constants La,Lg > 0, such that for 0 <t <t+h<T,

IF @) (& + h) = [F(@)] (0 L2y < {[@+ O]ceom20) + Lot Lah®, (2.5)

(@ +61).

IIF"(@)q) (¢ + h) = [F"(@)q] (t) = P* [q(t + h) = ()]l 2 (o
<h*T“Lp |q|

coqoaz) T AT L 1t + 01 ca 0,7y, 52 (02)) 19l oo, 77;2r2(2))
+h* L |l o, m20)) T P L 1t + 01l co 0,7y, 1200)) 14l c0,79;200)) - (2.6)
Lemma 5.4 further specifies the dependence of Lo and Lp on the given data of the problem.

The linearisation P* of F' around the initial condition g is shown to generate an analytic semi-
group {ew* s> O}.
To prove the short-time existence result for the nonlinear problem (2.7), we now rewrite (2.4) in
the form
@' (t) = P*a(t) + [F(a)|(t) — P*u(t), te(0,T), a(0)= o, (2.7)

and use a fixed point argument for the nonlinear mapping I" on a suitable space, defined by
* t *
T(a(t)) = e g +/ e(t=s)P {[F(@)](s) —P*u(s)}ds, te][0,T]. (2.8)
0

Combining the existence and regularity results from Section 3 with the existence of a unique strict
solution of (2.7), we conclude the proof of Theorem 1.1.



3 Well-Posedness Results for the Hyperbolic Equation

Let up € H*T7(Q), vg € HF(Q) and wy € H?(Q) be given functions which are compatible with
boundary conditions ug|gn = 61 and wo|gn = b2, where o € (0, %) Set r € (0, %) with a constant
C=C(Q) >0 and k = infyeq wo(x). We introduce the state space

X = L*(Q) x HY(Q), (3.1)
where X is endowed with the norm |||y = ||[[ 12()x 1 () and the scalar product
(a, by — /Qal By + Vas - Vbadz, a=(a1,as) €X, b= (b1,by) € X.
We define an operator Ap by
D(Ap) :=={p € H}(Q):3 f € L*Q), V€ Hy(Q), such that/ﬁV@ - Vipdz = /Qf pdz}, (3.2)

App = —f, where f is given by D(Ap), H‘P”D(AD) = ||90||L2(Q) + ||AD<P||L2(Q) : (3:3)
From elliptic regularity theory, it follows that

D(Ap) ={p e H*(Q): ¢lon =0} = H* Q)N Hy(Q), [l¢lpa, = lella@)-

We also define the linear operator A with its domain D(.A) and the graph norm of A by

A= (‘1) AOD) . D(A) = BL®) x D(Ap), (3.4a)
lallpa = llallx + [ Aallx = flasl s + lazl sy, a=(a1,a2) € D(A). (3.4b)

Let T € (0,00) to be specified below. We now study the initial-boundary value problem for the
semilinear hyperbolic equation (1.1b) for w for a given, fixed function u € C ([0, T]; Bg= (uo,T7)),
subject to initial values

w(e,0) = wo(e),  Pe(2,0) = vo(x), w2 (3.5)

and Dirichlet boundary conditions
w(z,t) =0z, (z,t) €0 x[0,T]. (3.6)

We define w(x,t) = w(z,t) — 02 with w(t) : Q@ = R, 2 — [w(¢)](z) = w(x,t). Note that the Dirichlet
boundary conditions w(z,t) = 0, (z,t) € 9Q x [0,T] are incorporated in the domain of the Dirichlet
realisation Ap of the Laplace operator in (3.2) and (3.3). We now rewrite (1.1b) with (3.5) and (3.6)
as the equation (3.7) on the unknown function w:

Br
(w(t) + 02)

where 1w’ and w” denote, respectively, the first and second derivatives of the unknown function @
with respect to t € (0,T); @ = u — 6y is given in C ([0, T]; Byz (g, 7)). Observe that

Uy = Ug — 01 €H2+U(Q)QH01(Q), RS (071/2), Vg = Vg € Hol(Q), Wy = wo — o EHQ(Q)ﬂHé(Q)

@ (t) = Apw(t) — + By(a(t) + 6, — 1), te[0,T], @(0) =10, @ (0)=7d (3.7)

For a time-dependent state ®(t) = (p1(t), w2(t)) we write
by = (170,’[;}0) S D(A) (38)

and consider the nonlinear operator

Br _
(Cle2)l(t) =~ gy + Bl = 1), G =[6(@)](1) = (G (2] () + B(1).0). (39)
The existence of a unique strict solution of the equation (3.7) is shown in Theorem 3.6, which is
proved using Lemma 3.1 to Corollary 3.5. The proofs of these results, from Lemma 3.1 to Theorem
3.6, follow from adapting well-known arguments to equation (3.7) and are presented in Appendix
B. These auxiliary results lead to the well-posedness of the semilinear hyperbolic equation (1.1b)
subject to initial values (3.5) and boundary conditions (3.6), for a given function w.
The first Lemma gives an equivalent, abstract formulation of the problem:



Lemma 3.1. Let @ € C([0,T]; By (g, 7)) N C* ([0, T]; L*()) be given, and define A and G by
(3.4) and (3.9) respectively. The semilinear hyperbolic equation (3.7) has a unique solution

w e C([0,T): L*(€2)) N CH([0,T1; Hy () N C([0, T]; H*() N Hy ()
if and only if the semilinear evolution equation
&' (t) = ADP(t) + [G ()] (1), te[0,T], ®(0)= P, (3.10)
has a unique solution
® € C([0,T]; D(A)) N CH ([0, TT; X).
In this case, ® = (W', w).
We next recall that the operator A is the generator of a strongly continuous semigroup.

Lemma 3.2. Let Q be an open and bounded subset of R and X as in (3.1). Then the linear operator
A defined by (3.4) generates a Cy-semigroup {T'(t) € B(X): t € [0,00)}.

Standard arguments imply the existence of a unique mild solution to the abstract problem from
Lemma 3.1.

Theorem 3.3. Forr € (0, 45) with k = inf,ecq {Wo(z) + 62} and a constant C = C(Q) > 0, there
exists Ty > 0, such that for all T € (0,Ty) and given 4 € C([0,T]; Byz (to,7)), the semilinear
evolution equation

(40) = () (550 cenm, () =(3): o
has a unique mild solution (v,%) € C ([0, T); L2(Q) x HE(Q)) defined by the integral formulation
() o 3) - (0 o

A refined analysis establishes Holder and Lipschitz estimates in time, as stated in the following
corollaries.

Corollary 3.4. Let T € (0,Ty), r € (0, 25) and given @ € C ([0,T]; By (o, 7)) NC([0,T]; L*(12)).
Then the mild solution of (3.11), (¥,w) : [0,T] — L?(Q) x HX(Q), defined by the integral formulation
(3.12), is locally Lipschitz continuous with respect to t € [0,T], i.e. ¥ h € (0,T],

()

w(t+h)—
Here Ly is a Lipschitz constant depending on the data Sr, Bp, To, K, Q, ||7.~L0||H2(Q), l@ol| 71 (02) 5

[SH

sup
0<t<t+h<T

< Lyh. (3.13)

=

L2(Q)x H1 ()

1(@0, Wo)ll pray, Mo = subsefo,00) I T ()l 5202 x 113 2y @ [|Ell 10,1 L2(02)) -

Corollary 3.5. If T € (0,Tp), r € (O,%) and given @ € C* ([0, T]; Byz(tog,r)) with a € (0,1),
then the mild solution of (3.11), (v,w) : [0,T] — L*(Q) x H}(Q), defined by the integral formulation
(3.12), is locally Holder continuous with exponent a with respect to t € [0,T), i.e. for all h € (0,T],

(?(t+h) - 17(tt)>

w(t+ h) — w(t)
Here Ly is a Lipschitz constant depending on o, Ty, 0, By, Br, K, ||110||H2(Q), ||7I]0||H1(Q),
[1(0, o)l pay and Mo = sup,efo, o) ||T(t)||B(L2(Q)XH5(Q))-

< Luh®. (3.14)
L2(Q)x H(Q)

sup
0<t<t+h<T

We finally conclude that the mild solution from Theorem 3.3 is a strict solution:

Theorem 3.6. For T € (0,Ty) and given @ € C ([0,T]; By= (g, 7)) N CL([0,T]; L?(52)), the mild
solution (0,w) of (3.11), defined by (3.12), is the strict solution of (3.11) with

(0,w) € C* ([0, T]; L*(Q) x Hy () NC ([0, T); Hy(Q) x {H*(Q) N H(Q)}).



4 Properties of the Solution Operator to the Hyperbolic Equa-
tion
Theorem 4.1. Let Ty be given by Theorem 3.3 and T € (0,Ty). Then a solution operator Wy,

Wy : C([0,T); Byz (g, 7)) = Z(T), aw— Wi(a)= (0,w) = (0(a),w(w)),

where

WA (@)]() = T(#) (?0> + /0 t {T(t _s) CG(@)](S)J W(S)) } ds, te0,T),

Wo

satisfies Lipschitz continuity, i.e.

sup |[|[Wi(a1)](t) = W) (D)l L2y w1 (@) < Lw sup|[[aa(t) — w2 (t)] 52(o)- (4.1)
t€[0,T) t€[0,T]

Here r € (0,45); Z(T) and G(w) are defined by (1.9) and (A.9) Tespectively, Lw is a Lipschitz
constant depending on Ty, Mo = sup,¢(g ooy [|7'( )||B(L2(Q)><H1(Q)) K, |lwoll gy, 2, By and Br.
Furthermore, define

v

Wo : C ([0, T]; Bz (fig, r)) — C ([0, T}; L*()), a+

’LU+92

Then Wa(u) also depends Lipschitz-continuously on @ € C ([0, T]; Byz (tg, 7)), i.e.

sup [[[Wa(a)](t) = [W2(a@2)](t)ll 12y < Lwa sup [[aa(t) = a2()|[m2(0)- (4.2)
te[0,T] t€[0,7]

Here Ly, is a Lipschitz constant depending on the above Ly, and ||170HL2(Q),

Proof. Let T € (0,1y), @1, G2 € C([0,T); By (@, r)) be such that Wy (1) = (vl,wl) € Z(T) and
Wi (’112) = (’[}27@2) S Z(T) then [G(wl)](t) [G( )](t)-‘rﬁp [al(t) — ’17,2( )] eEH (Q) forallt e [O,T],
and it follows that

IW(a1)] () = [Wit)] ()]l L2 @) x 11 ()
1t ([G(ﬂh Bl (GG w9,

- 0 ’ L2(Q)x H(Q)
<M / 1G(@)](5) — (@] (5) + By [ (5) = a(6)]l 3 gy
<y / IG@)](s) = [CEI(s) + By [ia(5) = 2()] 12y s, (43)

where Mo = Sup;¢( o) HT(t)HB(LQ(Q)xH(}(Q))' Since the estimate (A.11) of G from Lemma A.4 and

Jin(®) - ax(Ollm oy < | (105 7 20)
where t € [0,T], we find

I[G(@1)](s) = [G(@2)](s) + Bp [t (s) = Ua(8)]l g1 ()
<Le||Wi(a1)l(s) = [Wi(a2)](s)l| L2 )x () + Bp [[81(8) — G2(8)| g2y, YOS s <t <T.
Thus
(W3 (@1)](#) — [Wa(a2)](t)]| L2 @)x #1(2)

t
<T0Moﬁpt€b[1(l)p [a1(8) = @2 (t) | g2 +MoLG/O [Wr(@)](s) = Wi (a2)l(s)ll 2 @) x a2 ds.

= [[[Wa(a1)](t) — [Wi(a2)](t) | L2 (@) x 1 ()5
L2(Q)x H'(Q)
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According to Gronwall’s inequality, we obtain

sup || [Wi(@)] (t) — Wi (@2)] (8)] 2y x i (@) < ToMoBpe™ o™ sup ||ay (t) — 2 (t) || 20

te[0,T) t€[0,T]

As a result we conclude (4.1) with Ly = ToMyB,eMoLcTo. Because Lg, as a Lipschitz constant,
depends on &, [lwol|f1(q), 2 and the coefficient Br, Ly depends on Ty, My, &, [[wol a1 (), 2 and

the coefficients 3, and Sr, that is

Ly = Ly (TOa MOa Ky ||w0||H1(Q)7 Qa ﬁpa ﬁF) .

From the conclusion (A.5) from Lemma A.3, we get that there exists a constant C' = C(92) > 0, such

that for all r € ( ) 2(;)

- K
wl(t)+92257 ()+92>5

for all t € [0,T]. Then for the above constant C' = C () and all ¢ € [0, T], it follows that

L2(Q) B [/Q

01 (t) — Da(t) Ty (t) — oo(t) |

2 2
dm] < [91(2) = D2() [l 202y »

w1 (t) + 02 w1 (t) + 09
and thus
[l /|52<>|2 1 I
Wi(t) + 02 W2(t) + 02|12 1(t) + 0z o)+ 02
2
:/| \wl() wa(t)| _do
t) + 0|* [ia(t) + O]
<z /\w 21y (1) — o (1)|? dae
< 20 - w01~ m/ (1) d
2402
< 25 () = @20y | 1520 o
We conclude that
[[W2(@1)](t) — [Wa(a2)] (8] 2 (q))
01(t) — v2(t) H va(t)  Da(t)
Wi (t) + 02 |2y [[01() + 02 wat) + 02| 120
2 _ 4C N _
< 01(t) = 02Dl 12 + 5 [@01(E) = D2l g1 () [182(B) L2 )
2 _ aC } _
< [01@) = 02 L2y + —5 [01(E) = D2(t) ]l 12 () (IlvoHLzm) + 7“)

2 . . 4C | . N . K
<= [31(8) = 52(8) | 2y + 3 101.() = D283y (IFll ey + 55 ) -

(4.4)

Setting Lw, = Lw - max {2/(1, 4CKk™2 (||170||L2(Q) + 5(20)’1) }, where Ly, depends on the above

Lw and |[0g]| ;2. and using the estimates (4.1) and (4.4), (4.2) is obtained.

Analysis of Fréchet derivative

O

Recall that w = @+ 61, v = 9, w = W + 0. For T € (0,Tp) a solution operator to the integral

formulation (3.12) is given by

W : C([0,T]; Bg2(ug,r)) = C ([0, T); Brz(vo,r) X Bg(wp, 7)),
ui= W(u) = (v,w) = (v(u),ww)),

11
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W (w) (1) = (;2) L T(t) ( o0 ) +/Ot {T(t — ) ([G<w = 8a)l(e) & fpluls) - 91)) } ds. (4.5b)

wo — 02
We recall that W satisfies the Lipschitz estimate

sup ||[W (u)](t) = W (u2)| (Ol L2y x 1) < Lw sup[ua (t) — wa(t)l| 20, (4.6)
t€[0,T) te[0,T7]

where Ly is a Lipschitz constant depending on Ty, My, &, ||wolm2), @, Bp, Br.

Let h € R be small such that u+hq € C ([0, T]; By=(uo,r)) for all ¢ € C([0, Tp); H2(Q) N HL(Q)),
then from the definition of the Fréchet derivative W' (u) of W(u) on u,

W' (u)g = Jim 1 [ (u + ha) — W(u)], (4.7)

W'(u) is an operator defined by

W' (u) : C([0,T]; H*(Q) N Hy () — C([0,T7]; L*(2) x Hy (%)), (4.8a)
with

g W (u)g = (v'(u)g, w'(u)q) . (4.8b)

Inequality (4.6) implies the Fréchet derivative W'(u) of W (w) on u uniformly exists and
sup (W (0)al(0)ll ey ey < L suD_[la(®) g2y (4.92)

te[0,T) t€[0,T]
sup W0l ooy < Bwvs ¥ 4 € O0T1: By 0,1). (4.9b)
telo,

Corollary 4.2. FizT € (0,Tp). For any q € C([0,T]; Bg=(0,1)) and uy, ug € C ([0, T]; By=(uo, 7)),
the Fréchet derivative W'(u) of W (u) satisfies

sup |[[W'(u1)g)(t) — [W'(u2)a] ()| 20y xmrr 0y < Lr sup [ui(t) — u2(t)|l g2 (q) » (4.10)
te[0,T) t€[0,T7]

where L is a Lipschitz constant depending on Ty, Q, By, Br, Mo, &, ||wollm1 (o) and |[vollr2(o)
Proof. According to Lemma 3.2, the linear operator A generates a Cy-semigroup
T (t) Tha(t) 2 1
T(t) = € B(LX(Q) x HY(Q)) : te[0,00)V.
{ro= () 120) es@@ < mw): o)
As [G(w — 02)](s) + Bp(u(s) — 61) = —Bplw(s)] 72 + By(u(s) — 1), the integral formulation (4.5b)

implies the second component w of vector function W(u) = (v,w) = (v(u), w(u)) can be given by

=05 + Tgl(t)’l)o =+ ng(t) (w() — 92) + /0 Tgl(t — S) (Bp(u(s) — 1) — [w(fﬁ;(s)) ds.

Using this equality and the definitions (4.7)-(4.8) of the Fréchet derivative W' (u) = (v'(u), w’(u)),
the Fréchet derivative w’(u) of w(u) on u, the second component of the Fréchet derivative W' (u),
satisfies

w'(u) : C ([0, T); H*(Q) N H(Q)) — C ([0, T]; H*() N H(Q)), (4.11a)
with
/ [ . 5 [w'(w)g](s) |
w/ale) = [ Tarte— ) {syate) + 200 s (4.110)

We shall show that there exists a positive Lipschitz constant Lp,, which depends on Ty, My, k,
||w0||H1(Q), Q, Bp, and BF, such that

sup |[[w'(u1)q](t) — [w'(u2)a] ()| 1) < Lr, sup [Jua(t) — ua(t) || m2(o)- (4.12)
te[0,T] te[0,T
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We let uy, us € C([0,T]; Byz(ug,7)) be such that the functions (vi,w1) = (v(u1),w(uy)) and
(vg,ws) = (v(uz2),w(usz)) belong to C ([0,T]; Brz(vo,r) X Byi(wp,r)). From the definitions (4.7)
and (4.8) of Fréchet derivative W (u),

W' (u1)g = (v'(u1)g, w'(u1)g) € C ([0,T]; L*(Q2) x Hy (%)),
W' (u2)q = (v'(uz)g,w' (uz)q) € C ([0,T]; L*(Q2) x Hy (%)) -
Hence, by using
wr(t) = [w'(u1)g)(t) € Hy(), wy(t) = [w'(u2)q](t) € Hy(Q), ¥t e[0,T],
one obtains

[w'(u)ql(t)  [w'(u2)g](t)  wilt) wJ(t)3eH§(Q), ViteloT].

[wlu)P(t)  Twu)P@) Wi [wa(t)]

Due to the inequality (4.9),

sup [wr(t)l ey = sup [’ (u1)gl () g0y < Lwv-
te[0,T] te[0,T]

From the Lipschitz continuity estimate (4.6), one can have
[w1(t) = wa ()| g1 () = Nw(ua)](®) = [wlu) (O g1 0y < Lw [[ua () = u2 ()] g2 - (4.13)

Using the algebraic property of H'(f2), i.e. Lemma A.1, the estimates (A.6), (A.7) from Lemma A.3,
and (4.13), it follows that

H wi (t) wy(t) 1

1
< llwr(®)ll g o - H [wi (B w2 ()]

[ )] [wa ()]

HY(Q) HHl(Q)

1
+ lwr(t) —ws(t oyt e
H I( ) J( )HH (2) H [wg(t)P (@)
<Ly Cs |[wi(t) — wa(t)l| 1.y + CF lwr(t) — wi () 1 g
<Ly Cs [lur (t) — ua(t)ll gy + CF llwr(t) —ws (Ol iy - (4.14)

Equation (4.14) and the formulation (4.11) of the Fréchet derivative w’(u)q of w(u) on w imply

fe) = iy =255 [ Tato— ) (LA - 2 Y

wi(s)]? [wa(s)]

H' ()
b —s wi(s)  wy(s) $
SQBF/O Ozizt“T”(t s (L2, m10) H[w1(8)]3 [wa(s)]? Lz(ﬂ)d
t w[(5> _ ’lUJ(S) s
<26pMo /0 [wi(s)]?  [wa(s)]? HHl(Q) ’

<2BrMj (L%/VC3T0|U1(15) — us(t)|| 2 + Cf /Ot wi(s) = ws(s)|l g1 d3> .
Gronwall’s inequality then gives
lwr(t) —ws ()| 0y < 285 Mo Ly C3Toe?® P MO0 |y (£) — up (8) | 2.
Thus we obtain the estimate (4.12) by setting
Ly, = 2BpMyL%, C5Tye2PrMoCiTo,

Similarly, there exists a positive Lipschitz constant Ly, = Lg, (L, |[vollr2(q)) such that the Frechét
derivative v’(u) of the first component v(u) of W(u) on u, defined via

o (w)gl(t) = / Tui(t - s) {ﬁpqcs) + aﬁF[w’(“‘”(s’)} ds, (4.15)
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is a map t — [v/(u)](¢) from [0,T] to C ([0, T]; B (H}(Q),L*())) and satisfies

sup [[[v"(ua)gl(t) — [v'(u2)g ()l L2 (@) < Lry sup [Jua(t) — u2(t)l 12 () (4.16)
te[0,7] te[0,7]

for all ¢ € C ([0,T]; H}()). Letting Lp = max{Lp,,Lg,}, (4.12) and (4.16) imply the assertion
(4.10). O

Corollary 4.3. Fiz T € (0,Tp), r € (0, %) with & = infyeq wo(x) and positive constant C = C(Q).
Ifu € C“([0,T]; By2(uo,r)), then there exists a positive Lipschitz constant Ly depending on o, My,
To, Q, lJvollz2(e), lwollar (), ks Br, By, such that

sup  [[[W'(u)q(t + h) — W (w)a) ()l L2y x 1) <P Lar sup ()] g2
0<t<t-+h<T t€[0,T] (4.17)

+h*TLas ||l co o i)
holds for all ¢ € C*([0,T]; By (tig, 7)), where iy = ug — 0 € H>**7(Q) N HY(Q) and ug € H>T7(Q)

with u|gq = 61 and o € (0, 3).

Proof. For T € (0,Ty) u € C*([0,T]; Bg2(ug,r)), Theorem 3.3 and Corollary 3.5 imply that w(u) €
C*([0,T]; Bg2(wp, r)) is a unique mild solution of the semilinear hyperbolic equation (1.1b) and w(u)
satisfies

[w(u)] (t) = 92 + Tgl(t)vo + ng(t) (’w() — 92) + /O Tgl(t — S) (5p(u — 1) — [’(U(Q?)F]‘Q(S)) dS.

The definitions (4.7) and (4.8) of the Fréchet derivative W’ (u) imply the Fréchet derivative w’(u) of
w(u) on u satisfies

[w'(u)q](t) = /0 To1(t — s) {ﬁpq(s) + 25}7%} ds. (4.18)

We aim to show that there is a constant Lus, > 0, such that

[[w(w)q)(t + h) — [w/(u)q](t)”Hl(Q) < L, b <tes[%PT] ||Q(t)||H2(Q) +T |(J|ca([0,T];H2(Q))> (4.19)

holds for all 0 <t <t+ h < T, h € (0,T]. Notice that

h

[ (w)q) (t + B) — [ (w)g] (t) = /

0

o Lt o 25, @O
Tt (e + 237 LR

+ [ Tate= )8lats + 1)~ a()ds (4.20)
0

+ [ Tt s8¢ e op o=

[ww)]*(s +h)  [w(w)]?(s)
Having ¢(t) € H?(Q) N H}(Q), the definition (4.5) of W (u) and the definition (4.7) of W’(u) imply

[w' (u)q](#)
[w(u)]?(2)

Combining (A.6) of Lemma A.3 with (4.9) gives

Bpa(t) + 20 € Hy(Q).

[w'(w)g](t
3(

su 7) su L w' (u 3 su
p ||t Hmﬁe[@%{H[wmﬂ?’(t)HHl(m”[ <)q](t)Hm)}sclLWte[O%]||q<t>||Hm>.

t€[0,T]
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Therefore

/0 I+ hs) {ﬁpq(S) 265

' (u)g)(s)
o (w)(5) }ds

H()

[w(u)q](t)
<hMy< By, sup |lg(t)||m2(0) + sup
{ pte[o,T] ()l m () te[0.1] [w(u)]3(t) H1(Q)
<hMy (B, + C7Lw) sup_[|q(t)ll 2 - (4.21)
t€[0,T]

Now ¢ € C([0,T]; By=(tg,r)) implies

/0 Tor(t — 5)Byla(s + h) — q(s))ds

<TMoBy, sup |lg(t+h) — q(t)ll 1 (q)
H(Q) 0<t<t+h<T

<h®TMoBy|lqllc=(o,r);H2(02))- (4.22)

The triangle inequality and the algebraic property of H(Q) (i.e. Lemma A.1) imply

HY(Q)

[w(w)]?(¢) [w(w)]?(t)

N H [w'(w)gl(t +h)  [w'(w)ql(t)

H(Q) HY(Q)
) 1 1
= Coatt = Wl || fo@pe )~ WP ® |
I @+ 1) = @A Olio | s ] (1.23)

Since w(u) € C* ([0, T]; By (wop,r)) is a mild solution of the semilinear hyperbolic equation (1.1b),
then from estimate (A.7) of Lemma A.3 and the estimate (3.14) of Corollary 3.5, it follows that

1 1 .
Hence, estimates (A.6), (4.9), (4.23) and (4.24) imply

H [w'(w)g](t+h) _ [w'(u)g](t)

[w(WP(E+h)  [w@)P()

<Lw sup [lg(®)llq) CsLuh®
H(Q) te[0,T]

+[[w' (W)a](t + h) — [w' (W)g] ()] g1 ) CF-

Therefore,

e (W@ h) e,
| )QﬁF{[w(u)P(Hh) [w<u0>]3<s>}d

HY(Q)

t
s%m(nw sup [l0) ]y Coluh® +C [ walts + 1) = [ (6 o ds>- (4.25)
te|o, 0

Consequently, (4.20), (4.21), (4.22) and (4.25) imply
T’ (w)gl(t + h) = [w' (w)g](8)|| g1 (@) <hTo =" Mo [B, + C7 Lw] S g2 0
€10,
+hT MoSpllqllco o, 1112 ()

+h*2Bp MoToLw CsLy sup |lq(t)[l 2o
te[0,T]

28 My / ! (w)al(s + B) — [ (w)g)(5)]| 1 g ds-
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Set Ry = MoT, “[Bp + CiLw], R = 2BrMoToLwCsLy, Ry = MoB, and Ry = 28pMyC5.
Gronwall’s inequality implies V0 <t <t+h < T,

I/ (w)al(t+ 1) = [ W Oll s ) <h"e"T (R + Ra) sup a(®) 2o

+h*Te" T Rs|\ql| o (0, 77:2(02)) -

Eqn. (4.19) holds by setting Ly, = (Ry + Ry + R3)efta™ where Ly;, depends on o, My, Tp, €,

||w0||H1(Q)7 ) BF? Bp'
Similarly, there exists a Lipschitz constant Lz, > 0 depending on Ly, and |lvgl|z2(q), such that
the Frechét derivative v'(u) of the first component v(u) of W(u), defined via

t

) = [

0

T (t — s) {ﬁpQ(S) + QBFW} o

satisfies

[V (w)g](t + h) — [v'(w)q](t)]| 22) < Lar, ™ (tes[l(l)%] @l g2y + T ||Cl|c<~([o,T];H2(Q))> - (4.26)
Setting Ly = max {Lys,, Ly, }, the assertion (4.17) follows from (4.19) and (4.26). O
5 Well-posedness of the Coupled System

In this section we prove the main result of this article, Theorem 1.1. First, recall the formulation
(2.3) of the coupled system (1.1) in the open bounded subset 2 C R:

ou 10 3 Ou v
_— = — — _— —_ >0 .
% wie (w u8x> e e, t>0; (5.1a)
ov 0w Br
_— = _— — >0 .
%= 92wl +6p(u—1), z€Q, t>0; (5.1b)
ow
—_— = > . .
5 v, TEQN, t>0 (5.1c)

Here, the initial values are denoted by u(z,0) = ug(z) € H*™(Q) (o € (0,3)), v(z,0) = vo(z) €
HL(Q), w(z,0) = wo(z) € H?(RN). We assume that ug > €1 and wg > r, for given constants
€1,k > 0. The boundary values are given by ulgg = 61 > 0, w|gq = 02 > 0. Note that @9 = ug— 01 €
H2T7(Q) N H(Q).

Abstract Formulation

We study the existence and uniqueness of a strict solution for the initial-boundary value problem for
this parabolic-hyperbolic coupled system by writing it in the following, equivalent abstract quasilinear
parabolic equation with coefficients involving v(u) and w(u):

ou 1 0 ou v(u)

9t ww) oz <[w(u)]3uaz> - w(u)u’ (x,t) € Q x (0,T), (5.2a)

u(z,0) =up(z), z€8, wulzr,t)=061, (x,t)e€dQx]0,T)]. (5.2b)
Here u = wu(z,t) is an unknown function, v(u) = [v(uw)](z,t) and w(u) = [w(w)](z,t) are given as

functions depending on w by the integral formulation

G- (2) o) [ fre-s (70 )

where {T'(t) : t > 0} is the strongly continuous semigroup from Lemma 3.2.
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Let @ = u — 6 be restricted in C ([0, T]; H2(2) N Hg(£2)) temporarily, then from the existence of
the mild solution of the semilinear evolution equation (3.11), i.e. Theorem 3.3, the functions v and
w satisfy the definition (4.5) of solution operator W of w and the mapping property:

v: C([0,T]; H*(Q) N H(Q)) — C ([0,T]; L*()), > v(h+ 0y);

w: C([0,T); H*(Q) N Hy () — C ([0, T); H' (), @ w(a+ 61).

Hence
v F(a): C([0,T); H*(Q) N Hi(Q) — C ([0,T]; L*(Q)), (5.3a)
where
o 1 0 ~ 3. ou\  w(a+6) i
F(a) = w(i T 00) on ([w(u+91)] (a+ 91)8x> 7w(ﬂ+01)( +61). (5.3b)
The linearisation of F'(@) is defined by
g F'(Gg)g:  C([0,T]; H*(Q) N Hy(Q)) — C ([0,T]; L*(R)) . (5.4)

Here, F'(@g)q is the Fréchet derivative of F(4) on @ at g, F’'(ug)q at t is given as:

F10)a) () = o { Lol (Ou 2+ Fofus (o)) 5 |
+m gx {g[w(u‘))]Q(t) [w (uo)q] (t)uo%
(5.5)
[/ (u)gl(8) 2 ou _ [o(u))(0)
ot 35 (PO - e

Uo,

where the functions v(ug) and w(ug) satisfy the definition (4.5) of solution operator W with u = ug.
Equivalently, (9,%@) = (v(ug), w(up)—02) is a unique mild solution of the semilinear evolution equation
(3.11) with @ = ug — 01, and ([v(uo)](0), [w(up)](0)) = (vg,wo).

Well-posedness of Linearised Formulation

Essentially, we aim to define an operator P* by the expression

Pty =~ 2 {wu 0alt) | w8q<t>a“°} Lo {3w3[w'<u0>q}<0>uoa“°}

wqy 0x ox ox woy Ox ox

)00 (5,0 _ 10 ) ol )0 ol )0,
T wo w§

(5.6)

2
wg Ox

Note that the definition of the Fréchet derivative w’(u) of w(u) on u at u = wug and ¢ = 0 is by
o1
[w'(u0)g] (0) = lim - {[w(uo + hq)}(0) — [w(uo)](0)} -
h—0 h

Here h € R is small such that ug + hg € C ([0, T]; Byz2(ug, 7)) for all ¢ € C ([0, T); H*(Q) N H ().
Since (O, wp) = (v(up + hq), w(ug + hq) — O2) is a unique mild solution of the semilinear evolution
equation (3.11) with @ = uo+hg—01, then it follows that ([v(ug+hq)](0), [w(ug+hq)](0)) = (vo,wo).
As ([v(u)](0), [w(ug)](0)) = (v, wp), we have [w'(ug)q](0) = 0, analogously [v'(ug)q](0) = 0, and
then (5.6) is simplified to

Pty = ~ 2 {wéuoa‘”) +w8q<t>8“°} _ %,

wio ox ox ox wo

We therefore define P* as the linear operator

P*:D(P*) C H*(Q)NHY(Q) — L*(Q), P = wi()% {wg’uox + (wﬁ?) 1/)} - %w, (5.7)



defined for smooth functions satsifying homogeneous Dirichlet boundary conditions. It is a Dirichlet
realisation of the differential expression in (5.2a). Using P*, we rewrite (5.2) as an equation for the
unknown function :

o' (t) = Pra(t) + [F(@)](t) — P*a(t), t<€[0,T], @(0)= . (5.8)

The next lemma gives an elliptic estimate for the quadratic form associated to P*, with a standard
proof.

Lemma 5.1. There exist positive constants K and K, depending on ug, wg, such that for all t €
[0,T], the following elliptic estimate is satisfied:

[ L] o=

Proof. For t € [0,T] and ¢(t) € D (P*), the highest order derivative term of P*q(t) is

" 1 0 dq(t
Pia(t) = - o {uduo 50 |

dq(t) |
0

- K, /Q g(O)Pde, V) eD(PT)  (59)

Integrating by parts, we obtain

/Q %?% {wé”%agf)} dr = {wguoq(t) 835) }89 - /Q {8833 (Cﬁ?)} {wguoagf)} dr. (5.10)

As q(t) € D(P*) C H*(Q) N HY(Q), [¢(t)](z) = g(z,t) = 0 for all (z,t) € IQ x [0,T] and hence
w%uoq(t) T () — () on 9. Using that up(xz) > €1 > 0 for a given constant €; and that k = inf,cq wp(x)
from (5.10), we find

a®) o [ 5 9q(t) _
/Q wy Ox {wouo oz dz| =

ot (i

Jo)e

Jq(t ) Owg Jq(t)
> —- 7 . -
> /uowo /uowo - {q(t) - dx
5‘1@) g Odwo 8‘1(t)
2 vgq\t) . JWo ggq\t)
>e1k / - dzx /uowo - q(t) - dz|.

As wo € H*(Q) and up € H*7(Q) with o € (0, 1), writing C = C(Q) a positive constant, we have

[ oy {250 Yol < [ 0%

<C / q(t) 94(t) dx

811)0
ox

811)0
or

UoWo—4—
L>=(Q)

UoWo —H7—
ox

HY(Q)

‘ 8w0
Ox H(Q)

/Qq(t)agi)dx

With Kz = C'luol| g1 0 ||w0||§lg(m and Young’s inequality, it follows that

<Cluoll g1 0y llwoll g1 (o

<C|[uoll g1 (0 ||wo|\§12(9)

q(t) 9 Iq(t) a(t) |
/Q wio% ngOW dx 2(61/4}2 - 52K2) o T dr — — ‘ 2dx (511)
The assertion (5.9) follows for e sufficiently small. O

Corollary 5.2. P*, defined by (5.7), is a sectorial operator which generates an analytic semigroup
{eP" 1 t>0} on H(Q).
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Proof. Using the Corollary 12.19 and Corollary 12.21 from [21], we conclude that the operator P*
defined in Lemma 5.1 satisfies the elliptic estimate (5.9) and the estimate (5.12) in the resolvent set

p(P*) D Sow= {)\ EC: N w,|arg(A\—w)|<O,weR,O € (g,ﬂ')} (5.12)

The estimate for the resolvent operator (A — P*)~! follows (see e.g. Proposition 1.22, Proposition
1.51 and Theorem 1.52 in [39]):

) — M
1O =P (2. o) < g (5.13)

forw e R, M >0 and A € Sg,,. We conclude that P* is a sectorial operator which generates an
analytic semigroup {e!F" : ¢ > 0} on HJ(Q). O

If the domain D(P*) of P* is endowed with the graph norm of P*, |lgllpp+) = ll9llr2) +
P*gllL2 (), then there exists a constant 4o > 1, such that

Y (lgll2) + 1P*gllr2@) < llgllrz) < 7o (l9llrz@) + 1P gllr2@)) - (5.14)

In fact, as { H2(Q) N H§ ()} < L*(Q), P* € B(H*(Q) N H(Q), L2()), B (H*(Q) N H(Q), L*(2))
is a set of linear operators from H?(2) N H}(Q) to L?(9), there exists a constant ¢y > 0 such that

||9||L2(Q) + HP*QHLQ(Q) < Co||9||H2(sz)7 Vg€ HZ(Q) N H&(Q), i.€. {HQ(Q) N H&(Q)} — D(P*)-

The properties (5.12) and (5.13) imply that P* extends to a closed operator, which we again denote
by P*, and then D(P*) is a complete Banach space. We conclude D (P*) = H?(Q2) N Hj (), which
is assertion (5.14).

Since H2(Q)NHE(Q) is dense in L?(2), hence P* is densely defined in L?(Q) and D (P*) = L?(Q).
Ift >0 and ¢ € L*(Q) then P ¢ € D ((P*)k> for each £ € IN. Moreover, there exist constants

Mo, My, My > 0 (depending on © in (5.12) and M in (5.13)), such that

Htk (P*)F etP” H <My, s>0, k=0,1,2 tel0,T). (5.15)

B(L?*(9))

Theorem 5.3. Let P* : D(P*) — L?(Q) be a sectorial operator and generate an analytic semigroup
P, D (P*) = H2(Q) N HY(Q) and D (P*) = L*(Q). Given o € (0,1), T € (0,Tp),

4y € D(P*), F(0)+P*upe€ D(P*), FeC* ([O,T};LQ(Q)) ,
the function
o(t) = e g + /Ot et=IP" F(s)ds (5.16)
is the unique solution in C* ([0,T]; L2(Q)) N C ([0, T]; D(P*)) of the problem
@' (t) =P p(t) + F(t), te[0,T], ¢(0)= . (5.17)
Moreover, the following maximal reqularity property holds:
F e C([0,T]; L*(2)), P*iio + F(0) € Dp«(ar, 00) —
@ € COTH[0, T L (Q)) N C ([0, T]; H*(Q) N H(Q)),  ¢'(t) € Dp«(a,00), V¥ t € [0, 7],

and there exists a continuous and increasing function I : Ry — Ry (depending on Mo, My, M+ and
a) such that

Iellonorpe < 1) [IFllcnomza@) + 1P o + FO)lp,. (ao + Iollz2@)] - (5:18)

Theorem 5.3 is a maximal regularity result for linear autonomous evolution equations of parabolic
type and its proof is identical to the proof of Theorem 4.5 in [41].
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Estimates of Linearisation Error

We are going to use Theorem 5.3 to prove the existence of a strict solution to the coupled system,
which is Theorem 5.5. Before proving Theorem 5.5, we require certain estimates for the error of the
linearisation F', which are given in Lemma 5.4.

Lemma 5.4. Let F(u) and P* be defined by (5.3) and (5.7) respectively and fix T € (0,Tp). If u,
q € C*([0,T); By2(tig, 7)), with ug = tg + 61, then there exist constants La = L (ug,vo, wo, Q) >0
and Lg = Lg (ug,vo, wo,Q, o, Ty, Ly, Lw, Las) > 0, such that for 0 <t <t+h<T,

IF @) (& + h) = [F(@)] (0 L2y < {[@+ O]coorm2@) + Lot Lah®, (5.19)

and

I[F"(@)q] (t + h) — [F'(@)q] (t) — P~ [a(t + ) — a(®)]]| 12 (o
<h*T*Lg ||all oo, m2(0)) T T Le |1t + 01l co(o,71m20)) 19l o 0,772 () (5.20)
+h*Lp sup |lq(t)ll g2y + h L @+ 01l co o,y m20)) SUP_ 2Ol g2 (o) -
te[0,T] t€[0,T]

Here Ly, Ly and Ly are given by Corollary 3.5, Theorem 4.1 and Corollary 4.3 respectively.

Proof. Let T € (0,Tp). According to Theorem 3.3 and Corollary 3.5, the semilinear evolution
equation (3.11) exists a unique mild solution (3,w) € Z(T) N C ([0, T]; L?(Q) x Hg(2)) provided
@ € C*([0,T]; By2(ii, 1)) for all r € (0, 45). Here k = infyeq o + 02 and C = C(Q) is a constant
depending on 2. Recall that ug = g + 01, vo = Vg, wog = Wg+ 02, u=u+601, v =0, w=w+ 0. It
follows that the solution operators u — v and u +— w have the following properties:
urrv: CY([0,T); Byz2(ug,r)) = C*([0,T]; Brz(vo,7)),
urw: C*([0,T); Bgz(ug, 7)) — C*(|0,T); B (wo,)), (5.21)
[o(t+h) = v(B)ll L2y < Luh®,  (w(t+h) —wt)l| gy < Luh®.

Hence

F(ﬂ)zii( 3(@ +91)gz> %( i+ 0y) € C ([0, T); LA()) .

We next prove assertion (5.19) of Lemma 5.4. y 3
Let h € (0,7] be such that 0 <t <t+h < T. As [[u(s)| g2 < C1, 5 [[v(s)llp2(0) < C2 and

lw(s)]l 1) < C for all s € [0,7], where C' = llwoll g1 () + #/(20), Ci = [uoll 20y + /(20),
Cy = [voll2(q) + £/(2C). Because H(Q) is an algebra, estimate (A.6) of Lemma A.3, estimate
(3.14) from Corollary 3.5 and estimate in (5.21), we obtain

|[w(t+ h)) ™" = [w(t) 1||H1(Q) < CiLyh®,  ||[w(t+ )] = [w( HHI <3C?Lyh®.  (5.22)
Similarly, for u € C* ([0, T]; By2(ug, 1)), we get
|| [u(t + h)]* = [u(t HHZ(Q) <2Ci[u U g o, 13122 (02)) 1 (5.23)
The arguments of the proof of Lemma A.5 give that (5.19) of Lemma 5.4 holds by
IE @] (t+h) = [F@)] ()l L2(q) < LaLoh® + Laluloe (o,ry:m2 ()b (5.24)
Here L4 is a constant depending on C', C, C’, C’l and C~'2.

We next prove the assertion (5.20) of Lemma 5.4. For ¢ € C([0,T]; By=(tg,r)) and t € [0, T],
we note w(t) = [w(u)](t), v(t) = [v(w)](t). From the definition (5.5) of the Frechét derivative of F()
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on 4 at t and the definition (5.7) of P*¢(t), we have, for h € (0,7 such that ¢t + h € (0,77,
[F'(@)q] (£ + h) = [F'(@)q] (t) — P* (q(t + h) — q(t))

i o e P+ m IR ¢ o mp P g
e {OPuO R + P a0 |
o { 2 ek et el + )
s 2 {0}
A (o) et
S ()
it DI 4)— R )
O 00 O 0, LD {3, PR g )
,7q(t +h) + %82 {wguo 8;5) + wé’%?q(t)} + Z—Zq(t).

Observe that
e + WPt + ) = [wOPa(t)] s gy < [0+ B = [ s g Nt + Bl
O gy Tt + 1) = (6) 1
<h*3LyC*C1+ hC? ||ull ga o 20 » (5.26)

with this, the algebraic properties of H1(f2), i.e. Lemma A.1, inequalities (A.2), (A.3) of Lemma A.2
and the assertion (A.6) of Lemma A.3 imply that

L 1yof. s, dq(t + h)
(w(t—i—h) w(t))@x{[ (84 M) ult +h) =5 }LZ(Q)

<C [fwlt 4+ = O] 1 ey 0+ | sy It A+ 1) gy lat + 1) g2

haCCQLUCBCl S[]El)p ||q()||H2(Q)’ (5.27)
te

L g w 3, ~ fw(b) Py dq(t +h)
o { e mute )~ piou) 2GR

<C[lw®] M| 2 g Nt + W)Put + k) = [w)Pu)|| 42 g lalt + 2l g q)
<h*3CC LuC*Cr sup |lg(t)] 20y + h*CCLC? [l caqo 2 ()) 5P a2y (5:28)
te[0,T) t€[0,T7]

Hence, we deduce the estimates

o h);{[wwmwag;’”} 50 {woPun 2

e { e+ Pt + )~ ol ”h}

L2(Q)

L2(Q)

+

L2(Q)

<h®C [CfLUC*?’C’l +3C1 LyC?Cy + G C° HUHCQ([O,T];HWQ))} o] la@) | 20 - (5.29)
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and

L2(Q)

<

o G~ ) 5 (v e e —at)|

<C[[lw®] ™| g1 ) N[w®Pu(t) = wiuo| g lalt + k) = ¢l g2 (e

+C || [w®)] ™ — [wo]ilHHl(Q) ||w0||?}11(9) l[woll g2y la(t + 1) = a(t) || g2

<heT*CC (3LU02(71 +C° ||u|\0a([o,T];H2(Q))> gl o, 19,12 (0)

+hT*CrLuCPC [ldll ga o172 (52)) - (5.30)

Therefore, the triangle inequality, (5.29) and (5.30) imply, with a constant V; which depends on C,
01, C, 01, and LU:

Hw“imglﬁMﬁHm%a+m%%:m}_u%ﬂi{W@Wwﬂ%y}
13{33W”ﬂ+13{36mq

W Ug Uug
wo 0x 0 ox wgy 0x 0 ox

L3(Q)

<h*Vi sup |lq(t)ll 2oy + P VA Ul co o, m,m20)) SUP @)l 20
t€[0,T] te[0,T7]

+h T Vi [[ull a0, 79;12(00)) |l o 0,772 (02)) + BTV Nl 0,79, 12(02)) - (5.31)
Similarly,
1 d 3 ou(t + h) 1 0 3 . ou(t)
HUM&L’ {[w(t + h)]"q(t + h) oz } w(t) 0z {[w(f)] q(t) oz
1 0 3 8u0 1 0 3 8u0
wg 0z {woq(t—l— ") Ox } * wo Oz {woq(t) ox } 12(9)

<h®*Vi sup ||q(t)||H2(Q)+haV1 ||u||CO([07T];H2(Q)) sup ||q(t)HH2(Q)
te[0,T] te[0,T

+h T Vi [|all oo,y m2(0)) + ATV |l ca o, 17. 12 (02)) 9]l o o, 7: 22 () - (5.32)

Set C3 = C [CILU + 6‘2012[,[]}’ C, = CC,y [LU + ||U0||L2(Q) Hwalqu(Q)}' The triangle inequality,
algebraic properties of Sobolev spaces, i.e. (A.1) of Lemma A.2; (A.6) of Lemma A.3, and the assertion
(3.14) of Corollary 3.5 imply the estimate

"v@+m

—m <h®Cj sup HQ(t)HH?(Q)

L2(Q) t€[0,T7]

+hT* Callgll oo, 77, 120y) -

gt + h) + —2qt) — —q(t + h) + —q(t)
w(t) wo wo

We now combine (4.9), (4.17) in Corollary 4.3, (3.14) in Corollary 3.5 with the above arguments for
estimate (5.31). With a constant V5 which depends on C, C; Cy, C, Cy, Cs, Ly, Lw, Ly and Tol_",
we deduce

3 1 0

2Hw(t+h)a {[w(t+ RP ! (u)q)(t + h)

- oo { ROP a0 2P

Olu(t + h)]?
Oz }

L2 ()

<h®T*Va llqll g o, 1y 2 (0)) T P V2 (1 + HUHCa([o,T];m(Q))) t:[%%] gl 20 »
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dt+1) 0 Oult+ W2\ [w'(wa(t) 0 Alu(t))?
H t+h ax{[w(t””g oz }_ 2w (D)2 ax{[w(’f”g oz }

12(@)
<h®Va (1+ [[ulle o,y m2(0)) ref0r) la@®lla2@) + T Vallall coo,11:m2(0) »
€0,

H _w(t+ R (wg](t +h) — vt + h)[w (u)g](t + h)

[w(t + h)]?

w(t)[v' (w)ql(t) — v(t)[w' (u)q](t)
[w(t)]?

<h®V, (1 + HU”ca([o,T];HZ(sz))) tes[%%] H‘Z(t)HHz(gz) + hOTV, ||‘I||ca([o,T];H2(sz)) .

u(t+ h)

_|_

L2(©)

Consequently, by setting Lg =V, + Vo + C'g + C~'4, we obtain

IIF"(@)q) (¢ + h) = [F'(@)q] (t) = P* [q(t + h) = ()]l 20

<h“Lp SUP gl g2 () +h* L [ullcago,rp;m2(0)) 592 [a()[] 20
te0,T t€[0,T

+h*T*Lp ||Q||Ca([o,T};H2(Q)) +h*T* L ||ull go 0,111 11l oo 10,71 12(02)) -

Hereby, (5.20) is proved and this concludes the proof of Lemma 5.4. O

Proof of Theorem 1.1
Theorem 5.5. Assume that the initial value ug € {1/) € H* 7 (Q): Y(x) =0y, z € BQ} is given for
s (07 %) such that the compatibility condition

1 0 3 8u0
[ 7 - x
e < wolo -~ > € H°(Q) C Dp-(a,0)

holds for o € (0,%) and g = uo — 61 € H*T7(Q) N H ().
Then there exists Ty > 0, such that the nonlinear problem (5.8) has a unique strict solution

@ e C™([0,T1); H*(Q) N H(Q)) N CoT ([0, T1); L*(2)) and @ (t) € Dp« (v, 00) for all t € [0,T1).

Proof. Let o € (0,%), a € (0,%). We divide the proof into three parts.

Holder Continuity. Let us first state Holder continuity results for the solution operators u —
v(@+ 61) and @ — w(@ + 61) in the Section 4 which will be used below. Take T' € (0,T}) to be
specified later. The estimate (3.14) in Corollary 3.5 implies that the solution operators @ — v(i+ 61)
and & — w(a + 61) satisfy the mapping properties

a—ov(t+0): CY([0,T); Bgz(tog,r)) = C“([0,T); Brz(vo,r)),

u—w(@+6,): C“([0,T]; Bgz(tg,r)) = C*([0,T]; By (wo,r)) .

Thus, from inequality (5.19) in Lemma 5.4, the nonlinearity F(@) from (5.3) satisfies
F(@) € C* ([0, T); L*()) .

Due to Theorem 4.1 and its following discussion of the Fréchet derivative, together with the estimate

(4.10) of Corollary 4.2, we obtain that the Fréchet derivative (v’ (@ + 01)q, w’ (@ 4 61)q) of the func-

tion (v(@ + 61),w(@ + 61)) on @ € C ([0,T]; H*(Q) N Hg () exists in C ([0, T]; L*(Q) x H}(Q)) and

depends Lipschitz continuously on @ € C ([0, T]; H*(Q) N H(Q)) for g € C ([0, T); H*(Q) N H ().
If u € C*([0,T); Byz (o, 7)), then inequality (4.17) in Corollary 4.3 implies that

(W' (@ + 01)q,w (@ + 01)q) € C* ([O,T];LQ(Q) X Hol(Q))

for all ¢ € C* ([0,T]; H*(2) N Hg(2)). Thus, following (5.20) in Lemma 5.4, the Fréchet derivative
F'(a)q of F(u) and P*q (defined by (5.5) and (5.7), respectively) satisty

F'(a)g—P*q e C* ([0,T;; L*()), VqeC*([0,T]; H*(Q) NH(RQ)).
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Now vy € H}(Q), wy € H?(Q) with wp|sq = 02 and the compatibility assumption of Theorem 5.5

imply
8UQ Vo

_ 10| 3 .
= —_— — - — 7(Q) C Dp- ).
[F()](0) wo 9 [wouo (%v} wouo € H7(Q) C Dp«(a,00), 1 € D(P*)
From the definition (5.7) of P* and equation (5.14), we conclude

D(P*) = H*(Q) N Hy (), D(P*) = L*(Q), C* ([0, T); H*(Q) N Hy(2)) = C* ([0, T]; D(P)).
Equivalence. We now study the nonlinear problem

a'(t) = P*a(t) + [F(a)](t) — P u(t), te][0,T], u(0)= dp. (5.33)

in its integral formulation
¢
a(t) = et g +/ elt=s)P" {[F(@)](s) —P*u(s)}ds, te€][0,T]. (5.34)
0

We will prove that if @ € C* ([0,T]; H2(Q) N H}()) satisfies (5.34), @(t) € Bpyz(to,r) for all ¢t €
[0,T], 7 € (0, 45) for k = infyeq wo(z) and C = C(Q) > 0is a constant, then @ € C*T* ([0, T]; L*()),
@' (t) € Dp=(a,00) for all t € [0,T], and @ satisfies the equation (5.33).

To prove this assertion, set

[F(@)](t) = [F(a)](t) = P*a(t), Vtel0,T], (5.35)
for @ € C* ([0, T); By=(iig,r)). We will show that
F(a) e C* ([0,T]; L*()) . (5.36)
In fact, let 0 <t < t+h < T. Using (5.19) in Lemma 5.4, we observe
IF@IE+h) = [F@IO 2y < NE@I(E+R) = @O () + [Pt +h) = P a0 20
< (La + 1P Nigarsqa zxqany ) Nl + ) = @)l 2

because @ € C* ([0, T]; H(2) N Hg (1Y), we get (5.36).
In addition, as @(0) = @y € {H*(Q) N H(Q)} = D(P*) and [F(@)](0) € Dp«(a, 0), we get

Prag + [F(@))(0) = [F(@)](0) € Dp-(a, 00).
Therefore, using Theorem 5.3 and Theorem 1.2 of [37], we obtain that if & € C* ([0, T); By=(tg,r))
is a solution of (5.34), then there exist @' € C* ([0,T]; L*(R2)), @ (t) € Dp+ (e, 00) for all ¢ € [0,T],
and 4 satisfies (5.33).
Conversely, let @ € C ([0, T]; By2(to, 7)) N C*T ([0, T]; L*(2)) satisfy (5.33), i.e.
w'(t) =Pru(t) + [F(a)](t), te[0,T], u(0)= do.

As we have proved that F(u) € C* ([O, T} LQ(Q)), we can apply Theorem 5.3 again and obtain that
@ is a solution of the integral equation (5.34).

In conclusion, it is sufficient to solve (5.34) in the space C* ([0, T); By=(to,)). To do so, we let
T € (0,T)) to be specified later and find a fixed point for the mapping

t
L:Y =Y, [[ait)=e" a+ / eI LF(@)](s) — P*a(s)yds, te[0,T], (5.37)
0
on the space
- a 2 1 . ~ ~ ~ K
Y = {u € ¢ ([0, T); HA(Q) N HY(Q) : @(0) = o, [a(-) — itoll e po.r7:112052)) < 7’} Ve (o, %) .

Contraction Mapping. The space Y is a metric space in the metric defined from the norm of
C ([0,T]); H*(Q)). We will show that I' is a contractive mapping of Y into itself provided T is
sufficiently small.
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Following the preceding results and proceeding as in the proof of Theorem 4.3.1 in Lunardi’s work
[36], we obtain that T'u € C ([0,T}; H*(Q) N H§(Q)) if a € Y, as Y C C* ([0,T]; Byz(to,r)). We
will show that when T is sufficiently small we have

o N o
[Py = Ttzllga o,y m2(0)) < 5 10 = G2llcaqorimz), ¥, G2 €Y. (5.38)

From (5.35) and (5.37), we get

t
[T )(t) — [Pag](t) = / P F(@)](s) — [F(a2)](s)}y ds, ¢ €[0,T],
0
hence, by using (5.14) and applying (5.18) from Theorem 5.3, we obtain
[P0y = Tzl a0, 73;22(0)) <YL (T) I1F (@) = F(@2)ll cao,7);12 ()
<’YOI( ) ||f(u1) f(ﬂ2)||ca([07T];L2(Q)) . (539)

Here I(+) is a continuous and increasing function given by Theorem 5.3 when applied to P* which is
defined by (5.7) and satisfies Lemma 5.1 and Corollary 5.2. As 44 (¢) and a3(t) belong to B2 (to, )
for t € [0,T], we can use inequality (A.17) in Lemma A.5 to estimate the right hand side, obtaining
for t € [0, T7,
IF(@))(#) = [F (@)l ()l L2y <INEF@)]E) = [F@)l(Oll L2 ) + 1P a1 (t) = P a2 ()]l 12(q)
< (Le + ||P*||B(H2(Q),L2(Q))> [[a1(t) — @2 (t) || 2 (e -

As 41 (0) = @2(0) = g € {H?*(Q) N H(Q)} = D(P*), then we have

sup |1 (t) — G2 (t)|| g2y < T [|G1 — te]

o . 5.40
te[0,T) Co([0,T1;H2()) ( )

and so
[F (1) = F(t2)ll ogo,1):0200)) < [Le + HP*HB(Hz(Q),LZ’(Q))] T ||ty — ol cao,rym2))  (5:41)
On the other hand, for 0 <t <t+ h < T, by using(5.20) in Lemma 5.4 and (5.40), we get
[[F(@)](t + h) = [F(a2))(t 4 k) = [F(@1)](t) + [F(a2)| ()] 12 (o
.

/0 F ity + (1 — 7)) (i — @))(t + B) — [F' (i + (1 — 7)) (n — )] (2)
—P* (a1 (t + h) — aa(t + h) — @1 (t) + a2(t)] dy

L2(Q)

S2h°T* L ||ty — Uzl a0 1) m2(02))

20T Lp ||y + (1 = )2 4 01l o o,17, 12 () 1181 — G2ll o 0,772 (2))

<2h*T*Lp (1 + [[uollm2@) + £(2C) 1) a1 = @2/l ca o 712 ) - (5.42)

and

[F (1) —5’:(~ e (o0,11:22(9))

= sup h* {IF @It + h) = [F(a2)l(t + ) = [F(a)](t) + [F(a2)](t) | 20 }
0<t<t+h<T
<2T°Lp (1 + [luollm20) + ﬁ(20)_1) a1 — G2l e 0,17, 52(2)) - (5.43)

Thus we can deduce from (5.39), (5.41) and (5.43):

IT@1 — Tzl oo, 77,12 (0))
<Y1 (To) | F (1) = F(t2)llca o, 79;22(02))

<01 (To) <||]:(ft1) — Fl2)lleqo,ry;02(0)) + [FUa) — f(ﬂz)]CQ([o,T];m(Q)))

<70l (To) [Le 1P sz, 1200)) +2L5 (1 + l[uoll (o) + H(ZC)_l)} ™

' ||'L~’41 - 1742‘ Cc([0,T];H2(Q)) * (5.44)
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Set

T = {QVOI(TO) (Le + 1P sz z2y + 25 (1+ uoll o) +n(20)*1))} . (5.45)

Q=

If 0 < T < min{Ty, T}, then I satisfies the contraction property (5.38) by using (5.44).
To prove that I'(Y) C Y, it remains to check that

||Fﬁ - ﬂ0||c“‘([0,T];H2(Q)) S T7 V 'Ijb 6 Y. (5.46)
Let us observe that if 0 < T' < min{Tp, T}, then from (5.38), we get
IT% — G0l co (0, 7712 (02)) < T8 = Dliol| ga (0,7, 12(2)) T IT0 — ol ¢ (0,772 (52
| - -
§§ la— u0||ca([o,T];H2(Q)) + [[Tao — UOHOa([O,T];H?(Q))

r 5 -
§§ + ||FU(] — U()||ca([o,T];H2(Q)) :

Now Tiig — @ig € C* ([0, T]; H2(Q) N Hg(2)) and it vanishes at ¢ = 0, so there exists a 6* = §*(r) > 0

such that, if 0 < T < §*, then
r

[P0 — toll o (0,772 (02)) < >

and consequently (5.46) is true by choosing 0 < T' < min{Ty, T, 6*}. Because r is controlled by
C = C(Q) and &, we also note 0* = §*(k, Q).
Summing up, set
Ty := min{Ty, T}, 6"}, (5.47)

T, defined by (5.37), is a contractive mapping of Y into itself provided
0<T<Th.

Hence, I' has a unique fixed point @ in Y, @ € C* ([0,T1); H*(Q) N H(f2)) is a unique solution
of the integral equation (5.34), and @ € C* ([0, T1); H2(Q) N H{(Q)) N CoTL ([0, T1); L2(2)) is a
unique strict solution of the differential equation (5.33), due to the preceding results in Equivalence,
Theorem 5.3, Theorem 1.2 of [37] and Theorem 4.5 of [41].

Recall that [F(@)](0) € Dp« (v, 00), 4o € {H?(Q) N H(Q)} = D(P*), F(a) € C* ([0, T1); L*(Q))
with L2(Q) = D(P*), as P*ag + [F(@)](0) = [F(@)](0) = @'(0), Theorem 1.2 of [37] as well as
Theorem 5.3 state in particular if @/(¢t) € Dp+«(a,00) for t = 0, then the same is true for ¢t > 0,
i.e. @ (t) € Dp«(a,00) for all t € [0,T7), provided

F(a) = F(a) —P*a e C* ([0,T1); L*()) .
Meanwhile, [F(@)](t) € Dp+«(«, 00) because @' (t) = [F(@)](t) and @' (t) € Dp«(a, 00) for all t € [0,T1).
Because of Theorem 3.6 and u = @ + 6y, the initial-boundary value problem (1.1) has a unique
strict solution (u,w) with the regularity
we C*([0,T1); H*(Q)) nC*T ([0, T1); L* (),
we C([0,T); H*(Q) nC* ([0,T1); H'(Q)) N C? ([0, T1); L*()) .
This concludes the proof of Theorem 5.5. O

The well-posedness of the coupled system, Theorem 1.1, is a direct consequence of Theorem 5.5.

A Auxiliary Estimates
In this appendix, we formulate and prove some estimates which are repeatedly used in the proof of

the main results. They follow from well-known properties of the Sobolev spaces H*(2) with k& > 0.
In particular, we recall the following well-known algebra property, see [45] for a proof:
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Lemma A.1. H*(Q) is an algebra when k > 2. In particular, H*(Q) is an algebra if @ C R and
H?(Q) is an algebra if Q C R®, n =1, 2.

We formulate a direct consequence of Lemma A.1, which is used throughout this article.

Lemma A.2. Let Q@ C R be an open and bounded subset and C' = C(2) be a positive constant. If
f1 € HY(Q) and fo € L?(Q), then

11 f2ll L2y < Cllfllan ) 1f2ll 2 ) - (A1)

If g1, g2 € H'(Q), g3 € H*(2), then

0 993
oz (9252), o, = €l ol sl (A2
Ifgl7 g2 € Hl(Q); g3, 94 € H2(Q)7 then
0 094
—_— = <C 1 1 2 2(0) - A3
oz (s 5 )| ., <l oo sty sl (A3

Proof.

[f1f2ll L2y < il ooy 12l 220y < C N Al o) 12l 2 (o) -

9 (,,%s
glaw g2 ox

9gs
g2 ox

< Cllgll g O

< Cllgill g ) 92/l 10
L2(Q)

H'(Q)

‘ 0g3

H(9)

<C ||gl||H1(Q) ||92||H1(Q) ||g3HH2(Q) :

O 403294
glam 9293 O

<Cll91ll g1 ) 192951 1.0 1941 2 ()
L2(9)

<C HngHl(sz) H92||H1(Q) ||93||H2(sz) ||94||H2(sz) :
O

We now formulate and prove three technical estimates used in the main body of this article, which
repeatedly use these algebra properties.

Lemma A.3. Let T € (0,00), k = infreqwo(x) > 0 and wy € H*(Q). Then there exists a constant
C =C(Q) >0, such that for all

K
r e (0, %) 5 (A4)
the function w € C ([0, T]; Ber (wo, 1)) has the lower bound:

wt)> 2, vielo,T). (A.5)

N =

Moreover, for all wy, wy € C ([0,T); Bgi(wp,r)), there exist positive constants Cy, k = 1, 2, 3,
which depend on Q, k and ||wol| g1 (o), such that

1
sup ||————+ <CY, k=1,2 3 (A.6)
re0.1] [w1(t)]’“‘H1<m !
1 1
sup - <Oy sup i) — walt)| iy, k=2, 3. (A7)
vy || T (B)]F [wzmka ref0.T) e
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Proof. We first prove assertion (A.5).

Since w € C ([0, T]; B2 (wo, 7)), then ||w(t) — wol| g1y < 7 holds for all ¢ € [0,T7].

The triangle inequality and the Sobolev embedding theorem imply there exists a positive constant
C = C(9), such that for all r € (0, £ ), it follows that

K
w(t) = wo +w(t) —wo 2 K — [[w(t) — woll oo (o) = £ = Cllw(t) — wol gy 2 £ —Cr = 3 (A.8a)
lw(®) 1.0y < C, (A.8D)
for all t € [0,T)]. Here, C = 26+ lwoll 1 (- Hence we have proved assertion (A.5).
Since (A.8) and r € (0, 20) we find
2 2 2 2
1 1 4 1 t
sup ||— = sup 2 {} dx < ng sup /74 ow(t)
teo,1] 1wt | ) telo, T] w(t) w(t) w2 e Ja fw) | O
_4c | 16 dw(t) |” AC 16 5 4C 16 ~,
=42 de < = + = <2y e
<5+t Sw oo r<— + a2 lw®lz0) < 5 + 3

We set CF = ‘ig + 16 6C2 such that C; is a positive constant depending on €, k, and ||w0||H1(Q).
Using the algebra property of H'(Q), see Lemma A.1, the assertion (A.6) holds for ¢t € [0,T]. We
can now proceed to show (A.7). For wy, we € C ([0,T]; By2(o,7)), (A.6), the algebraic property of
H'(Q) from Lemma A.1 and triangle inequality imply

[wi(2) + wa(D)] [wi (1)) + [wa (D] + wa (t)wa(t)

sup || ———— <203, sup H < 304
tefo,7] || [w1 (8)]? [w2(£)]? HHl(Q) el [w1 (8)]? w2 ()] HY(Q) '
Hence, setting Cy = 2C5 and C3 = 3C{ implies (A.7).

This concludes the proof of Lemma A.3. O

Lemma A.4. Let g = wo— 0y € H*(Q)NHL(Q) and r € (0 %) Then the nonlinear operator G,
G : C([0,T); By (wo, 7)) — C([0,T]; H'(Q)), @ — G(w) (A.9a)

Br

@@+ 62 O A9

satisfies
sup [[G(@)](t + 1) = [G@)]()] g1y < La  sup  [lw(t+h) —d(t)]grq),  (A10)
0<t<t+h<T 0<t<t+h<T

for all h € (0,T), w € C([0,T]; By (wo,r)). Here Lg = L (Q, &, ||wollaio), Br) is a constant.
Moreover, G is locally Lipschitz continuous with respect to w € C ([0, T]; By (Wo, 1)), i.e.

sup [G(0])0) = [E@NOll e < Lo 519 101(0) = 22Ol (A.11)

t€[0,T)

for all wy,ws € C([0,T]; By (wo,7)). In particular,

S G0 = Gl < L (A12)
Furthermore, the Fréchet derivative G'(w) of G(w) on w € C ([0, T); By (Wo, 7)), defined by
G'(w): C([0,T);Hy() — C([0,T); H3 (), q+— G (d)q (A.13a)
! (o~ _ ! @D — 2ﬂF
[G" (@) q](t) = [G"(w(t))]q(t) @O+ 0 q(t), (A.13Db)
satisfies
S IG" (@) a] ()]l 10y < La Sup la@ N 2 () » (A.14)
and G'(w(t)) : H () — H(Q) satisfies
i s G0 it 4 h) = 0(0) — GO (o) =0 (A15)
0<r<1

28



Proof. We recall that r € (O,%), Kk = infyeqwe > 0, wg = Wo + 02, w € C ([0, T]; By (o, 1)),
w =W + 0. For small h € (0,T) such that ¢ +h € (0,T], [|[@(t + h) — @(t)|| 1 () < 7, Thus, (A.10)
and (A.11) of Lemma A.4 are valid by using (A.6), (A.7), respectively, in Lemma A.3 and setting
Lg = BrC.

In particular, for wy € C ([0, T]; By (o, 1)), set wa(t) = wo, t € [0,T], then [G(w2)](t) = G(wyp).
Hence (A.12) of Lemma A .4 is valid because of (A.11) in Lemma A .4.

We consider wq = w € C ([0, T]; By (o, 7)) and choose small A € R such that @, = @ + Aq is
in C ([0, T]; By (o, 7)) for all ¢ € C ([0,T]; H}(£2)). Then the Fréchet derivative G’ (@) ¢ of G with
respect to w € C ([0, T]; By (g, r)) exists as a linear operator given by

G/(8): © (07 HY(©) = € (0. T HHO) . & (F)a = fim 3 6@+ )0) =G @] = 2% 0
€ (@) 1) = 6 @Na(t) = — 25— gt
T T @ e

According to (A.11) of Lemma A.4, the inequality (A.14) of Lemma A.4 holds by the following
computation:

i (6@ +20](0) ~ [G @)1
A—0 A

sup [[[G" (@) q] (£) ]| 1) = sup

tel0,T] te[0,T] HHl(Q)

.1 . =
:)1\11% 3 tS[?)PT] 1[G (@1)](t) = [G (@2)](t)]] g2 )

1
lim L sup 1) = @20 o) = L 508 14Ol

For all ¢ € [0, 7], we choose small h € (0,7) and 7 € [0,1] such that ¢t + h € (0,T], then we obtain
[@(t) + 7 [@(t + h) — @ (t)] = ol gr(q) <7

then for ¢ € Hg () with [|¢||g1(q) < 1, we find G'(w(t)) : Hg(Q) — Hg () with ¢ — [G(w(t))]4.
By the algebraic properties of H'(£2), together with (A.6) and (A.7) in Lemma A.3, we have

G (@(t) + 7 [@(t + k) — @(B)]) = G (@) 5( a2 )
=G (@(t) + 7 [(t + h) = DO — (G (@)Y | g1 (g

1 1
<2 su - _ _ S )
SWr S @O F e o]+ 6P o) + 6P o [l er o)
0<7r<1
<26pCs _ sup [0t +R) = 0@)llm @)- (A.16)
0<t<t+h<T

Since w € C([0,T]; Hi(R)), @ is uniformly continuous with respect to t € [0, 7], hence the assertion
(A.15) of Lemma A.4 is proved by

lim sup  ||@(t + Th) —w(t)|| g1 (o) = 0.
h—=0% 0<t<t+h<T

This concludes the proof of Lemma A.4. O

Lemma A.5. Let ug € H?>T7(Q) with o € (0,1/2) and assume the operators u — v(u), u — w(u)
given by, respectively,

ur— v(u) : C([0,T]; Bz (uo, 7)) —> C ([0, T]; Br2 (vo, 7)),
ur— w(u) : C([0,T]; Bz (ug, 7)) — C ([0, T]; By (wo, 1)),
satisfy, for all uy, us € C ([0, T]; By (ug,7)),

sup |[[v(u1)](t) = [v(u2)](t)llz2) < Lw sup Jlua(t) — ua(t)|[m2(0),
te[0,T] te[0,T
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sup ||[w(u1)](t) — [w(u)]()llmr ) < Lw sup fua(t) — ua(t) |l m2(0)-
te[0,T te[0,T]

Then f(u), defined by

u— f(u): (H? — L2 u:Lz wu?’u@ _v(u)u
s COTRHHE) — CO.TEEA@). fw) = s (wtPug? ) - 2
is Lipschitz continuous in u,
sup ||[f (u1)](t) = [f(u2)]()llz2) < Le sup |[lur(t) — uz(t) | m2(o)- (A.17)
t€[0,T t€l0,T

Here Ly and L. are Lipschitz constants, and L. depends on Lw, Q, &, [[uollg2(q). [[voll12(q) and

HwOHHl(Q)'

Proof. Let uy, ug € C ([0,T)]; By2(ug, 1)), the definitions of the operators u — v(u) and u — w(u)
imply that (vi,w1) = (v(u1),w(u1)), (v2,w2) = (v(uz), w(uz)) € C([0,T]; Brz(vo,r) X B (wo, 7))
Set C' = |lwoll 1) + 36, C1 = l[woll r2(q) + 36, C2 = llvollp2(q) + 36 Thus for all ¢ € 0,77, we
get [[ui(t)ll ) < Crs w2l g2y < Crs o1l 2 () = G2, 02D L2(0) < Co, Wi ()l g (o) < €,
w2 (t)]] g1 (o) < C-

Because of estimate [[w1 () — w2(t)[l g1 () < Lw [[u1(t) — u2(t)|| g2(q) for all ¢ € [0,T] and HY()

is an algebra for Q C R, (A.6) and (A.7) in Lemma A.3, we obtain similar bounds for the functions
[wi()] " = [wa(t)] " and [wy (1)) — [wa()]:

w1 (0] = fw2 (O] | g1 ) < CTLw [lua () = w2 (t) | 2 (A.18)
[wr (0] = [w2 ()] || 1 ) < 3C% L [|ua () — ua(t) || 2 - (A.19)

Similarly, the algebraic property of H?(f2), i.e. Lemma A.1, implies
(1 = (o (2] oy <21 s (8) = wa(®) - (A-20)

The algebraic properties of H(f2), i.e. Lemma A.1, (A.2) of Lemma A.2 imply

% H [wll(t) _ w;(t)} a% {[w1(t)]3a[%g)]2} L2(@)

<C|[wi(t)] ™ = [w2(t)]_1HH2(Q) H[wl(t)PHHQ(Q) H[ul(t)]2HH2(Q)
<CCFCPCT L [Jun () — ua (1)l 2 -

Similarly, setting C; = 3CCy(CCy)?*Ly and Cy = 2CC,C3CY, it follows that

H w;(t) a% {([wl(t)P — [wa(t)]?) W}

< Cy ua () = ua () ooy »
L2(Q)

DN | =

| {watoP 2 (o - et}

Because of (A.18), [[vi(t) — v2(t)| 1) < Lw [[ur(t) — ua(t)| 2(q), H'(Q) being an algebra and
(A.1) in Lemma A.2, setting 53 = CC,C + CCLC Ly + CO]OQC%LW, we obtain

<0, [lwa (£) — U2(t)||H2(Q) :
L2(Q)

us(t) <vr®)ll 20 ||[w1(t)]71”1{1(g) |1 (t) — u2 (D)l g2 (q)

L2 ()

1z (02 ey N e0r (01 72y Noa (8) = 202y
Tz (0) 72 ey 2 Ol ey [ Fn (D] = Fa (0] 1

<Ci ||us (t) — u2(8) || g2 ) -
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Consequently, (A.17) holds by setting L, = CC2C3C2Ly, + C1 4+ Cs + C5 and computing

I - el Olo <5 || 5w~ mm) 5 L O 5L
UL 0 [ s ) Q@
3 |3 am{([ 1) = Twe(O]) = } )
1 L g w 3 _— (51 — U2 2
3 | g {0 g (@ — ) )|
’Ul(t) ’Ug(t)
+ wl(t)ul(t) - UJQ(LL)UQ(t) @) S Le Hul(t) 7u2(t)||H2(Q) .
This concludes the proof of Lemma A.5. O

B Proofs of Results in Section 3

B.1 Proof of Lemma 3.1

Proof. The proof follows closely the proof of Lemma 6.10 in the reference [27]. We here describe the
necessary adaptations.

Let w € C%([0,T]; L*(2)) n C([0, ] Q) N C([0,T); H3(Q) N HE(Q)) solve the semilinear
hyperbolic equation (3.7). Then ® = (@', w) € C*([0,T];X), ®(t) = (@'(t),w(t)) € D(A) for all
t€[0,T)], ® € C([0,T); D(A)) and

0 @' (1)
for all ¢ € [0, T]. Moreover, ®(0) = (@'(0), w(0)) = (¥o, Wo) = Py.
Therefore, ® € C([0,T]; D(A)) N C*([0, T]; X) solves the equation (3.10).

Conversely, let & = (p1,p2) € Cl([O,T], X) N C(]0,T]; D(A)) solve the semilinear evolution
equation (3.10). We set @ := (o, obtaining w € C1([0,T]; H} (2)), w(t) € HX(Q)NH(Q),Vt € [0,T],
and @ € C([0,T); H*(Q) N H}(2)). Tt further follows,

() = (20) + @y = (4270~ wortmr FAEO 0D e,

w'(t) w(t) 1(t)
As a result, @' = ¢; € C1([0,T]; L*(Q)) and ® = (@', w), so that @ € C?([0,T]; L ( )) as well as
(@(0),(0)) = (G0, 10). So @ € C2([0,T]; L3()) N ([0, T); HY(2)) 1 (0. T); H() N H (%)

solves the semilinear hyperbolic equation (3.7).
This equivalence also yields that solutions to the semilinear evolution equation (3.10) are unique
if and only if solutions to the semilinear equation (3.7) are unique. O

B.2 Proof of Lemma 3.2

Proof. We aim to show that A, defined by (3.4), is skew adjoint on the Hilbert space X defined by
(3.1), and thus generates a strongly continuous semigroup (Cp-semigroup) on X by using Stone’s
Lemma (see Theorem 3.24, Section 3, Chapter II, [9]).
The following proof is analogous to the discussion from Section 5 (Example 5.13) of reference [27].
From the definition (3.4) of A, A is densely defined in X, i.e. D(A) = X, then A is skew
symmetric (i.e. iA4 is symmetric) for any two (¢1, ¢2) € D(A) and (11,12) € D(A ) by the following
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computations:

<A (ié) ’ @;) >DC B <(A£1¢2) 7 (ié) >x = /Q(AD¢2) 1+ Vor - Vioda

:/Q—V¢2~V1/)1+V¢1~V1/22d$:—(/52V¢2-V%—V¢1-V@/Jgdx>

o (/QW’V%WI.(ADM@ <($;)’<Aifb2>>x
-=((%)4(2)),

Furthermore, Re <.A <;€) , <:§)> = 0 for all (¢,¢) € D(A), so A is dissipative. By using the
x

Lax-Milgram Theorem (Theorem 1, Section 6.2, [11]), we have the inverse AL' of Ap exists, thus

we define an operator
0 1
R= (Azf 0) |

RX € D(A), AR = I, RA (;f) _ (;ﬁ) LV (4, 6) € D(A).
Therefore, iA is invertible and the resolvent set p(iA) of iA4 satisfies p(iA) NR # 0, so the spectrum
o(iAd) C R, consequently, iA is selfadjoint, as a result, A is skew adjoint. According to Stone’s
Lemma, we have the linear operator A generates a Cy-semigroup {T'(¢) € B(X) : ¢ € [0,00)}. O

Then

B.3 Proof of Theorem 3.3

Proof. We let T € (0,00) be taken to be specified below and define a complete metric space Z(T')
for the metric induced by the norm sup,c(o 7y [[(9(), W(t)) || L2()x 1 () as follows:

2(1) = {(g)ecqo,ﬂ;mm><H5<m>: (o)) = () 2 | (2 ~) mmFT}'

Because A generates a strongly continuous semigroup {T'(t) € B (L?*(2) x H§(2)) : t € [0,00)} and
(G (0)](t) = —Brw(t) + 02] 7% + B,(61 — 1), we introduce a nonlinear operator ® on Z(T') by

(5, @)] () == T(t) <fi°> + /O t {T(t _s) ([G(@](S)O* ﬂpﬂ(s)) } ds, Vtel0T).

wo

o}

=Y

‘We observe that
[®(5, )] (0) = T(0) (170> - (?0) € D(A).

W W

According to Lemma 1.3 of Chapter II in reference [9],
T(t) (?0> € D(A), Ytelo,T].

Since (v,w) € Z(T), u € C ([0, T]; By= (iio, r)) such that G(w) + By € C([0,T); H'(£2)), hence

<[G(dz)](t)0 + ﬁ,ﬂl(t)) | /Of {T( i s) ([G(uv)](s)o+ ﬂpa(s>> } ds € L2(Q) x HL(Q).

Therefore, ® is a nonlinear operator which maps Z (7)) into C ([0, T]; L*(Q) x Hj(€)):
®: Z(T) — C([0,T); L*(Q) x H)()).

We next show that there exists a unique mild solution (0,w) € Z(T') of the semilinear evolution
equation (3.11) which is a fixed point of ® on Z(T).
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We write Mo = sup,¢ o) HT(t)HB(m(Q)ng(Q)) an operator norm of {T'(t)}q,. ., on the space
L?(Q) x HY(Q). For given @ € C ([0, T); Byz=(to,r)), if (01,%1), (02,w2) € Z(T), then

[G(@)](t) — [G(w2)](t) € H'(Q), Vte[0,T].
By using the estimate (A.11) of Lemma A.3, we obtain
sup ||[® (01, w1)](t) — [®(D2, W2)] ()| p2(0) % 111 (00)

te[0,7)
— L o) ([G(@1)](s) + Bpu(s) — [G(w2)](s) — Bpi(s)
_tes[o,pT] /0 Tt ) ( 0 ) ! L2(Q)xH(Q)

STMotES[I(l)I;] G (@0))(#) = [G(@2)] ()| L2 () < TMo o IG(@))(E) = [G(@)] ()] 11102

1(t) — 0a(t)
w1 (t) — wa(t)
Because {T'(t) € B (L*(Q) x Hg(2)) : t > 0} is a strongly continuous semigroup, according to the

definition of strong continuity, for (¥g,wo) € D(A) and given constant r € (0, 20) there exists
0o = 0o(r) > 0, such that if 0 < ¢t < J,, then

o< fro (%) - (&)

Since 7 € (0, 5%) and C = C() is a constant, §, depends on £ and ©, i.e. §, = do(k, Q).
@ € C([0,T); Bz (g, 7)) and (91,w1) € Z(T) imply that 91(t) € L*(Q), wi(t) € H () and
a(t) € H?(Q)N H(Q) with [|a(t) — Uol| () < 7, thus [G(@1)](t) + Bpalt) € H(Q) for all t € [0,T].
Because Gy = G(wy) + Bptg € H* (), the inequality (A.12) of Lemma A.3 implies

S

<T'MoL¢ sup |[|1(t) — wa(t)| 1 (q) < TMoLc sup
te[0,T] te[0,T]

(B.1)

L2(Q)x H1(Q)

<
L2(Q)x H(Q)

(B.2)

N)\ﬁ

sup ||[® (1, @1)] (t) — (?0)
t€[0,7) Wo / || L2()x H1 ()
~ ~ t ~ ~
[0 (2) - (2) + [ e (G010 - O,
te[0,T] Wo Wo 0 L2(Q)xH(Q)
) )
< s 70 () - () LT, [ Gol
te[0,T) Wo Wo L2(Q)x H(Q) L2
+T Mo sup ||[G(w1)](t) — G(wo)|l 2 (q) + T Mo sup [a(t) = tol| 20
t€[0,7] t€[0,7]
o )
< sup Tt<~> ~> + T My |G
1e[0.7] ( ) o Wo LA HA (@) 0 || 0||H1(Q)
FTMy sup [[G(@)](0) — G(@0)l| ) +TMo sup_[[a(t) — ioll s 0
t€[0,7] t€[0,7]
o o
< sup ||T(t) <~ ) - <~ ) +TMy ([|Goll g1y + (La+1)7) . (B.3)
t€[0,T] wo Wo/ (| 2 () x H1 () ( e )
For fixed small r given in (0, x/(2C)), there exists a number Ty > 0,
. 1 -1
Ty = min {60, Lo 2M0 [(LG + 1) £+ 2C[|Goll g1 (o } } , (B.4)

such that for every T € (0,Tp), it follows that

(o]0 - ()

su
p o

t€[0,T]

L2(Q)x H1(Q)

<w - w((tt)))

sup |[|[®(1, w1)](t) — [@(D2, Wa)](t)||L2()x 11 (0) < % sup

te[0,1] te[0,T) L2(Q)x H1() -
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Thus ®(01,w) € z(T) for (01,w1) € Z(T), ®(v,w) is Lipschitz continuous on the bounded set Z(T')
with Lipschitz constant smaller than or equal to 1/2, and ®(0,w) is a contraction map which maps
Z(T) into itself.

According to the Banach fixed point theorem, for each T € (0,Tp), there exists a unique fixed
point (o7, wr) € Z(T), such that (07, wr) = (v, wr) for given @ € C ([0, T]; By (tg,7))-

Hence, (0r,wr) € Z(T) is the unique mild solution of the semilinear evolution equation (3.11)
on [0,7T], and (o, wr) satisfies the integral formulation (3.12). Due to the uniqueness of the fixed
point, we set (9,w) = (7, wr) and note that (or,wr) is the restriction (9| 7, w|j0,7)) € Z(T) of
(0,). As a result, Theorem 3.3 is proved. O

B.4 Proof of Corollary 3.4
Proof. Take 0 <t < t+h <T. Equation (3.12) leads to

(872 0 () ()] resn=a (450

0
_ [ ' _ o (1G@)(s) + Byics)
/0 T(t—&—s)A(wO)ds—i- ; Tt+h S)( 0 )ds
Crie o (IG@)(s +h) = [G(@)](s) + Byla(s + h) —a(s)]
+/0 T(t—s) < 0 ) d (B.5)
Recall that X = L?(Q) x H}() and observe that
= su 120 Vg, W . .

Vo= s 0l [A(2)] <G00l (B.6)

Fixing T € (0,7p) and @ € C([0,T]; By2 (to,)), the semilinear evolution equation (3.11) has a
unique mild solution (0,w) € Z(T), and by using (A.12) in Lemma A.4, we have

<[G (w)](t) + 6pﬂ(f))

sup

< sup [[[G(w)](t) + Bpu(t) || g g
te[0,T

L2(Q)xHL(Q)  t€[0,T]

< tES[IéPT] [[G(w)](t) — G(wo)HHl(Q)

0

+ Bp sup_|[[a(t) = toll g1 (o) + [|Goll g1 ()
te[0,7

IN

(Le + 1)+ [|Goll 10
< K (LG + 1)

< 0 1Goll 1.0 - (B.7)

Here Lg is given by Lemma A.4 and Gy = G(1g) + Byt € H' ().

Moreover, (s + h), i(s) € H*(Q) N HH(Q), w(s + h), w(s) € H}(Q),VO0<s<s+h<t<T,
therefore, [G(w)](s + h) + Bpu(s + h) — [G(w)](s) — Byu(s) € H'(Q).

Since @ € C1([0,Tp); L(€)), then, for all T € (0,Tp), we find

t 1
sup / l[a(s +h) —a(s)ll 2y ds <To ~ sup h/ @' (s + oh)| 12y do
tefo,11Jo o<s<T, Jo

0<s4+och<T

<TIph ||ﬂ||cl([0,To);L2(Q)) )
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According to inequality (A.10) of Lemma A.4, we have

T(t — ) ([G(@)](S +h) - [G(U?)]E)S) + Bplu(s + h) — ﬁ(S)]) ds

L2(Q)x H1()

4@/n (s +h) — [G@)](5) + Bylia(s + h) — als)] | (g ds

<M0/ Bp lla(s + ) = a(s)ll 2oy + NG(@)](s + h) = [GW0)](3)]| g1y ds

(s +h) - 17(8))

t ~
~ v
<
<hMofBpTo l[all o1 o, 10 );22(0)) T MOLG/O w(s + h) — w(s)

ds. (B.8)
L2(Q)x H' (Q)

Combining (B.5), (B.6), (B.7) and (B.8) gives

(2 =50)

@t

- k(Lg +1)
< hMo || (%o, Wo)l| pay + hMo (20 T ||G0||H1(Q)>

Sz

L2(Q)xH(Q)
+ hMoBpTo ||| o1 0,712 ()

et [ (a6 TH )

~ o~ w(L 1 ~
Set Vo = (@0, @0) | pay + (255 + 1Goll () + BoTo liillon o, 702
Gronwall’s inequality then implies that

(23 =50)

Therefore, (3.13) holds for all h € (0,T] by setting Ly = MV, (eMolcTo) O

ds.
L2(Q)x HL(Q)

< MoV, (eMotaTo) p,

L2(Q)x H1(£2)

B.5 Proof of Corollary 3.5
Proof. Observe that

t
sup / [a(s +h) = a(s)ll 2 ds <To  sup  [la(s +h) —u(s) 12(q)
te[0,T]J0 0<s<s+h<T

<To sup [a(s+h) —a(s)ll gz(q)
0<s<s+h<T

<Toh® [t o (jo,1);12(02)) - (B.9)
According to (B.5), (B.6), (B.7), (B.8) and (B.9), for 0 <t <t+ h < T, with h € (0,T], it follows

that
[Casime)

< hMo [|(%0, Wo)l| p(ay + h* MoBpTo [t ca (0,1 ;122
L2(Q) x HL(Q)

k(L +1 - -
+ hM, ((QGC) + |G (x0o) + Bpu()"Hl(Q))

(?(s—i—h)—{)(s )

t
+ MyLg / ds.
0

L2(Q)x H1 ()

Set Py = ”(%CH) + |G (o) + Bpiiol| g1 (q)- Gronwall’s inequality then implies that

(e i =50)

@z

< (eMoleTo) pp, {Il(ﬁo,ﬁ)o)HD(A) + PO} h

Sz

L2(Q)x H(Q)
+ (eMoLGTO) MOBpTO [G]CQ([QTO);H(?(Q)) he.
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Notice that

(XE) Mo {10, @)l gy + Pof o < (05T Mo {10, @) ey + Po } T30

(eM0FT0) MoByTo [ to,15): 300y < (€77™) MoBpTo llillca go,7,): 132
< (eMoLGTo> MOBpTO (7”' + ||/&40HH2(Q)>

K ~
< (eMokeTo) MoyB, Ty (% + ||U0||H2(Q)> -

Setting Ly = (eMoLcTo) M {H(@vaO)HD(.A) + PO} Ty~ + (eMoFeTo) MoB, Ty (% + ||ﬂ0||H2(Q)>’
and Ly is a Lipschitz constant depending on

o, To, K, Q, Bp, Br, Mo :tes[gp)HT(t)HB(x)v ||(7707w0)||D(A)v HaOHH"’(Q)? ”wO”Hl(Q)'

Therefore, (3.14) holds for all h € (0, 7] and this concludes the proof of Corollary 3.5. O

B.6 Proof of Theorem 3.6

Proof. Let T € (0,Tp), Go = G (W) + Bplip and (T, W) be the mild solution of the semilinear evolution
equation (3.11) defined via (3.12). Take @ € C ([0, T]; By (g, 7))NC*([0, T]; L3(2)) to be given such
that @/(¢t) € L%(Q) is uniformly continuous for all ¢ € [0, T].

We first prove the linear non-autonomous problem

()7 (§) (@) [0 (OGO

can be solved for ¢ € [0,T]. Here

26rq(s) - = [G'(®)q](s), s€[0,1]. (B.11)

(H()(s) = m

We define a nonlinear operator ¥ by

W C([0,T]; L*(Q) x Hy(Q) — C ([0, T]; L*(2) x Ho(©2))

W (5,d)] (£) = T(1) (<G00> iy (Zz )> N /0 T s) ([H(c]ﬂ(s); ﬁpa’(s)) i

For any (p1,q1), (P2, G2) € C ([0,T]; L*(Q) x H(Q)) and @ € C ([0, T]; H}(2)). It follows that

- - 2 O -
H@) - H@) = 22 iy~ @) = G (@)@ —a2) € O (10, T]: Hy(©)
[’LU + 02}
Hence, according to the estimate (A.14) of Fréchet derivative G’ (@0)q from Lemma A.4, U is a
contraction map on C ([0, T]; L*(2) x H}(Q)) for all T € (0,Tp) since
1[% (1, G1)] (1) = [¥ (D2, G2)] (Dl p2(0)x 111 (02)
¢ ~ ~
| - (N DY,
0 L2(Q)xH(Q)
<T sup |T(t—s)llsex) Sup IH(@)I(#) = [H(@2)I()]l L2 o
€10,

0<s<t<T
(151(75) - iﬁz(t)>
Q1 (t) — ¢2(t)
According to the Banach fixed point theorem, for given @ € C ([0, T]; By (i, r))NC* ([0, T]; L*(Q2))

there exists a unique fixed point (p, §) € C ([0, T]; L*(2) x Hg(f2)), such that (p,q) = ¥(p, §). Hence
the R-linear non-autonomous problem (B.10) can be solved for ¢ € [0, T].

~ - 1
<TMoLc sup [@(t) = @2t (q) < 5 sup
te[0,T] te[0,T]

L2(Q)x H(Q) '
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We next prove that (p, ) is the time derivative of the mild solution (0, w).
Let 0 <t <t+h <T for some h € (0, 7], equations (3.12) and (B.10) imply that

1:)(t +h)

1
E(h.1):= 5 <w(t +h)

h
_ T(t)% (T(h) — 1) g,%) =T(t)A (gz))

N /0 Tt — (Bp [ fals + h )} - ﬂ’(s)]) ds.

Let

We initially observe that

§hm M()
L2(Q)xH'Y () h—0

1 Go
hmg ; {T(h—s)(o

h—0

Because G(w) € C([0,T]; H*(2)) and @ € C ([0, T]; H*(2) N Hg (1)),
[

,{ig})szl[é?m IG(@)](s) = [G(@)](0) + Bpla(s) — w(0)]]| 1 () = 0,

lim HE<1>(h,t)
h—0

1 0]
Faw -

hence

lim || E® (h, t)
h—0

L2(Q)x H1 ()

- tim | £ /Oh{T(Hh_S) ([G(m)}(@o + ﬁpﬂ(S))}dS_T(t) (G())

h—0 h 0
L2(Q)xH(Q)
< lim 2 || 2 / {T(h 4 ({G(ﬂ»ﬂ(s) = Gl + Ay(a(s) - u0>> } i
h—0 0 L2(Q)xH(Q)

h
. 2/ ~ . ~ ~ o~
< Jm M3 sup IGE() = Glio) + Gy(a(s) = )0

= lim Mg S G (@)](s) = [G(@)](0) + By(a(s) = @(0))l g1 () = lim Az(h) = 0.
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Define Gp(t,h) := [G(w)] (t + h) = [G(w)] (¢) = [G"(@)] (¢) - [(t + h) — @(2)],

0
ES) (ht) /Ot T(t - s) <ﬁp {zla(s +h) - a(s)] - “'(3)}> ds
We then write

E® (h,t) = E® (h,t) + ES (h,t) + ES ().
[

As € C([0,T); By (i, ) N C* ([0,
is uniformly continuous for all ¢ € [0,

’ﬂ

]; L?(Q)) is given such that the time derivative @'(t) € L*()
], we obtain

'ﬂ

t 171~ - =1
|80 _ /T(t—s) By {Flals +h) —a(s)] — @' (s) })
L2(Q)x H(Q) 0 0 L2(Q)x H'(Q)
<ToMof, sup w _ ﬂ/(t)
0<t<t-+h<T h L2(9)

1 [td
“ToMof, s |3 / ¢+ oh)] do — (1)
0

0<t<t+oh<T L2(Q)
0<o<1
=To Mo, sup @' (t + oh) — @' ()] L2 (o = As(h) = 0, as h — 0.
0<t<t+oh<T
0<0o<1

The bound (A.14) of Fréchet derivative G’ () from Lemma A.4 implies

|8V )]

L2(Q)x H(Q) MOLG/ ”E h 3)||L2 (Q)x H1(Q) ds.

Notice that Gp(t,h) € H'(2). By the estimate (3.13) of Corollary 3.4 and the inequality (A.15) of
Lemma A.4, the function @ is Lipschitz continuous with respect to ¢t € [0,T] and G'(w) is uniformly
continuous with respect to t € [0, T]. Employing these facts gives

|2 .

L2(Q)x H1()

1
=To M, sup —
0<t<t4rh<T N

[ (@ @) ¢+ 7~ [ @) @) (e + 1)~ a0 >1H

0<7<1 HH®
Lyh L .
<ToMy——  sup [G'(@)] (t + 7h) — [G"(w)] (t)dT
0<t<t+7h<T ||Jo B(HA())
0<r<1
~TyMoLy _ sup [G"(@)] (¢ +7h) = [G'(@)] (Dlls(13cy) := Aa(h) =0, as h— 0.
0<t<t+Th<T 0
0<7<1

Summing up, we have shown

¢
IECh, Ol L2y xmr @) < Ar(h) + Az(h) + Ag(h) + Aa(h) + MOLG/O IE(h, ) L2 () x a1 () 45
Gronwall’s inequality thus implies the inequality
VB )2 @y < (A1) + Aalh) + Ag(h) + Ag(B) e Moko
for t € [0,T]. Letting h — 0%, we then deduce that the (9,w) is differentiable from the right

and the right derivative of (0,w) coincides with (p, ). Because (p,q) is continuous on [0,77], by
using Lemma 2.3, we conclude (0,w) € C* ([0,7T]; L*(2) x Hg(2)). Since the function @ is given
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in C([0,T]; By= (to,)) N C*([0, T]; L*(2)), then (G (@) + Bpa,0) € C* ([0, T}; L*(Q2) x Hy()). By
Lemma 2.2, the mild solution (9,@), defined by (3.12), uniquely solves the semilinear evolution
equation (3.11) on [0,T7]; (9, w) is a unique strict solution of (3.11) with

(0,w) € C([0,T); Hy () x {H*(Q) NHH(Q)}) N C* ([0,T]; L*(Q) x H(RQ))

for all T € (0,Tp). O
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