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ABSTRACT. We study a Dirichlet boundary problem related to the fractional Laplacian in a
manifold. Its variational formulation arises in the study of magnitude, an invariant of compact
metric spaces given by the reciprocal of the ground state energy. Using recent techniques
developed for pseudodifferential boundary problems we discuss the structure of the solution
operator and resulting properties of the magnitude. In a semiclassical limit we obtain an
asymptotic expansion of the magnitude in terms of curvature invariants of the manifold and
the boundary, similar to the invariants arising in short-time expansions for heat kernels.

1. INTRODUCTION

The analysis of boundary problems for nonlocal operators has attracted much interest in recent
years, including Dirichlet and Neumann problems for fractional Laplacians. In this article we
initiate the semiclassical analysis of related boundary problems motivated by applications to the
Leinster-Willerton conjecture for the magnitude invariant of compact metric spaces.

To be specific, we consider the integral equation with parameter R > 0

1) /X e FIED () dy = f(2).

Here (X,d) is a compact metric space, and we focus on when X is a manifold with boundary
and d is a distance function satisfying additional regularity assumptions. Already when X C R?
is the unit disc, close to nothing was known for the solutions to . We shall prove in this
paper that for X a compact n-dimensional manifold with boundary, Equation is well posed
for f in the Sobolev space F(n+1)/2(X) and admits a unique solution ur € H~"+D/2(X) for
sufficiently large R > 0 (for notation, see page . We relate the integral equation (1) to a
pseudodifferential boundary value problem which is elliptic with parameter.

Our main results concern structural properties of solutions to Equation such as asymptotic
behavior as R — oo and meromorphic extensions in the parameter R to sectors I' C C. The
methods for pseudodifferential boundary value problems that we use date far back, see the work
of Gregory Eskin [9] and Lars Hormander [23], but have in recent years seen much development
in work of Gerd Grubb [16] 17, 18, 19, 20].

The solution to for the right hand side f = 1 enters in the so called magnitude function
of (X,d), studied extensively in for instance [2, 111, 12} 27, 28| 30} 33], [34], [44] [45]. The empirical
properties of the solution to have recently found applications in data science, leading to
precise conjectures for its structural properties [6] [7].

The case f = 1 can be considered as a minimizing problem relating to the ground state energy

E(R; X,d) :=inf {/ / e M@ qu(2)du(y) : pa signed Borel measure with p(X) = 1} =
xJx

=inf Z e FEY e(2)e(y) : ¢: X — R has finite support and dosexclr)=1
z,yeX

More precisely, if R is such that (X, Rd) is positive definite (i.e. the matrix (e Fd®¥)),  p is
positive definite for any finite F C X)), then by [34] a solution ugr to Equation with f =1
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satisfies
1

/XuR(ac)dfc S FRXD

Let us digest on the problem of finding £(R; X,d) and studying its semiclassical limit, as
it has been broadly studied in various mathematical communities. The ground state energy
E(R; X,d) is that of a signed distribution of finitely many particles on X where a particle in
interacts with a particle in y under the potential e~ #4(#:¥) ~ Ag such, the scaling parameter R > 0
should be thought of as an order parameter with R — 0o corresponding to a semiclassical limit.
The non-locality of Equation and the ground state energy £(R; X, d) makes the problem of
explicit computation an impossibility, however in the semiclassical limit the problem localizes
and is asymptotically described in terms of geometric invariants. Related problems concerning
ground state energies with nonlocal interaction potentials arise in the mean field description of
interacting particle systems, such as [10]. Specifically for log gases the dependence of the ground
state energy on the geometry has been of interest [47]. In complex geometry, Berman has
studied similar minimization problems from which geometric structures emerged [3, 4]. Related
operators also appear in image processing [1].

The integral equation is, as mentioned above, related to magnitude — an invariant that
has been extensively studied since it was introduced by Tom Leinster [27]. We presume no
prerequisites from the reader on magnitude in this paper, but for the convenience of the reader
we summarize the implications to magnitude here and expand on this relation in the follow up
paper [I3]. From its category-theoretic origin, magnitude has found unexpected applications
from algebraic topology [I5] [29] [41] and applied category theory [8 [36] to data science [0} [7] and
mathematical biology [26].

For a metric space (X,d) this invariant leads to a function Mx : (0,00) = R U {oco}. When
the metric space (X, Rd) is positive definite, and in particular for compact sets X C R™ [33],
Mx (R) is defined as Mx (R) = [ ugr(z)dz, where ug satisfies the magnitude equation

2) [ e ey = 1.
X

The work [34] provides an abstract Hilbert space framework in which to pose this equation.
In the case of compact sets X C R", Meckes [34] gives an interpretation of the magnitude in
potential theoretic terms, as a generalized capacity:

(3) Mx(R) inf {||(R2 + A) D AR p|20 0y s hg € HOFD/2(R), hp =1 on X} .

- Rnlw,
Here w,, denotes the volume of the unit ball in R”. The minimizer of is attained at a function
hr € H™/2(R™) solving the non-local exterior problem

(4) (R* 4+ A)" D/ 2hp =0, inR™\ X,
hR:L in X.

If n is odd, this was studied as a boundary value problem for the five-dimensional unit ball in
[2], and extended to odd-dimensional unit balls in [46]. Few explicit computations of magnitude
are known outside the realm of compact domains in odd-dimensional Euclidean space, and even
there the state-of-the art [I1l [[2] can only provide asymptotic results in the semiclassical limit
and ensure existence of meromorphic extensions. In particular, nothing was previously known
about magnitude even in such a simple case as the unit disk X = B, C R2.

We provide a framework for a refined analysis and explicit computations for solutions to
Equation when X is a smooth, n-dimensional, compact manifold with boundary, independent
of the parity of n. The framework relies on recent advances for pseudodifferential boundary
problems and initiates their semiclassical analysis. We work under certain regularity assumptions
on the distance function d, firstly that its square is regular at the diagonal (see Definition
and secondly that it has property (MR) (see Deﬁnition and. Our first assumption ensures
that the distance function behaves to leading term as a Euclidean distance, and is satisfied by
any geodesic distance function or a pullback thereof under an embedding. The first assumption
ensures that the diagonal behavior in Equation is governed by a pseudodifferential operator
of order —n — 1 which is elliptic with parameter. Our second assumption — property (MR) —
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is a technical condition to ensure that the off-diagonal behavior in Equation is negligible.
Property (MR) is satisfied for subspace distances in manifolds whose distance functions squared
are smooth, but it in fact fails for higher dimensional tori and real projective spaces.

The reader can note that there is an extended arXiv version of this paper [14] containing more
details and overview.

1.1. Main results. Let us summarize the main results of this paper. The results all circle
around the family of integral operators

Z (Ru(z) = % /X e RNy (\dy, R e C\ {0}

Here X is a compact manifold with boundary equipped with a distance function d and a volume
density dy. We assume that d? is smooth in a small neighborhood of the diagonal z = y and
there in local coordinates admits a Taylor expansion (for any N > 0)

(5) d(2,y)? = Heo o (v) + Y Cla(@;v) + O(|o|VH1).
j=3

Here v = z — y, and where Hg2 is a Riemannian metric on X and C’iz in local coordinates is a
symmetric j-form in v. This condition can be summarized in the terminology that d? is reqular
at the diagonal, see Definition 2.2 and for more details on the Taylor expansion, see Equation
@D. We fix a function y € C°°(X x X) such that x = 1 on a neighborhood of the diagonal x =y
and d? is smooth on the support of y. The localization of Z to near the diagonal is the integral
operator

Qx(Ryula) = 3 [ M) ™)y, ReC\ {0,

We remark that if d2 is smooth on all of X x X, e.g. for a domain or a submanifold in R™ with
the induced metric, it holds that Zx — @ x is smoothing with parameter on any sector I' C C
with opening angle < 7/2.

Theorem 1.1. Let X be a compact n-dimensional manifold with boundary and d such that d?
is reqular at the diagonal (see Definition , The family of integral operators Qx is an elliptic
pseudodifferential operator with parameter R € Cy of order —n — 1, and its principal symbol is

E*nfl(QX)(xa§7R) = nlwn(Rz + gq2 (675))—(714-1)/2’

where gqz is the dual metric to Hqz from the Taylor expansion . The properties of Qx can
be summarized as follows:
(1) In each coordinate chart, the full symbol of Qx can be computed by an iterative scheme
as in Theorem [2.9.
(2) There exists an Ry such that
Qx(R): H*% (X) = H*% (X),
is invertible for Re(R) > Ry and arg(R) < w/(n + 1). Here H’%(X), respectively
HHTH(X), denote the Sobolev spaces of supported, respectively extendable distributions
in X (see Section[]).
(3) If0X =0, then Qx(R)~! is an elliptic pseudodifferential operator of order n+ 1 when-
ever it exists. The full symbol of Q}l can be computed by an iterative scheme as in
Theorem [2.20.

Moreover, if d% is smooth then all the properties above hold also for Zx.

Theorem is found in the bulk of the text as follows. The first statement and item (1) is
found in Theorem Item (2) is proven in Theorem see also Corollary [2.21] of Theorem
for the simpler case of 0X = (). Item (3) follows from Theorem [2.20]and Corollary [2.21]

The operator @ x is generally more well behaved than Zx; the off-diagonal singularities of
d can create problems in considering Zx as a map between Sobolev spaces. For examples of
such phenomena, see Subsection We impose one of two conditions on d; property (MR)
and property (SMR) respectively to ensure that Qx and Zx share common functional analytic
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features as operators between Sobolev space.  The precise definition of property (MR) and
property (SMR) may be found in Definition (for 0X = 0) and Definition (for X # 0).
We note that property (MR) and property (SMR) hold on any sector I' C C \ {0} as soon as d?
is smooth on all of X x X, e.g. for a domain in R™ or more generally for a compact submanifold
with boundary in a manifold with d? smooth.

Theorem 1.2. Let X be a compact n-dimensional manifold with boundary and let d be a distance
function such that d? is reqular at the diagonal (see Definition . The family of operators
n+1

Qx(R): H "+ (X) - H" (X), R e C\ {0},

is a holomorphic family of Fredholm operators that are invertible on a sector. The inverse
= n-41

Qx(R)™': H" (X) » H- "+ (X), R € C\{0}, is a meromorphic family of Fredholm operators.
If d satisfies property (SMR) on a sector T', then also

Zx(R): H " (X)—» H™* (X), ReT,

is a holomorphic family of Fredholm operators whose inverse family Zx(R)~! : H =N
H’nTH(X), R e T, is a meromorphic family of Fredholm operators.
For the purposes described above, we are interested in precise asymptotic information about

solutions to Zx (R)u = f. We describe the inverse operator Zx" via Wiener-Hopf factorizations.

Theorem 1.3. Let X be a compact n-dimensional manifold with boundary and d a distance
function whose square is reqular at the diagonal. For some Ry > 0 and any R € T'x/(n11)(Ro),
we can write

Qx' = x1AXi + xa2(@ ) Wy W_* x5 + S,
where A is a pseudodifferential parametriz of Qx, x1,x; € C°(X°), and x2,x5 € C*°(X) are
functions supported in a collar neighborhood Uy of 0X in X such that

x1tx2=1 and X;‘|supp(><j) =1L j=12

p:0X x[0,1) = Uy is a collar identification, and the operators S, W_ and W satisfying the
following as R — oo:

(1) S:H"(X)— H*(X) is a continuous operator with 1Sz ()= fr—n(x) = O(R™).

(2) Wy : L2(X x [0,00)) = H#(0X x [0,00)) is the properly supported pseudodifferential
operator of mized-regularity (p,0) from Deﬁnition which is invertible for large R > 0
and in local coordinates has an asymptotic expansion modulo S*~°° as in Lemma
and preserves support in X x [0,00) C 0X x R. Moreover, for x,x’ € C+ C*(0X x
[0,00)) with xx" = 0, it holds that |[xW1X'||L20x x[0,00)) s H -4 (9x xR) = O(R™>).

(3) W_ : H" (X x [0,00)) — L%(0X x [0,00)) is the properly supported pseudodifferential
operator of mized-reqularity (u,0) from Deﬁnition which is invertible for large R > 0
and in local coordinates has an asymptotic expansion modulo S*'~°° as in Lemmam
and preserves support in 0X x (—oo,0] C X xR. Moreover, for x,x' € C+C*(0X xR)
with xx' = 0, it holds that ||[xW_x'| g ax xr)—L2(0x x®) = O(R™>).

Theorem is stated as Theorem in the body of the text. A key feature of the construc-
tion in Theorem is that it provides us with a method to compute the symbolic structure of
the inverse Q}l.

Theorem 1.4. Let X be a compact n-dimensional manifold with boundary and d a distance
function whose square is regular at the diagonal. In the sector Re(R) > Ry and arg(R) <
w/(n+ 1), we have a complete asymptotic expansion
(QR)Mx,1x) ~ Y cr(X,d)R" " + O(Re(R)"™), as Re(R) — oo inT,
k=0
where the coefficients c(X,d) are given as

(X, d) = /X ak,o(x, 1)dz + x Baz (z)dz,

where
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(1) ako(-,1) € C®(X) is an invariant polynomial in the entries of the Taylor expansion
as described in Theorem [2.26 and can be computed inductively using Lemma[2.24), with
aro =0 if k is odd; and

(2) Baz € C*(0X) is an invariant polynomial in the entries of the Taylor coefficients of
d? at the diagonal in X near 0X as described in Proposition and can be inductively

computed using Lemma[5.19
In particular, we have that

vol(X) (n+ 1)vol(0X)
X d) =S, ald =T
n n
1 -1 1)2
ea(X,d) = / spde s P HOEDT [
6-nlw, Jx 8- nlwy, X

where the scalar curvature sqz is defined as in Theorem[6.1] and the mean curvature Hy2 of the
distance function is defined as in Theorem[0.13,

Theorem is stated as Theorem in the body of the text.

Corollary 1.5. Let X be a compact n-dimensional manifold with boundary and d a distance
function whose square is regular at the diagonal. Write E(R; X,d) for the ground state energy.
(1) If d has property (MR) on a sector T, the ground state energy function E(R; X,d) is a
well defined meromorphic function of R € T'.
(2) If d has property (SMR) on a sector T, the ground state energy function £(R; X,d) has
the complete semiclassical asymptotic expansion

E(R; X,d) ~ > ex(X,d) R * + O(Re(R)™), as Re(R) = oo in T,

k=0
where
nlwy, (n+ 1)vol,,—1(X)
X = X —
60( 7d) VOln(X)7 El( 7d) 2V01n(X)
1)2vol,_1(X)? ! X
E2<X7d):(n—|— )*vol,—1(X)*  nlwnes( ,d)7
4vol, (X)? vol, (X)

and more generally

er(X,d) = prn (

Cl(X, d) Ck()(7 d)
vol, (X)) vol, (X))
for a universal polynomial py ,, of total degree k (where each c;(X,d) is declared to be of

degree j ).

1.2. Notational conventions. To avoid confusion, we will use the terms Riemannian metrics
and distance function to separate the notions of metrics that appear in Riemannian geometry
and metric geometry, respectively.

The Fourier transform on R” is denoted by F, where we use the convention

Ff) = /n e f(z)da
for f € S(R™). We further write

0
D, =—i—.
Ox
For a = (ai,...,0n) € N, we write [af = >, a;, Dg = Dg}---Dgr and ® = 27" -~ 2. In

this convention, for f € S(R™),
F(Df)(€) =& F[f(§) and F(z[)(§) = (=De)* Ff(),

and the product of pseudodifferential symbols is up to smoothing operators defined from a symbol
of the form

1 (63 « 1 « [e%
pH#q~ Z aag pDzq = Z anpaz 4,

n
where ol = [[;_, a;l.
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We write M for a manifold and X for a compact manifold with boundary, or occasionally a
general compact metric space. We let n denote the dimension of M or X and use the notation
poo= 2t
We write Diag,, := {(z,x) : © € M} for the diagonal in M x M. If (X,d) is a compact metric
space such that the matrix (e’Rd(m’y))x,yep is positive definite for any finite subset F' C X, we
say that (X, d) is positive definite. If (X, Rd) is positive definite for all R > 0, we say that (X,d)

is stably positive definite. This terminology follows [33].

For a manifold M, we write C3°(M) for the Fréchet space of compactly supported smooth
functions and D’ (M) for its topological dual — the distributions on M. A domain X C M is a
subset which coincides with the closure of its interior points. If X is a compact manifold with
boundary, it can always be embedded as a domain in a manifold M and we write C*°(X) C C'(X)
for the restrictions to X of elements in C°°(M).

A sector I' C C is a conical subset, i.e., AI' C I" for all A > 1. Standard examples we use
throughout the paper are C; = {z € C: Re(z) > 0} and

T (Rp) :={z € C: |Arg(z)| < a,Re(z) > Ro}.

If we make a claim concerning R — 400, it is implicitly assumed to be a limit along the real
line. We also note that for sectors I' C C. of opening angle o < 7/2, there is a C,, > 0 with
CY|R| < Re(R) < C,|R|.

For two Banach spaces V; and Vs, we write B(V;,V5) for the space of bounded operators
V1 — V5 and K(V1, V,) for the space of compact operators Vi — V5. Both form Banach spaces
in the norm topology.

We write N = {0,1,2,3,...} for the set of natural numbers. The closed positive, respectively
negative half-spaces are denoted by Rt = {z € R" : +z,, > 0}.
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helped us improve the paper. We thank Tony Carbery, Daniel Grieser, Gerd Grubb, Tom Le-
inster, Rafe Mazzeo, Mark Meckes, Niels Martin Mgller, Grigori Rozenblum, Jan-Philip Solovej
and Simon Willerton for fruitful and encouraging discussions.
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Institute Graduate School in Analysis and its Applications, a Centre for Doctoral Training funded
by the UK Engineering and Physical Sciences Research Council (Grant EP/L016508/01), the
Scottish Funding Council, Heriot-Watt University and the University of Edinburgh.

2. THE SYMBOLIC STRUCTURE NEAR THE DIAGONAL

To better understand the operator Z we first consider the case of a manifold M. This analysis
describes compact manifolds (see Subsectionand Section and we carry it over to the interior
of a compact manifold with boundary below in Section [4] and We formulate our results in
terms of the operator

() Z(R)f(a) = 5 [ e )y,

whose dependence on R # 0 is holomorphic under suitable assumptions studied in Section
below. Here we are implicitly using a volume density on M, and the operator depends on this
choice. We shall later fix a certain choice adapted to the distance function. We shall specify the
domain and codomain of this operator more precisely later on. For now, we can consider Z an
operator C°(M) — D'(M) by setting

(o) =3 [ e Do)y, Tor o € OR(M).
R Jyxm
2.1. On a class of pseudodifferential operators with parameter. We pick a function
X € C(M x M) such that xy = 1 near Diag,, and is supported in a small neighborhood of
Diag,,;. The precise choice of x will not play an important role, but we shall later specify
conditions on its support. The operator Z decomposes as

(7) Z=Q+L, where Q(R)f(x): X(,y)e” D f(y)dy.

_EM
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We call the operator @) the localization of Z near the diagonal. In this section we focus our
attention to . Distance functions might be non-smooth away from the diagonal despite being
quite regular at the diagonal and this off-diagonal behavior of the distance function dictates
whether or not L is negligible. The remainder L will be studied further in Section

This subsection is devoted to proving that the localized part @ of Z is a parameter-dependent
pseudodifferential operator, see Appendix [A] We will treat a slightly more general class of oper-
ators than ). Consider a family of operators that take the form

(8) Qe (R)f(z) = ﬁ /M (., y)e RN VEED) f()aV ().

Here we have written

R, Re(R) > 0,
| Rlne =
—R, Re(R)<0,

for the McIntosh modulus which extends the absolute value to a holomorphic function in C\ iR.
We shall mainly be concerned with the cases R € R and R € C,. The cut-off function y is as
above with the additional constraint that G is smooth on supp(x). The function G : M x M —
[0, 00) should be regular at the diagonal as made precise in Definition below: to define this
notion we first introduce further terminology. Note that T (M x M) = piTM @ p3TM where
pj : M xM — M, j = 1,2, denotes the projection onto the j:th factor. Over the diagonal
Diag,;, the map Dpy © Dpa : T(M X M)|piag,, — TM & TM is an isomorphism. We define the
transversal tangent bundle to the diagonal to be

TiwaDiagy, := ker(Dpy + Dpy : T(M x M)|piag,, — TM) C T(M x M)|piag,, -
The restriction Dp1| : TiyaDiag,; — T'M is an isomorphism.

Definition 2.1. For a smooth function G defined in a neighborhood of Diag,,, we define the
transversal Hessian H¢g as the quadratic form on T}, Diag,, obtained from restricting the Hessian
of G over the diagonal to the transversal tangent bundle.

Definition 2.2. A function G : M x M — [0, 00) is said to be reqular at the diagonal if there is
a tubular neighborhood U of the diagonal Diag,, such that G|y € C°°(U) is a smooth function
satisfying that

e G|y and dG|y vanish on Diag,, C U;

e G(z) >0 for z € U \ Diag,,; and

o the transversal Hessian H¢ is positive definite in all points of Diag,,.

Remark 2.3. The prototypical example of a function G regular at the diagonal is G = d?
for suitable distance functions d. The function d? is regular at the diagonal for the Euclidean
distance, or when d is the geodesic distance on a Riemannian manifold (see Example below)
or more generally a distance function induced from pulling back a geodesic distance along an
embedding of M (see Example below for an example).

To show that Qg (R) is an elliptic pseudodifferential operator with parameter, and to de-
scribe its full symbol, we shall use a slight detour. The basic idea used in computing the full
symbol of Q¢ (R) is to do an inverse Fourier transform in R, and then Fourier transform all
conormal variables. When we Fourier transform in the R-variable the Schwartz kernel — depend-
ing on (z,y, R) — transforms to a conormal distribution on U x R (conormal to Diag,, x {0})
— depending on (z,y,n) — that we then Fourier transform in all the transversal directions (v, 7)
where v = 2 — y, thus producing the full symbol depending on (z, &, R). To compute the Fourier
transform in the R-direction, we use the following elementary lemma.

—al|R|

Proposition 2.4. For a parameter a > 0, and F,(R) := F.P.¢ R, We have that

FFu(n) =— log(n2 + a2) +log(2) — 27,

where v s the Fuler-Mascheroni constant.
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Proof. By taking a derivative in the parameter a and using that the Fourier transform of R —
el is 2a(n? 4 a?)~ !, we see that

0 _

57 Faln) = =2a(n® +a*) 7"

As such, FF,(n) = —log(n? + a?) + co(n) for some tempered distribution cq. Setting a = 0 and
using Proposition we see that cg is a constant. By Proposition we have that

o = o = 210g(2) + 30(1/2) — 7 = log(2) ~ 2.
(]

Proposition 2.5. Let G: M x M — [0,00) be a function which is reqular at the diagonal, see
Definition . For a neighborhood U of Diag,,; on which G is smooth, define G € C*°(U x R)
by

G(z,y,n) =1+ G(z,y),
and the conormal distribution log(G) € I-"~1(U x R; Diag,, x {0}) as in Proposition . Then
there exists a canonical metric go on T*M such that

0—n_1(10g(@))(x, €, R) = —2mnlw, (R? 4 ga (&, €))~+D/2,

The canonical metric gg is dual to the transversal Hessian of G under the isomorphism Dp| :
TtraDiag]\/[ —TM.

In the following, unless specified otherwise we shall consider M endowed with the Riemannian
metric gg. This allows, in particular, to define a Laplace operator on M.

Proof. Since G is regular at the diagonal, the function G satisfies the assumptions of Proposition
[A2] and the result follows therefrom. O

To compute the full symbol of Q¢ we use a Taylor expansion in the direction transversal
to the diagonal. Consider a function G : M x M — [0, 00) which is regular at the diagonal, see
Definition Consider a coordinate chart Uy C M. The coordinates on Uy induce coordinates
(x,y) on Uy x Uy and we can identify a neighborhood of Diag,,; N (U x Uy) with a neighborhood
of the zero section in Ti,Diag, |y, via the map (z,y) — (z,z —y). If the coordinate chart Uy
on M satisfies that G is smooth on Uy x Uy, Taylor’s theorem implies that for any N € N we
can on Uy x Uy write

N
9) Gla,y) = Heolz —y)+ Y CP(wiz —y) +rn(z, 2 —y),
j=3
for |x—y| small enough, where 7 is a smooth function with rx (x,v) = O(Jv|¥+1) asv — 0, Hg is
the transversal Hessian of G, and C(GJ ) Uy — Sym’ (Ti,aDiag /|, ) takes values in the symmetric
j-forms on the transversal tangent bundle T;,Diag, |y,. A short computation shows that Hg
indeed is a Riemannian metric on M under the isomorphism Dp; | : Ty,nDiag,; — T M. However,

each Cg ) depends on the choice of coordinates, we nevertheless suppress this dependence in the
notation. _

Since there is a canonical isomorphism T},,Diag,,|v, = TM|y,, the symmetric j-form Cg) :
Up — Sym’(Ti.Diag,,|u,) appearing in the Taylor expansion @D of G defines a j:th order
differential operator

C (2. ~Dg) : O=(T*M|u,) = C=(T" M]yy),

obtained by quantizing the coordinate functions, i.e. C’g )(:c, —Dy¢) acts as multiplication op-
erators by C’g )(x,v) under the fiberwise inverse Fourier transform (in the v-direction). For a

k € N} and a multiindex v € NX ;, we can define a differential operator Cg) (x,—D¢) on T*M |y,
by -
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Since each Cgl)(x, —D¢) acts as multiplication operators under the inverse Fourier transform,
the differential operators Cg”)(as7 —Dy¢), I =1,...,k, commute. The order of Cg)(x, —Dy) is
lv] :== Zle . For j € N, define the finite set

= {y e RN« |y] = 5 + 2k}
For instance, we have that
I = {3}, I, ={(3,3),4}, and Is = {(3,3,3),(4,3),(3,4),5}.

The role of I; will become clear in Theorem @ below descrlbmg the full symbol of Qg,, from
Equation in a coordinate chart. For v € N*_ we set rk(7) := k. In other words, v € US> | Nk,
belongs to I; if and only if j = |y| — 2rk(y). We remark that |y| > 3 and rk(y) > 0 is implicit
for v € I; since I; C U N%.. The number of elements in I; NN, is the same as the number
of ways to write j — k as a sum of k natural numbers, and so

j—1
#(I; N N 3) = <k B 1> .
The following properties of I; follows.
Proposition 2.6. Let j > 0. The set I; C UpsoNE S5 satisfies the following

o max{|y|: v € I;} = 3j and is attained at v = 3 € N/.
° max{'yl.'yel}—j—l—Q and is attained at v = j +2 € N1,
o #I; =271
For notational purposes, we introduce the following notation.
Definition 2.7. For an integer n € NU —2N — 1, we introduce the notation
,n_n/2
r(2+1)

If n > 0, then w, is the volume of the unit ball in n-dimensions.

Wy, =

To simplify the computations in the subsequent theorem, we note the following relations for
the I'-function.

Proposition 2.8. For natural numbers n,k € N such that n > 2k + 1, we have that
n+1 n — 2k I'(n—2k+1) (n —2k)!

Moreover, we have the identities

( k)' (n 1)/22n 2k (n;‘ k) :(_1)k+1(n N Qk)!wn72kw2k7 for 2k <n
(=) ~n-1)/2gn-2kp (1 (=)™ gy
k! 2 (2k — n)lwag—n Jor "

(=1)/2H(2k —n + 1)
2(27)2k—n

(—1) -0z (o)
92k (k — %)'k‘ :(27T>2k—nw2kw2k_"_l’ for 2k —n € 2N+1

Proof. The Legendre duplication formula T'({)T'(¢+1/2) = 21=2¢,/7T(2() applied to ¢ = n—2k+
1 implies the first stated identity, and the second one follows from the identity I'(1/2 — m) =
(—4)™m!/(2m)!. Combining these identities with the definition of w, produces the first and
second identities. The third identity follows from the definition of w,,. O

Wok—n+1W2k,

We now arrive at the main result of this subsection, describing the full symbol of Qg,,. The
reader should keep in mind that we are primarily interested in the function G(x,y) := d(z,y)?
for a distance function d such that d? is regular at the diagonal. In this case Qg (R) = Q(R)
is the localization of Z at the diagonal for Re(R) > 0. We therefore formulate our results on the
sector C, albeit for Q¢ they hold in the sector C \ iR.
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Theorem 2.9. Let M be an n-dimensional manifold and G : M x M — [0,00) a function which
is regular at the diagonal. We denote the Riemannian metric on T*M dual to the transversal
Hessian Hg by gc, as in Proposition[2.5, Consider the operator

QB = i [ Ao TheVOE pyay
|RIme J
where x € C®(M x M) a function with x = 1 near Diag,, and supported only where G is
smooth, and we use the Riemannian volume density defined from gq.
We have that Qg € \I/anfl(M;(CQ is a classical elliptic pseudodifferential operator with
parameter of order —n — 1 with principal symbol

E—n—l(QG,x)(xv ga R) n'wn(RZ + gG(f é)) n+1)/2

In a coordinate chart Uy on M, the full symbol q of Qg has a classical asymptotic expansion
qr~ Z;io g; computed from the Taylor expansion @D and each q; is the homogeneous symbol of
degree —m — 1 — j which for j > 0 and for n odd is given by

@6 ) = > e nCG (2, —De) (R + ga (€, €)) D/ k0
Vel k()< (n+1)/2
- > )O3 (2, = De) [(R2 +9a(€,€) " H/EED 1og (R + gc(g,g))] ,

YEIj,rk(v)=(n+1)/2

and for n even given as

.’17 f R Z Crk(y C(’Y) Dg)(RQ +gG(£ 5)) (n+1)/24rk(7y)
vEl;

Here the coefficients are computed as

(=1)*(n — 2k)\wp_opwor, for 2k <n

M 2% — oN
Ck.n 1= | (@Rl for n €
Eg.n-l))ﬁWka2k7n71; for2k—n e 2N+1

Remark 2.10. Exact expressions for ¢; and g2 are given below in Proposition 2.13] and [2.14]
respectively.

Remark 2.11. From the expression for g; in Theorem it is not clear that g; is homogeneous
of degree —n — 1 — j when n is odd. We shall see in the proof that this is in fact the case.

Proof of Theorem[2.9 By Proposition the Schwartz kernel ﬁx(m,y)e_‘m VG@Y) of Qa,y
is the Fourier transform in the 7n-direction of

K2, ,m) = - X(2,) g + Gz, ).

The extra 27 is coming from Fourier inversion in one dimension.
Let U denote a neighborhood of the diagonal Diag,, on which G is smooth. It follows from
Proposition (cf. Proposition[A.2)) that K € I="~1(U xR; Diag,, x {0}) with principal symbol

T n1(K)(x,& R) = nlw, (R? 4 ga(€, €)= D/2,

Define Ko(x,y,7n) = log(n’+G(z,y)) € I 1(U xR; Diag,,; x {0}). We compute in a coordinate
chart Uy that Ko € CI~""}(U x R; Diag,, x {0}) and using a uniform asymptotic expansion we
use Proposition [A75 to show that the Fourier transform in the 7-direction of K is the Schwartz
kernel of a pseudodifferential operator with parameter.

In a coordinate chart Uy, we introduce the coordinates (x,v) = (z,z — y) on Uy x Up. Using
Equation (@, we can write

SN0 (0,0) + ry(,0)
N2+ Hg(v,v) ’

Ko(l‘,yﬂ?) = _log(WQ + HG(”)”)) - 1Og (1 +
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For small v, we can Taylor expand

K, ( ) 1 ( H i Z rk(w) C’((;) (U) ( )
T,Y,1m og(n® + Hg(v,v)) w7 trv(z,v,m).
j=1~el; 77 + HG(”?“)) 22
(_1)rk('y) C(G’Y) (’U)

We note that, by the definition of I}, each term in the second sum Z%Ij ) (P T He (o))

is homogeneous of degree j. We also note that 7x(x,v,1m) = O((In| + |v|)V*1) and a short
computation gives that 92050FFn = O((In| + [v])NT1=1#1=F) for any multiindices o, 8 and k.
As such, we have a uniform asymptotic expansion K ~ Z;io Kj (cf. Definition |A.4) where

_LIOg(nz"_HG(UvU))a =0,
(10) Kj(z,v,n) = { Ly O ) :

L o W) _ > 0.

2x Lvel, k() P He @

We conclude from Proposition that Qg € \Il;"_l(M;]R) is a pseudodifferential operator
with parameter. Proposition [A.5|implies that

T-n-1(Qc)(@, & R) = 71 (K)(2,€, R) = nlwn (R + g (&, €)%,
This is invertible in C*°(S(T*M @& R)) so Qq,y, is elliptic with parameter. It is readily seen that
T_n-1(Qcx)(z,& R) # 0 also for R € C, and the following symbol computation shows that
Qa € \If;"_l(M; C.) is an elliptic pseudodifferential operator with parameter.

Let us turn to the full symbol of Q¢ . We will compute it from Equation and the Fourier
transform computations of Section [A] of the appendix. For k > 0, denote the Fourier transform
of (n? + Hg(v,v))~" in the (v, n)-direction by Fy(x,&, R), that is

e—i&.v—iRn

Fule, &, B) = /TmM@]R (n? + He(v,v))*

Using homogeneity and rotational symmetries, F} can be computed as in Proposition to be
7.(.(n+1)/2272k+n+11‘\ (nTH _

(k—1)!

dodn.

k) (R2 +9G(£ 5)) n+1)/2+k

for 2k —n — 1 ¢ 2N, and
(11)
(=1)k= "3 (n+1)/2

22k—n—1 (| — 2|k — 1)!

[(R2 + ga(g, )~ 2Ek (—log(R* + ga(£,€)) + 6k7(n+1)/2,n+1)} )

for 2k—n—1 € 2N. It follows that for v € I;, the symbol of the term C’g) (v)(n*+ Heg(v,v)) kO
is given by C’g)(:zr, —D¢) Fiie(v) (2, &, R) which is computed to be
7r(n+1)/2272rk('y)+n+1r (%Jrl _ I‘k( ))
(rk(v) = 1)!
for 2rk(y) —n —1 ¢ 2N, and

(1)K = "5 (nt1)/2 n+1
22rk(y)—n—1 I'k(’y) -

C(w, —De)(R? + ga (€, €))~(mHD/2Hk(),

>!(rk('y) -1

(12) Cé”)(w, —Dg) {(RQ + 9G(§7 f))_(nﬂ)/%rk(v) (— log(RQ + 9G(§7 §)) + 5rk(*y)—(n+1)/2,n+l)} )

for 2rk(y) —n — 1 € 2N. We conclude that the symbol g¢; of K, for j > 0, is (up to the term
Brk(y),n+1) given by the formula in the statement of the theorem for the pre-factors c

#W(n—l)/22n—2kr (nTJrl _ k.)
Ckon = (_1)%“7r(n—1)/2
22k —n (f— L) 1D
Therefore ¢y, ,, takes the form prescribed in the theorem by Proposition
We finish the proof by showing that B (y)—(nt1)/2,n+1 does not contrlbute in Equatlon
and that there is no logarithmic term When expanding the &-derivatives in Equation
2rk(y) —n — 1 € 2N, then —(n +1)/2 + rk(y) € N and so (R? + gd(f,ﬁ))_("+1)/2+rk(7) is a

, for 2k —n—1¢ 2N,
for 2k —n — 1 € 2N.
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polynomial of degree 2rk(y) —n—1€2Nin & For vy € I; C UkN’§3, we have that j 4 2rk(y) =

|v| > 3rk(y). Therefore, if 2rk(y) —n — 1 € 2N then C((lz) (z, D¢)(R? + ga(€,&))~(nHD/2+k()
is a polynomial of degree 2rk(y) —n —1 — |y| < —1k(y) —n — 1 < 0 and therefore it must
be identically zero. In other words, we have C5” (z, —D¢)(R2 + ga (€, £))~(mHD/24k() — ¢ for
2rk(y) —n — 1 € 2N. This equality proves that ¢; can not contain a term with a logarithmic
factor, and as such g¢; is homogeneous of degree —n — 1 — j for all j, and

Cg) (J}, _Df) |:(R2 +9c (ga 5))—(n+1)/2+rk(’y) (_ 10g(R2 +9c (ga 5)) + 6rk(7)7(n+1)/2,n+1)j| =

= —C (@, ~De) | (R + g6(6,6) "D/ log (R? + g (€, €))]
O

Remark 2.12. The computation that go(z,&, R) = nlw,(R? + ga(€,€))~+D/2 is compatible
with known symbol computations in R™ for G(x,y) = |z — y|? in which case ¢ = o is the full
symbol expansion when using Euclidean coordinates. Indeed, this statement follows from the
fact that e~ #*l is the Fourier transform of nlw, (R? + |£|?)~(+1)/2 see for instance [2, Equation
(3)]. We remark that the coordinate dependent symbol computations of Theorem will be
used also in R™. The reason for using Theorem in R™ is that to describe the operator near
the boundary of a domain with the Wiener-Hopf factorization techniques of Section [5| below we
need to “straighten out the boundary”, i.e. choose coordinates in which the boundary locally
looks like a half-space. We make such computations more precise in Subsection below.

Let us give some further details in computing the symbols g; and g2. The precise information
contained in g; and ¢o will be used later to compute the first terms in the inverse of @ and the
asymptotics of its expectation values in Section[6] Before entering into the symbol computations
of ¢; and g2, let us introduce some notation. Since ¢ is a metric on T* M, it can be viewed as
a symmetric tensor in 7'M ® T'M and for a covector &, the contraction t¢ga takes values in
TM. In the coordinate chart, each C’é takes values in the symmetric j-forms on TM|y,. As
such, expressions such as CZ(z, gc ® tegg) or Cé(x, gc ® gg), for instance, make sense. The
reader should be aware that such expressions are individually not coordinate invariant, the
transformation rules for these expressions can be deduced either from the Taylor expansion @D
or from the transformation rules for pseudodifferential operators. For computational purposes,
we also note that

dega (€, €) = 2uega-
Here d¢ denotes the fiberwise exterior differential and we are implicitly using the canonical
identification T*(T*M) = n*TM & m*T*M and that the TM-summand is where d¢ maps to.
A useful tool in formulating the computations is the Pochhammer k-symbol. For x € R, n € N
and k € Z, we write
(@) =x(z+k)(z+2k) - (z+ (n—1)k),
n factors

with the convention that (x)o = 1 for any k and (0),, = 1 for any n and k.

Proposition 2.13. Let M and Qg,y be as in Theorem 2.9 In a coordinate chart on M, the
term q1 of degree —n — 2 appearing in the full symbol q of Q¢ y is given by

G1(2.6, R) = —i(6cé<x,ga ® 1696 (R* + g0 (€, €))7

—8C(, 196 @ tega @ tega) (R® + ga (€, 5))_3)

ifn=1, and if n > 1 we have that

a1 (2,6, R) = —i(n® — L)e1 <3Og:(f”agc ® tega) (R* + ga(€,€)) (/21

~ (1+ 310 (01650 8 106 9 1690) (R +6(6.6) V),

where tega denotes the contraction of the metric go on T*M along the covector §.
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Proof. We note that I = {y € Uz‘;lNg?) c |yl = 1+ 2rk(y)} = {3}. For n = 1, we have
¢1,1 = —1/2 and since we are in the critical case we compute as follows

qi(w,&, R) = —ic11C° (2, 1)0¢ log(R® + g (€, €)) = iC? (w,1)¢ ﬁfm) -

s B9ctege 8(teg9c)’
=106l ’”( (7 + ga(€ )2 <R2+gc<§,£>>3>’

which proves the case n = 1.
For n > 1, we compute that

@z, & R) =i(n+1)(n—1)cy, (302;(96, 96 @ teg)(R* + gg(€,€)) - /21y

+(n+3)Ce(w, tege ® tege ® tege) (R? + ga (&, 5))_("+1)/2_2> '
O

The next proposition follows from a similar computation.

Proposition 2.14. Let M and Qg be as in Theorem . In a coordinate chart on M, the
term qa of degree —n — 3 appearing in the full symbol q of Q¢ s given as follows; for n =1
we have that

@2(x, &, R) =c2,1C%(2,1)20¢ (R + ga (&, €) log(R? + g6 (€, €))) + c1,1C* (x,1)9¢ log(R? + g (€,€)) =
_ C3(z,1)? (_ 23 - 152, 24 90(egc)? 92 B 24.80(tegc)r9e  25- 24(ngg)6>

16 (R? + gc)? (R?+gc)3 (R? + gg)* (R? 4+ ga)®
B C4(x,1) (_ 2?2392 23 - 12(1e9¢)% 96 3 24 . 6(L§gg)4)
2 (R? 4+ ga)? (R* +gc)? (R* + ga)*

and for n = 3, we have that
@2 (x,&, R) =c2,3C°(,0¢)* (log(R? + g (§,€))) + ¢1,3C* (x,0¢) (R* + ga(€,€)) ™ =
=2,3240(C¢ © C2)(9a ® go ® ga) (R* + ga(€, €))7~
— 02,345 - 96C¢ (2, 9 © 1e9a)* (R? + ga(€,€)) '+
+ 23120 - 96CE (2, 1ega @ tega @ 1ega)Ce(x, 9o © tega)(R? + ga (€, €)) " -
— 2,380 - 96C (2, 9o @ tega)*(R* + g6 (€,€) "+
+¢1,324C% (2, 9o ® ga) (R? + ga(€,€)) 7~
—¢1,3288C(, 9o ® tega @ tega) (R + ga(€,€)) "+
+¢1,3192C (7, 1ege ® Lega © tega @ tega) (R? + ga(€,€)) 77
and finally for n # 1,3, we have that
¢2(w,&, R) = — 02, C(2,0¢)* (R? + g6 (€, €)™ ™D/% 4 01,0 C* (2, 0) (R + g (€,€)) "D/ =
=—24c¢o (1 + 3)s_2C% (2, 96 @ tega) 2 (R? + ga (£, €))~ (/2724
+6¢2,0(n + )5, 2C% (2, 196 @ tega ® 1e9c)CP(w, 9o ® tega) (R + ga (€, §)) "D/ 73—
—c2.n(n+ T)6,-2C% (2, 1¢96 @ Lega @ tega)*(R? + ga(&, €)™ TH/2 =44
+3c2,0(n+5)5,2(C% ® C*)(2, 96 @ 9o ® ga ) (R + ga(&,€) " TH/2 1y
+3c1n(n” — 1)C*(x, 96 © ga) (R + ga(§,£))~HD/271 -
— 6c1,(n+ 3)3, 20 (2, g6 ® tege © 1ega) (R + ga (€, €))7
+ c1n(n+5)4,—2C* (2, tega ® tega @ Lega @ tega ) (R + ga(€,€)) (/23

where tega denotes the contraction of the metric go on T*M along the covector §.
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2.2. Examples and further structure in the symbol computations. In the preceding
subsection we saw a detailed computation of the full symbol of @ ¢ in terms of the Taylor
expansion. Let us consider a few important special cases where further structures can be visible
in the symbol expansion, and proceed with a structural statement of for the entries in the full
symbol in the general case.

Ezample 2.15 (Symbol computations near a boundary in Euclidean space). We consider the
manifold M = R™ and the function G(z,y) = |z — y|* which is regular at the diagonal. This
example fits into the bigger picture of the paper seeing that G(z,y) = d(z,y)%. It will later
in the paper be crucial to describe the symbol of @ = Q¢ near the boundary of a domain
X C R”" with smooth boundary. Fix a point o € dX. Up to a rigid motion, we can assume that
2o = 0 and that the normal vector of 0X in zq is orthogonal to the plane z,, = 0, where we write
= (2',2,) for 2’ € R"! and x,, € R. There is a neighborhood Uy = Uy x (—¢,¢) of 0 € R"
and a smooth function ¢ € C°°(Uyg) such that XNUy = {ax = (2/,z,) € Uy : p(a’) < z,}. Since
the normal vector of 9X in x¢ is orthogonal to the plane x,, = 0, V,.p(0) = 0. Near xg = 0, we
use the coordinates
(@', 20) = (2,2, — p(2))).

In these new coordinates, the domain X looks like the half-space {(z’, z,) : ,, > 0} locally near
xg = 0. We compute that in these coordinates G = G(x,y) can be written as

(@2 — (@)= s yn — (NI = |2 = y'1* + (@0 =y — (0(2') = 0(y)))* =
=[x — y|2 = 2(wn — ya) (p(a") = (y) + (p(z') — o(y")* =
_|U‘2 + Z Z —203, ’30 )vn(v’)a/—i—

J=2|a’|=j—-1

N ! B’ /
8&/ SO(.%'/)a IQO(J}) ’ ’
> Y e T oM,
I=2 |’ |+’ |=4,
[a'[,|8">0

where the sums over o/ and ' ranges over o,3 € N"~! and we have written v = = — v,
v' =2’ — vy and v,, = z, — y,. Introducing the notation

i ’oo ax’ o’
it 3 B
ot l=5

we have in these coordinates that

G(z,y) =[v]* = 20, Vep(a') - v/ + (Vp(a +Z —20, V7~ V)

N
+Y ) Vi o) Vie('sv') + O(lu[V )
§=3 k+l=j
E,1>0
In particular, we can conclude that
He(v) = |vf* = 20, Vep(a') - 0" + (Vip(a') - )2,
so Hg is represented by the n x n-matrix

. — (14 Vo) Vo) —Ve(a)
G- ~Vola)" )
Therefore, in the same basis we have that

— gt ( In—s Ve(z') >
¢ V()T 1+ |Ve(a')?)
We note that Hg|rox is the Riemannian metric on X induced from the Euclidean metric on
R™ and the inclusion 0X < R™. We also conclude that

(13) CL(z;v) = v,C5 (w;0") + CL0(;0)
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where
CLM a;0') = =2V p(a';0")  and  CL0(z;0') == Z VEp(2';0)Vip(';v).
k-Hl=j,k,1>0

Therefore, in these coordinates near the boundary of a domain in R", we have for v € I; that

rk(y) o o onaB
) B —20% p(z') _ O (@) 0 (') oy s
CC;Y (:L‘7 _DE) - (_1)h‘ H Z o Dﬁ’ Dﬁn + Z allﬂﬁfl DE'
I=1 |]a’|=|n|-1 ) [o |+ 8 |=Inl, o

la’[,|8">0

This gives a method for computing the homogeneous symbol ¢; of degree —n — 1 — j for any j
following Theorem

The principal symbol is computed as in Theorem [2.9) By Proposition we compute for
n > 1 that

QI(xang) =—- i(n2 — 1)C1)n <6gG(V2<p)gg(€, Vi — en)<R2 + gG(f,f))_(n—H)/Z_l—
—2(n+3)V30(1eg6, tega) 9 (€, Vo — en) (R* + ga (€, 5))—(n+1)/2—2) _
=i(n* = Dern (65nga<v%>(32 +9a(6,€)) "

- 20+ HETHA(E + 6V + g(6.6) 2,

By Proposition we compute for n # 1,3 that

¢2(2,€, R) = = 2ean(n + 3),-24(96(V9))*(96(€, Vi — €a))*(R? + g (£, €)""H/2 2
+ 62, (n + 5)5,249¢(V29) (96(&, Vo — €2))* V2 0(tega, ega) (R + ga(€,6)) " TD/2 70—
— con(n+ 7)6,—24(V20(1eg6, 1e96))° (96(€, Vo — €n))* (R? + ga(€,€)) -0/
+3c2,n(n+5)s,-2 - 496 (V9))*96(Ve — e, Voo — ea) (R + ga (&, €))% 714

+3c1,n(n” — 1) (2(gc ®96) (Ve ® (Vo —en)) + (gG(VZ@)Q) (R? + go (€, €))(m+D/2-1_
—6c1,n(n+3)3,_2 (2(9(; ® 1e96) (V2 0)ga (€, Vo — en)+

+ (96(V29)) (VZ¢(tega, ngc))) (R? + ga (&, €))~mHD/2=2
tein(n+5),-2 (2(bsgc)®3(v3tp)gc(£, Vo —en)+

+ (T plucgionica))* )+ g6, )27 =

= — 48020 (n + 3)s,2(96(V9)) "G (R* + g (€,€) 7"
+ 24ca,n(n + 5)5,-296(V20) 6 V2 0((€ + £aV0) ) (R? + 9o (€,6)) /273
— e n(n+T7)s,-2(V((§ + V) **)2En (R + ga(€, €))7
+ (12c2,n(n +5)5,—2 + 3c1,n(n” — 1) (96(VZ9)*(R* + ga(€,€)”"TV/* 14

—6c1,n(n+ 3)s,—2 ( - 2§nV3§0(1n—1 ® (¢ + & Vo)) +
+ (9a(V2) (Vie((€ + gnvwm)) (R® + ga(€,6)""H0/22y
T ein(n+5)as ( L2, (VU)((€ + V)Tt

+ (V3((€ + 5an)®2)2) (R® + ga(€,6))~mH1/2=3,
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and for n = 3 that
2(x, &, R) =(c2,5240 - 4 + ¢1,524) (95 (V> 9))* (R* + ga (€, €)) >~
— 02,345 - 96 - 4(96 (V)60 (R* + ga (€, €)) '+
+ 62,3120 - 96 - 49 (V)6 V(€ + £, V) P*) (R + 96 (€, €)™
— 2,380 - 96 - 4(9c(V?0))* 6 (R + g (€, 6) °+

- cl,gzss( — 26, (V20) (1n-1 ® (£ + €. V) +
(96(V0)) (V2 (€' + smo>®2>>) (B + ga(€. €)'+

+as192( = 26V + 6797 + (Tl +&:T0) ™) ) (7 + gl )
We note that go(V2p)(zo) is (n — 1)/2 times the mean curvature in .

Ezample 2.16 (Symbol computations for a submanifold of Euclidean space). We consider a
submanifold M C R and the function G(z,y) = |x — y|?> which is regular at the diagonal. This
example fits into the bigger picture of the paper seeing that G(z,y) = d(z,y)? where d is the
distance function on M making the inclusion M C R isometric. To Taylor expand G as in @[),
we take coordinates around a point g € M such that M near z( is parametrized by

xl:l‘la lzl,...7’rL
r=¢i(T1,..,20), l=n+1,...,N’

for some functions @,41,...,pN. Write x = (21,...,2,). In these coordinates,

N
Gz, y) =z —y>+ D lolz) — @) =
l=n+1

No N o 8
—ppay Y Y EAEGAE ey oo,

alp!
J=2 l=n+1|al+|B|=j,
o], 8>0
where v = x — y. Therefore, we conclude that
N
He(v) = >+ ) (Vaul(z) - v)?,
l=n+1
and for j > 2,
N N
: o5 ()0 pi(@) ;
Colwo) =3, D, == g =2 > Vaeva.
I=n+1|a|+|8]=j, M l=n+1i+k=j,
lael,[B]>0 i,k>0

Computations similar to those in Example [2.15] can be carried out also for submanifolds. To
preserve the reader’s sanity, we spare the details.

Ezample 2.17 (Symbol computations for geodesic distances). Consider a manifold M equipped
with a Riemannian metric gp;. To avoid having to prescribe the distance between different
components, we assume that M is connected. The geodesic distance dgeo : M x M — [0, 00) is
defined by

dgeo(x,y) :=inf{L(c) : cis a smooth path from z to y},
where the length L(c) of a path ¢ : [0,1] — M is defined by

1) = [ ot (G0, )

Here we write ¢ : [0,1] — T'M for the derivative of the path, so ¢(t) € T,4) M. For a suitable
neighborhood U C T'M of the zero section, the Riemannian metric defines an exponential map
exp : U — M. More precisely, for a small enough v € T, M, exp,(v) = exp(z,v) € M is defined
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in local coordinates as exp,(v) = wy(v;1) where w,(v;-) : [0,1] — TM is the solution to the
second order ordinary differential equation

W (v, 1) + Doy, vty (W (v, 1), Wz (v, 1)) = 0,
(14) w(v;0) = x
w(va 0) = -,
where T" is the affine connection defined from ¢, which in local coordinates is a vector valued

symmetric bilinear form on the tangent bundle. In these local coordinates, for z and y close
enough we have that

dgeo(z,y) = | expz* (y)[.
In particular, dgeo is smooth in a neighborhood of the diagonal.

Let us compute the Taylor expansion of dgeo as in Equation (]ED and prove that déeo is regular
at the diagonal. We use a coordinate neighborhood as above, and write v = =z — y. We are
looking for the Taylor expansion in v of the coordinate function X,(v) = exp,!(z —v). We
Taylor expand

- wi (050) Nt
t) =z —vt 775 O(|t
(v)$v+k22 ] + O([to] ™).

We note that v s wS") (v;0) is a homogeneous polynomial of degree k, we denote this by Wy (z;v).
It follows from Equation that

Wi(v) = —v,
(15) Wy (v) = —T'(v,v),
Ws5(v) = —dT' (v, v,v) — 2T'(v, T'(v, v)).
The higher order terms Wy, W, ... can be computed inductively from Equation . Write the
Taylor expansion of the unknown function X, in v as
N
Xo(v) = 30X O (a0) + O ),
k=1
where X *) (z; ) is a homogeneous polynomial of degree k in v. The identity X, (v) = exp; ' (z—v)
is equivalent to expm(X (v)) =  — v which implies that

(16) ZX(’“ ;v +Z Wile, ¥ 1X()($ 2D _ o).

Considering the first order term, we see that X(l)(v) = v. The higher order terms can be
inductively determined by considering each homogeneous term separately:

k k—1
Wiz, XO(a50))
17 X® (v) = L eeinl : ,
(17) =3 ;
(%)

where [](y) denotes the homogeneous term of degree k. Using Equation and , we
compute the first terms to be

XM (w) =,
XA ) = %Wg(x;v) = —%F(U,U),
X® () = LIWs(z;v) + 5 [Wa (230 — 2T (v, v))](g)
= —%dF(v,v,v) + %F(U, I'(v,v)).
We summarize these computations in a proposition.

Proposition 2.18. Let M be a manifold equipped with a Riemannian metric g and let dgeo de-
note the geodesic distance. Then dgeo is regular at the diagonal and in a coordinate neighborhood
the Taylor expansion as in Equation (@ takes the form

déeo( ) = |U‘52]M + Cgé_co ((E; ’U) + Cﬁéco ((E; ’U) + O(|U|gm)7
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where

Cgéco (x;v) = = gp(v,T(v,0)),

Ol (w30) =3[0 0)2,, + 3 (900, a0 (0,0, 0) = 90, T (v, T(0,0)))).

The higher order terms 0312 can be computed inductively from Equation .

geo
Let us return to the general case and describe the overall structure of the terms appearing in
the full symbol expansion of Qg y.-

Lemma 2.19. Let M and G be as in Theorem [2.9 The entries in the full symbol expansion
g~ Y3204 of Qo € V" H(M;Cy) takes the form

37 -
02,6, R) = P j(w, ) (B + ga(€,€)" 5,

k=0
where Py ; are of the form
(1) Py ; is a homogeneous polynomial of degree k in & and
P,; =0 ifj—k¢2Z.
(2) If j — k € 2Z, the polynomial ij takes the form

Ppj(@,§) = Z Pk, CG (25 169G @ Lega ® ga ® -+ @ gg),
Vel

k times |'Y‘2* times
for some coefficients p, i ; € Qr™/? + Qr(+1/2 4 Qr(n=1/2,
In the last item, we note that if j — k € 2Z, then |y| — k € 2Z for all v € I;.

Proof. Tt follows from the computations in Theorem @ that ¢; can be written as a finite sum

q;(z,&,R) = Z Prj(a, ©)(R2 + ga(€,0) 2,

k>0

where Py, ; is a polynomial in { whose coefficients (as a polynomial in &) are all polynomials in the
Taylor coefficients of G’ at the diagonal. For the degrees to match, Py ; must be of degree k. Since
the powers R? + g¢(&,€) must differ from —(n + 1)/2 by an integer, Py ; = 0 unless j — k ¢ 2Z.
Finally, the largest possible degree k for which £*(R? + gg (€, f))’w (with |a| = k) can be
a summand in g; is if the derivative C(’Y) (z, D¢) acts only on (R? + gg(€,€))~(+1)/24k() (or
(R + gg(&,&))~(ntD/24k() 1og(R? - gG(g, €)) if 2rk(y) —n — 1 € 2N) and in that case a = 7,
so the maximal degree of Py ; is the size of the largest index in I}, i.e. 3j. This proves item (1).
To prove item (2), one notices that by Theorem all possible entries in g; consists of terms
of the form .

Cg)(ﬂf, Lege ® Lo ®ge ® - ® ga)(R* + ga(6,€)™ =,

k times MT*’“ times

with a coefficient being a rational number times either 77/2, 7("*t1)/2 op 7g(n=1)/2, O

2.3. The symbol structure of the parametrix. The operator Qg € V"~ 1(M;(C+) con-
sidered in the previous subsection is elliptic with parameter by Theorem @ In particular,
it admits a parametrix Ag, € \I/"+1(M;C+), that is an operator with parameter so that

AG,xQG,x 1 QG,XAG7X 1 S \IJC (1\47 (C+)

Theorem 2.20. Let M be an n-dimensional manifold and G : M x M — [0,00) a function
which is regular at the diagonal. The full symbol a in local coordinates of the parametriz Ag y €
WY (M CL) of Qe € W1 (M;Cy) has an asymptotic expansion a ~ Z;io a; where a; is
constructed inductively from the symbol expansion q ~ Zj qj of Theorem by

1
[e3 [e3
a; = —ag E Jaﬁ quI aj.
ktlt|al=j4,1<j
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Here ag(z,&, R) = (R2 + 9c(&,€)™tD/2 The neat term is given by

7 _ 3
n=1: a(z,§R)=— 5(3596')(51:9@)(1%2 +96(6,9))7 "+ 502:(%96' ® tega)—
— 2iC3 (2, 1696 ® tega ® Lega)(R? + g (&, €)™

)
> 1 a6 R) =P g 0,06 (66, O (B2 + ga(. )22

nlwy,
3ici p(n? —1 ) )
1(’,11()2002)02:(30’90 ® tega)(R? + ga (€, €))m+h/2—1_
ic ,n(n + 3) ) )
T G896 © 1696 © 1eg6) (R + 9 (6,€) T

The homogeneous terms a; each takes the form
3j

a;(xz,§,R) = ZP;” z,8)(R? + gg(&,6))

k=0

n4l— J k

where le’ are homogeneous polynomials of degree k in £ and

Pij=0 ifj—k¢2Z.
The coefficients of IE’kJ’ as a polynomial in & are all polynomials in derivatives of the Taylor
coefficients (Cg))veukgﬂk of G at the diagonal (from Equation @) of total degree j.

In the structural statement at the end of the proposition, the total degree refers to the degree
of the polynomial when counting an order i derivative of a Taylor coefficient C(G'y ) for v € I to
have degree k + i.

Proof. It follows from the parametrix construction for elliptic operators (see e.g. [39, Chapter
1.5]) that a ~ Z;io a; where ag = ¢; " and a; := —aq D kbt al=], 1< %8g‘qugal for j > 0.

Let us prove the structural statement about a; by induction on j. It is clear for j = 0. Assume
that the structural statement holds for [ < j 4+ 1. We have that

1
Qa1 =— > O anDya =
k+i+|a|=j+1,1<j+1
N(k) N(I)

—— Y S o [Pan@ O 4 ge(6,6)

ktlt|ol=j+1,1<j+1 11=0i2= 0

n+l+4+k+ig ]
2 .

n+1l— l ig

D [Py, ) (R + 96(5,9))

which proves that a;11 has the claimed structure.
What remains is to compute a;. We write

ai(z,&, R) =—ao Z 0¢ qoDzao — agq =

|e|=1

= (B ga(6,6) " ST 08 (R + ga(6,0)” TV ADE (R + g6, €)1

la|=1

i(n? — e1n

I

(R? +ga(€, )" (scé(x,ga ® tega) (R + ga(€,€) " "FV/2 -

—(n+3)C(x, 1e96 ® tege @ tega) (R + gc(f,ﬁ))’(”“)/z’z) =

2.

= o (daga(6, €, ) + 90(6,€) 24
3ic1n(n? —

(nl)2u?

ici,n(n+ 3)3,—2

- g Célwteg6 @ 1ega @ 1ege) (R + 9o (6,€))

+ )CG(JC 9c ® tega) (R + ga (&, ) HH/2-1

(nt+1)/2-2
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We use the notation I'o(Rp) := {z € C: |Arg(z)| < a,Re(z) > Rp}.

function which is reqular at the diagonal. For some Ry > 0, the operator Qg (R
is invertible as an operator H~("FV/2(M) — HD/2(M) for any R € T j(n41)

Qa‘,lx —Acx € V™ (M; D7/ (n41)(Ro))-

e
ay)
o

In particular, QEX is a pseudodifferential operator with parameter in I'r /i, 41)(Ro) whose full
symbol a in local coordinates has an asymptotic expansion a ~ Z]o-io a; where a; is as in Theorem

220

Corollary 2:21] follows from Theorem [2.9] and [2:20] using standard techniques for pseudodiffer-
ential operator with parameter. For the convenience of the reader, we include its proof.

Proof. Let A denote a positive Laplace operator on M whose principal symbol coincides with the
metric gg dual to the transversal Hessian of G. It follows from Theorem that _,,_1 ((R? +
A)™") =5_,_1(Q). Hence, the operator t(R) := 1 — (R? + A)*/2Q(R? + A)*/? is a parameter-
dependent pseudodifferential operator of order —1. We write

Qc.x = (R?+ A)™M2(1 —t)(R? + A) /2,

The order of v is —1, so by [39, Theorem 9.1] we have that [[¢(R)||r2(a)—r2(m) = O(Re(R)™1)
as Re(R) — co. We conclude that there exists an Ry > 1 such that |[v(R)| z2(an—r2(a) < 3 for
R €T, (i1 (Ro). Since (R?+ A)~#/2: H(M) — H**#(M) is invertible for R € T'x/(,,11)(0)
and any s € R, we can for R € I';/(;,41)(Ro) invert Qg,y as the absolutely convergent series of
operators H*(M) — H~*(M) given by
Qah = ) _(B* + M) Pe(R)*(R? + A)/2.
k=0

It remains to prove that Qa}x —Ag €V 7 (M;T; /(nt1)(Ro)). By the construction above,
Q(_J,lx € \IJZLIH(M;F,F/(,LH)(RO)). Therefore the classes [Qa}x] and [Ag,,] in the formal symbol
algebra W (M;T) /W > (M; Iz /(n+1)(Ro)) are both inverses to

[Qa] € Urez Ui (M;Tr 1) (R0)) /¥ ™ (M Ty (ns1) (Ro)).-
By the uniqueness of inverses, [QE;lX] =[Agy] € \I/g"’l(M; L /ns1)(Ro)) /W % (M FW/(nH)(R%).

2.4. Analytic results for ) on compact manifolds. The results of the previous subsections
have analytic implications in the case that M is a compact manifold. We consider the scale of
Hilbert spaces H§,(M) := (R*+A)~3/2L?(M) defined for R € R\ {0} and s € R with the Hilbert
space structure making (R? + A)~/2 : L2(M) — H3 (M) unitary. Here A could be any choice
of Laplacian, but for the sake of simplicity we fix the Laplacian associated with the Riemannian
metric associated with a function regular at the diagonal. By elliptic regularity, H*(M) =
Hp (M) as vector spaces with equivalent norms independently of the choice of Laplacian, but
the Hilbert space structure differs in a non-uniform way as R varies. At this stage, we shall start
to concern ourselves with extensions of ) to the complex numbers, so we phrase our results in
terms of the operator

(15) QR(@) 1= [ xlepe ™ )y,

where d is a distance function whose square is regular at the diagonal and x a function being 1
near the diagonal such that d? is smooth on the support of x. We note that Q(R) = Qa2 , (R)
for Re(R) > 0.
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Theorem 2.22. Let M be a compact n-dimensional manifold and d : M x M — [0,00) a

distance function whose square is reqular at the diagonal. Set p:= (n+ 1)/2. The operator
QR) : H™"(M) — H"(M),

defined from the expression is a well defined Fredholm operator for all R € C\ {0} and there

is an Ro such that Q(R) is invertible for all R € T /(,11)(Ro). Moreover, the following holds:

a) For each R € C\ {0}, Q(R) € V"~ '(M) is an elliptic pseudodifferential operator and
the family of operators

(Q(R) : H*(M) — H"(M))rec\{o}
depends holomorphically on R € C\ {0}. Moreover, we can extend the holomorphic

family (Q(R)™! : HH*(M) — H™M(M))Rer, 41y (Ro) Mmeromorphically to R € C\ {0}.
b) There is a C > 0 such that

—-1 2 2
C ||f||H‘_R’|L(]V[) < Re<faQ(R)f>L2 < CHf”H‘—RI‘L(M)a

for R € Ty jimq1y(Ro) and f € H7H(M). In particular, for R € T'y/mq1)(Ro), the norm
Re(-, Q(R)-) is uniformly equivalent to the norm on HI;%IIL(M)

Proof. The first statements of the theorem follows from Corollary

Part a) follows from the meromorphic Fredholm theorem (see [3I, Proposition 1.1.8]) upon
proving that R — Q(R) € B(H~#(M), H*(M)) is holomorphic with values in the set of Fredholm
operators. We can write Q(R) as the integral operator with Schwartz kernel

k
k+1

(19) lX(JS,y)e*Rd(otr,y) _ x(z,y) I Z (kR

d
7 7 2 +1)!x(w,y) (z,y)

Using the fact that d? is regular at the diagonal, an argument as in the proof of Theorem [2.9
shows that Q(R) is an elliptic pseudodifferential operator of order —n — 1. By Proposition
the principal symbol of Q(R) (for fixed R) is given by

7t (U)o §) = i V2r (EL fefpnt — anfeln
Therefore R — Q(R) € B(H#(M), H*(M)) takes values in the set of Fredholm operators. The
expression , and again an argument as in the proof of Theorem shows that R — Q(R) €
B(H "(M), H*(M)) depends holomorphically on R € C\ {0}.
Part b) follows from the Garding inequality (see Theorem on page using that Re(Q)
has positive principal symbol as a pseudodifferential operator with parameter by Theorem

on page . ([l

2.5. Evaluation at £ = 0 of some symbols. For later purposes, we will be interested in
knowing the value of the homogeneous component of the full symbol of the parametrix of @
at £ = 0, constructed as in Theorem [2.20 The following lemma shows that the evaluations
of symbols of operators with parameter provides coordinate invariant expressions, therefore
containing invariants of a pseudodifferential operator with parameter.

Lemma 2.23. Assume that M is a manifold and that A € Y (M;T') is a properly supported
pseudodifferential operator with parameter. Then there exists a sequence (a;0)jen € C°(M xT)
such that
i) Each a;o = ajo(x, R) is homogeneous of degree m — j in R.
ii) In each local coordinate chart, ajo(x, R) = a;(x,0, R) where a ~ 3 a; is a homogeneous
expansion of the full symbol of A in that chart.
Moreover, for any N € N, we have that

N
(20) [A(R)1)(z) = Y aj(, R) +rn(e, R) = Y aj(2, )R +ry(z, R),
§j=0 j=0

=
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where ry € C°(M x T) is a function such that for any compact K C M it holds that
sup |828%rn (z, R)| = O(Re(R)™ N Hlel+k) 45 Re(R) — +00.
zeK

Proof. Choose a partition of unity (x;); € C2°(M) subordinate to a locally finite covering
by coordinate charts, and choose (x;); € C°(M) such that X, is supported in a coordinate
chart and y; = 1 on supp(y;). We have that >, x;AY; converges in weak sense to a properly
supported operator, and A — Zj X;AX; € W,°°(M;TI'). Therefore, we can assume that A is
supported in a coordinate chart. In a coordinate chart, and a homogeneous expansion a ~ ;@
of the full symbol of A, the method of stationary phase (see for instance [24, Chapter VIL.7])
implies that [A(R)1](z) = Zj\;l a;j(z,0,R) + ry(z,R) as in Equation (20). It is clear that
that the function A(R)1 € C*°(M) and its asymptotic expansion is independent of choice of
coordinates, and the lemma follows. O

Lemma 2.24. Let M be an n-dimensional manifold, G : M x M — [0,00) be a function
regular at the diagonal, and (aj0)jen € C®(M x C,) the sequence defined as in Lemma [2.23
from Ag, € \IIZIH(M;(CJF) (cf. Theorem , The functions ajo are determined in local
coordinates by the properties that

a;o(xz,R) =0, forallj odd,

and for even j, ajo(x, R) is determined inductively from ago(z, R) = %%R”H and for j > 0,
1 .
(21) (lj,o(x,R) = *WRHJFI Z ZPQk’p(x,R).Vga]‘_gk’o(x,R),
o k+21+p=j
21<g, 2|k+p

where g p(x, R) denotes the p-linear form
Grp(@, R).0 = D 0 qi(w, &, R0 |e=o = ¥ q(, tv, R)|1=o-
la|=p

Proof. By Lemma [2.23] we can perform all computations in a coordinate chart. The structural
description of a; from Lemma implies that for any (z,£, R) and j € N it holds that

aj (fE, _57 R) = (_1)ja’j (LC, 57 R)
We conclude that a;(z,0,R) = 0, and even that V2a;o(z, R) = 0 for any p, when j is odd. To
compute a; for even j, we note that since a; = —ag Zk+l+|a\:j, 1< iaquDg‘al, the formula
follows using that the only contributions are for even [, and evenness of j implies that 2|k + p.
O
Remark 2.25. The formulas in Theorem [2.9] shows that for n odd, and j even,

go(e,R) =R > Cete()in (1) 7 (J9]/2)1(n + 1 — 20k(7)) 1 /2,—2C 5 (, g2V )+
yELj,rk(y)<(n+1)/2

SR 3T kD) T BI04 1= 2k 121,208 (967,
vEL;rk(7)>(n+1)/2

and for n even, and j even,
1 k() — 2
gj0(x, R) =R 1—j Z Crk('y),n(*l) k(v)—1 (/2! (n +1 — 21'1{(’7))\7\/27_208)(1'7ggl’y'/ ),

vEl;
and ¢(y),n is as in Theorem Note that by definition of the set I;, v € I; satisfies that ||
is even if and only if j is even.
Theorem 2.26. Let M be an n-dimensional manifold, G : M x M — [0,00) be a function
regular at the diagonal, and (a;)jen € C°(M x Cy) the restriction to 0 of the full symbol of
Ag,x. Then for each j > 0, ajo is a polynomial in (Cg)>veukgjlk and its derivatives contracted

by the metric go and its derivatives of total degree j where each C(G'Y), v € I, has degree k, the
metric has degree zero and x-derivatives increase the order by 1.



SEMICLASSICAL ANALYSIS OF A NONLOCAL BOUNDARY VALUE PROBLEM 23

In the special case j = 0 we have
apo(z,R) = n'wn —— R
and for j =2 and n = 3, we have that
24R?
(3lws)?
while for j =2 and n # 1,3, we have that

aso(z,R) = — (10cl,30é(x, 9c ® ga) — 2,3(CE @ C&)(x, 96 ® ga © gc)),

3R
(22)  ago(z,R) = o ? <C1,n(”2 —1)C&(z, 96 ® ga)—

o+ 5)5,—2(C3 ® C3)(x, 96 ® g6 ® gG>),

and for for j = 4 we have the identity
R2n+2 n-+ 1

aso(z, R) = m% oz, R) — R2 QG(Via&O(@“vR))—
¢1n(n? — Rt
(23) - %(C@E ® Vaaz0)(96 ® ga) — ——aq2.0(x; R)azo(z, R).

Proof. The structural statement about a;o(z, R) is readily deduced from Lemma and in-
duction by using the property that if v € I; and v € I/ then (7)) € Ljgjr-

The equatlon for ag is immediate from Lemma Using Lemma [2.24] we have that
az,0(z, R) = —ag ¢g2,0 and the formula (22) follows from that

@2.0(z, R) =3c10(n* = 1)C&(7, 96 © ga)R™" > + 3ea,n(n +5)5,2(CE ® C&)(x, 96 ® 9o © go)R™" %,

for n # 1,3 and a similar expression for n = 3.
Let us compute a4 o(z, R). By Lemma we have that

R s R 2k
aso(z, R) = " o (Zl Q-1 (2, R). Vg, o kzoz Qr2—k(z, R).V2 " as(z, R)>
Rn+1
=l (qo o(7, R).V2as0(z, R) —iqy 1 (v, R).Vaz0(z, R) — qa0(z, R)aso(z, R)) —
2n+2
- (ls!wi)z% o(z, R),
and the computation is complete upon using Proposition 2.13] ([

Remark 2.27. The full expression for as ¢ can be computed from Equation . We omit the
full details, but let us note an expression for g4 . Since

I = {6,(3,5), (4,4), (5,3), (3,3,4),(3,4,3), (4,3,3), (3,3,3,3)},

we have that

qa0(z, R) =R™"%¢1 31(n — 1)3,2C& (2, g8%) — R Pea,0dl(n — 3)4,2C5 " (2, 924~
— RSy pdl(n — 3)4, 205" (2, 95%) — R %0y, 4l(n — 3)4, 205 (2, 981+
+ R 03,500 — 5)5, 20 (2, 98%) + R Oc3,050(n — 5)5, 205 (2, g27) +
+ R 0e3,,50(n — 5)5, 205 (2, 98%) — R 04 n6l(n — 7)6, 205> (, 9€9).

Ezample 2.28 (Evaluations of symbols for domains in Euclidean space). Let us return to the
computations on Euclidean space from Example |2 We consider G(x,y) = |z — y|? — the
square of the Euclidean distance. Since ¢(z,¢&, R) = nlw, (R? + [£]2)~(T1/2 is a full symbol
of Q¢ in Euclidean coordinates, a(x,&, R) = (R? + |¢]>)("+1)/2 s a full symbol of Ag .
Therefore

(24) ajo(z, R) = {n!wn , J=0,

n'w

Rn+l

0, j>o0.
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By Lemma [2.24] this holds in any coordinate system on Euclidean space. We remark that the
bulk of computations carried out in Example will mainly be of interest when inverting Q
near the boundary of a domain, while the computation relates to interior terms.

Ezample 2.29 (Evaluations of symbols for submanifolds of Euclidean space). We return to sub-

manifolds M C R¥ and the function G(x,y) = |* — y|? which is regular at the diagonal as in
Example above. We take coordinates as in Example By Theorem we have that
aoo(x, R) = ;- R**! and

3C1 n n —1 n—
azo(z, R) = ERCTENEE Z > (Ve @ Vi) (9E*)R -
l=n+11i+k=4,

i,k>0

N
3ca,n(n+5)3,— i i 3\ m—
B CEIURE) S S (Vi © Ve, @ V0, @ VR en) (@, 68 R

(nlwn)?
l1,lo=n+1 21+k1 io2+ko=3,
i1,i9,k1,ke>0

where g¢ is the dual metric to the transversal Hessian:

N

He(v) = [ol* + ) (Vail(z) - 0)*.

l=n-+1

Ezample 2.30 (Evaluations of symbols for geodesic distances). Consider the geodesic distance on
a Riemannian manifold M as in Example[2.17] Let gy denote the Riemannian metric, and recall
from Example that gas coincides with the transversal Hessian of dZ., at the diagonal. We
can compute as o in this case by means of known Riemannian curvatures. We fix a point x and
choose coordinates so that I' vanishes in that point (normal coordinates). In these coordinates,
Cgépo (z,v) =0 and ngeo (x,-) is a third of the Riemannian curvature in « by Proposition m

By Theorem M we conclude that for n = 3, we have ago(z, R) = —(g!?i; s4(z), while for
n # 1,3, we have that
Rnfl

E cl,n(n2 —1)sg(x),

CLQ@(IE,R) = *(nT

where s, denotes the scalar curvature.

3. GLOBAL BEHAVIOR OF Z ON COMPACT MANIFOLDS

In the previous section we studied the localization @) of Z near the diagonal. Here Z is the
operator with parameter R defined from a distance function as in Equation @ We now turn to
study Z by considering distance functions for which L := Z — Q in a certain sense is negligible
so that ) dominates.

1. Controlling the off-diagonal part of Z. In this subsection we shall study the remainder
L =Z — Q. We note that

L)) = [ (0= o) M )y

We start making two initial observations concerning the remainder term L. The first observation
concerns the behavior of the remainder term in L2.

Proposition 3.1. Let M be a compact manifold and d : M x M — [0,00) a distance function
on M. Then C\ {0} > R~ L(R) € L2>(L*(M)) defines a holomorphic Hilbert-Schmidt valued
function. Moreover, L satisfies that

||L(R)||£2(L2(M)) =O(Re(R)™™) as Re(R) = +o0.

By the standard norm estimate ||K|jp < ||K||£2, the statement in the proposition also holds
in the operator norm. We remark that by Theorem [2.9/and [39, Theorem 9.1], the localization to
the diagonal satisfies || Q(R)|| zr(z2(ar)) = O(Re(R)» "™ 1) as Re(R) — 400, for any p > 1+1/n
(the bound is not uniform in p).



SEMICLASSICAL ANALYSIS OF A NONLOCAL BOUNDARY VALUE PROBLEM 25

Proof. The function C\ {0} > R — £(1 — x(-,-))e" ) € C(M x M) is clearly holomorphic
in the norm on C(M x M). Since x = 1 in a neighborhood of the diagonal, compactness of
M implies that ||£(1 = x(-,-))e" I | oarxan = O(Re(R)™>°) as Re(R) — +oo. Since M
is compact, an integral operator K with kernel k € C(M x M) satisfies the estimate for the
Hilbert-Schmidt norm || K||z2(z2(ar)) < vol(M)||kllc(arxary- The proposition follows. O

The second observation concerns how an a priori estimate with respect to the off-diagonal
remainder L affects distributional solutions to the magnitude equation Zu = 1.

Proposition 3.2. Let M be a compact manifold and d : M x M — [0,00) a distance function
on M such that d? is regular at the diagonal. Let N € N and T' be a sector. Assume that
f € C®(M) and that (ug)rer C D'(M) is a family of solutions to

Z(R)ug = f
satisfying that (L(R)ug,v) = O(Re(R)™™) as Re(R) — 400 in ' for all ¢y € C>(M). Then
for large enough Re(R),
ur = Q(R)™"f + g,
where (vR)rer C D' (M) is a family satisfying that (vg, ) = O(Re(R)~N*+"*1) as Re(R) — 400
in I for allyy € C°(M). In particular, for any ¢ € C*(M),

(ur,¥) = (Q(R)"f,¥) + O(Re(R)™t"*1) | as Re(R) — +oo in I.

Proof. The equation Z(R)ugr = f implies that ugp = Q(R)™'f — Q(R)"'L(R)ur. Consider the
distribution vg := —Q(R) ' L(R)ug = ug — Q(R) ™' f. For ¢ € C*°(M), we have that

(R, ) = (L(R)ur, QR) ) = O(R™ V"),
because of the assumption on L(R)ur = O(Re(R)~") in a weak sense and the fact that Q(R) ™!

is a pseudodifferential operator with parameter of order n + 1 preserving C°° (M) with uniform
norm estimates [|Q(R) ™! f|lcr < Cr(1+ Re(R))" || fllcnrrsr- O

Proposition implies that L is small as an operator on L?, and Proposition implies
that the resulting remainder term will not alter the asymptotic properties of solutions given an
a priori estimate. However, as @ is of negative order and acts compactly on L2, well-posedness
of the problem in L? is not assured. We shall circumvent this problem by imposing a regularity
assumption on the distance function that forces the magnitude equation naturally into a Sobolev
space framework. We discuss examples satisfying this assumption, as well as counterexamples,

below in the Subsections [3.2] and respectively.

Definition 3.3 (Property (MR) of distance functions). Let M be an n-dimensional compact
manifold and d : M x M — [0,00) a distance function on M such that d? is regular at the
diagonal. Set p:= (n+ 1)/2. For a sector [1,00) CT' C C, we say that d has property (MR) on
T if for any R € T, L(R) extends to a continuous mapping H #(M) — H*(M) with

VLR - (a1) 1102y = O(Re(R) ™), s Re(R) — +o00 in T

If L(R) : H*(M) — H*(M) is a compact operator for R € ' and T' > R — L(R) €
K(H#(M), H*(M)) is holomorphic in norm sense, we say that d has property (SMR) on T.

The acronyms MR and SMR stand for magnitude regularity and strong magnitude regularity,
respectively. Assuming these properties, the operator Z inherits relevant analytic and geometric
properties from Q. Property (MR) will be used to compute asymptotic solutions to the mag-
nitude equation RZu = 1, while property (SMR) will be used for constructing meromorphic
extensions of Z71. If I' is a sector on which a distance function has property (MR), it is clear
that 0 ¢ I'. We consider such results for compact manifolds below in Subsection (3.3

3.2. Examples of distance functions satisfying property (MR) and (SMR). Let us give
a method to produce distance functions with property (SMR):

Proposition 3.4. Let M be a compact manifold embedded into a Riemannian manifold i :
M — W such that the square of its geodesic distance dgco,w is smooth, for instance W = RV,
W =Hygr or W =Hpy, for some N € N.

The distance function d : M x M — [0,00), d(z,y) = dgeo,w (i(z),i(y)) satisfies
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i) d? is smooth on M x M and regular at the diagonal.
ii) L e U=>°(M;C4) and L(R) € ¥=°(M) for any R € C\ {0}.
iii) d has property (SMR) on C\ {0}.

Proof. Since dZ, y, is smooth, it is clear that d* is smooth on M x M. Tt follows from Proposition
that d? is regular at the diagonal, and in fact g4> is the pullback metric i*gy from the
Riemannian metric gy on W. Therefore the singular support support of d is the diagonal, and
the integral kernel of L(R) is smooth so L(R) extends to a continuous mapping L(R) : H*(M) —
H!(M) for any s,t € R. Moreover, for any vector fields X1, ..., X,, on M x M we can estimate

’X1 X ((1 _ X)e_Rd)‘ < Cm‘R|m—1e—eRe(R).

Again, we write € := inf{d(z,y) : (x,y) € x (1)} > 0. In particular, we readily can deduce
that L € U~>°(M;C,), and for any s,t € R,

| L(R)|| = (vry— 1t vy = O(Re(R)™°), as  Re(R) — +oo.
Therefore d has property (SMR) on C \ {0}. O
In light of Proposition [3.4 we note the following corollary of Theorem

Corollary 3.5. Let M be a compact manifold equipped with a distance function d : M x M —
[0,00) such that d? is smooth, e.g. a subspace distance as in Proposition . Then Z(R) €
U" (M) is an elliptic pseudodifferential operator for any R € C\ {0}. Furthermore, Z €
\Panfl(M; Cy) is elliptic with parameter and its full symbol coincides with that of Q as given in
Theorem [2.9.

Another example of distance functions with property (MR) arises on spheres.

Proposition 3.6. Let d denote the geodesic distance on a sphere S™ in its round metric. The
distance function d has property (MR) on C\ {0} but fails to satisfy property (SMR) on any
sector.

Proof. The square of the geodesic distance is regular at the diagonal by Proposition[2.18] We note
that d is smooth on {(z,y) € S™ x S™ : © # +y}. Consider the operator U f(z) := f(—z). The
operator U acts via pullback along the antipodal mapping ¢(z) := —a which acts isometrically
due to O(n)-invariance of the Riemannian metric on S™. The operator U extends to a unitary on
all Sobolev spaces H*(S™), s € R. Since it holds that d(z,y) = 7 — d(z, p(y)) we can conclude
that the integral kernel of L(R)U is given by x,e~fe™™ where x,(z,y) := 1 — x(z, o(v)).
In particular, since x, satisfies that x, = 1 on the diagonal and x, = 0 on a neighborhood
of the off-diagonal singularities of d, the operator L(R)Ue™? is an elliptic pseudodifferential
operator with parameter of order —n — 1 by the same argument as in Theorem It follows
that property (SMR) fails on any sector. Using that U is unitary, L(R) extends to a continuous
operator H#(5™) — H*(S™) with ||L(R)Ue™ || gr—1u(sn)— rru(sny = O(1) as Re(R) — co. Since
U is unitary, we deduce that

VLR -5y sy = Oe™ ™) — O(Re(R)™) as Re(R) - oc.
O
3.3. Analytic results for the operator Z. We are now ready to extend the results of Section

(2] for @ to results on the operator Z for compact manifolds with a distance function satisfying
property (MR) as defined in Definition

Theorem 3.7. Let M be a compact n-dimensional manifold and d : M x M — [0,00) a distance
function on M with property (MR) on the sector I'. Set u := (n+1)/2. Then there is an Ry > 0
such that

Z(R): H*(M) — H"(M),
is invertible for all R € I' NIy /(41)(Ro). Moreover, for R € I' NIy /(ny1)(Ro)

Z'=Q ' +R,
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where Q7' € \IJZL1'~'1(M;I‘,r nt1)(Ro)) is the elliptic pseudodifferential operator with parameter
constructed in Corollaryﬁ and R : H*(M) — H*(M) is a family of operators parametrized
by Re T'NTy/q1)(Ro) such that

R i (vry— -0 (ar) = O(Re(R) ™),  as Re(R) — +o00 in I' N Ty (ny1)(Ro).
Moreover, there is a constant C > 0 such that
(25) C Iy < Rl 2z < OISy
for Re T'NT/mg1)(Ro) and f € H*(M). In particular, for R € T N Ty y1y(Ro), Z(R) is
coercive in form sense on L2(M) for the H™*-norm.
Proof. The operator @ is invertible by Corollary We can therefore write
Q'2=14+Q7 'L,

as operators on H#(M). Since Q! is a pseudodifferential operator with parameter, we have

that
(26) IQ(R) ™ L(R)]| = O(Re(R)™™),

as Re(R) — 400 in I' NIz (41) (Ro).

n+1 n4+1
H™ 2 (M)=H "2 (M)

Therefore, for Re(R) > 0 the operator (1 + Q 1L)71Q~! exists and is a left inverse to Z. By
an analogous argument,

(27) IL(R)Q(R) 21 oy = ORe(R)™),

1
HH%(MHH (M

as Re(R) — 400 in 'NT; /(n41)(Ro), and Z has the right inverse Q' (1+LQ~')~* for Re(R) >
0. Therefore (1+ Q7 'L)1Q~! = Q= 1(1 + LQ~!)~! and this operator is an inverse to Z. By
the estimates and (27)), it follows that

R=2"-Q ' =Q (1+LQ ™) =1) =) (-D*Q ' (LQ™H,

k=0
as a norm convergent sum and has the required decay property as Re(R) — +oc.
The estimate follows from the decay property of R and Theorem m (]

The following result is immediate from Lemma [2.23| and Theorem [3.7]

Corollary 3.8. Let M be a compact n-dimensional manifold andd : M x M — [0,00) a distance
function on M with property (MR) on the sector I'. Take the sequence of homogeneous functions
(aj0)jen € C®(M xI'NCy) as in Lemma[2.24} Then, for any N € N, we have that

N
[Z(R)""1](2) = Y aj(z, R) + ru(, R),

=0
where ry € C(TNCy, H#(M)), for p=(n+1)/2, is a function such that
lrn (5 B) oy = O(RG(R)""H_N)7 as Re(R) — +oo in I,

Remark 3.9. We remark that the role that property (MR) plays in Corollary is to ensure
existence of a distributional solution to Z(R)ugr = 1. For computing the integrated asymptotics
(1, Z(R)~'1), property (MR) is not necessary. Indeed, with no assumptions of property (MR),
but assuming that d : M x M — [0,00) is a distance function on M such that d? is regular at
the diagonal and that (ug)r>r, C D'(M) is a family of solutions to

Z(R)uR =1
satisfying that (L(R)ug,v) = O(Re(R)~") as Re(R) — +oo for all 1 € C*°(M), we have that

(ur, 1) = Z /M a;(z, R)dz + O(Re(R)" 1),

for any V. This follows from Lemma [2.23| and Proposition [3.2
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One instance where solutions to Z(R)ur = 1 exist, yet the distance function need not sat-
isfy property (MR), is the geodesic distance on a compact symmetric space M = G/H. See
Proposition below for examples of symmetric spaces failing to satisfy property (MR). The
problem Z(R)upr = 1 was studied for compact symmetric spaces in [45]. For a compact symmet-
ric space M = G/H, we use the normalized G-invariant measure induced by the Haar measure.
By symmetry, the function

1
e*Rd(gﬂ’y)dy’

ug(x) =

fG/H
is constant and therefore solves Z(R)ug = 1. It is readily verified that L(R)ugr = O(R™*°) in
distributional sense. We conclude that each a;(x, R) is constant and that

ugp(x) =ur(eH) = Zaj(eH7 R) + O(RG(R)"H‘l—N)’

§=0
for any N. For examples of computations of ug for compact symmetric spaces, see [45].

The next result poses an obstruction to property (MR) for distance functions and should
be viewed as complementary to Theorem Recall the following terminology from [33]: a
compact metric space (X,d) is said to be positive definite if for any finite subset F' C X, the
matrix (e’d(‘”’y))z,yep is positive definite. If (X, Rd) is positive definite for all R > 0, we say
that (X, d) is stably positive definite.

Corollary 3.10. Assume that d is a distance function on a compact manifold M with property
(MR) on [1,00). Then there exists an Ry > 0 such that (M, Rd) is positive definite for all
R > Ry.

Proof. Consider the quadratic form qr(u) = (u, Z(R)u) 2, u € H *(M). By Theorem qr is
positive definite for R > Ry, for some Ry > 0. In particular, for any subspace V' C H~#(M) the
restriction of qr to V is also positive definite for R > Ry. For a finite subset F' C M, consider
the subspace Vi@ C H~(#(M) spanned by {d, : € F}. In the basis (§,).cr, the quadratic
form qg|y is represented by the |F| x |F|-matrix (e"#4@¥), pr and so it is positive definite
for R > Ry. O

Remark 3.11. Tt was proven in [33, Subsection 3.2] that if M is a compact Riemannian manifold
with 71 (M) # 0, the geodesic distance is not stably positive definite, i.e. there exists an R > 0
and a finite subset ' C M such that (e”#dec(@¥)), . fails to be positive definite. The
manifold M = S! is not simply connected, and therefore fails to be stably positive definite. but
nevertheless Proposition implies that M = S! with its geodesic distance has property (MR).
Therefore, property (MR) does not imply stably positive definiteness of the metric space but
only an asymptotic version thereof.

Theorem 3.12. Let M be an n-dimensional compact manifold with a distance function d having
property (SMR) on T' and set p = (n+1)/2. Then the operator

Z(R): H*(M) — H"(M),

is a well defined Fredholm operator for all R € T' invertible for R € T' NI 11y (Ro). Moreover,
the operator Z(R) : H *(M) — HH*(M) depends holomorphically on R in T and Z(R)™! :
HW(M) — H™*(M) depends holomorphically on R € I' NIy /(41)(Ro) and admits a meromor-
phic extension to T.

Proof. By Theorem[2:22] @ is a holomorphic function on I with values in the Fredholm operators
and by property (SMR), L is a compact valued holomorphic function on I'. Therefore Z defines
a holomorphic function on I" with values in the Fredholm operators. Since Z is invertible for a
large enough R, see Theorem[3.7] the theorem follows from the meromorphic Fredholm theorem,
see [31, Proposition 1.1.8]. O

Remark 3.13. To ensure holomorphicity of Z and Z~! on sectors, the full property (SMR) is not
needed. Indeed, if d has property (MR) on asector I'and ' 3 R +— L(R) € B(H *(M), H*(M))
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is additionally holomorphic (in norm sense) then by Theorem for some Ry > 0, the mapping
I'NTx/(ms1)(Ro) > R— Z(R) € B(H (M), H"(M))
is a holomorphic family of invertible operators. These properties are inherited by its inverse,
LN T /mr1)(Ro) 3 R Z(R)™' € B(H*(M), H *(M)).

By the proof of Proposition this discussion applies to S™ showing that for some Ry, Z(R)™!
is holomorphic for R € T'N T /(,41)(Ro) in this case.

The following result follows from Corollary and Theorem [3.12

Theorem 3.14. Let M be a compact manifold with a distance function d such that d? is smooth
on M x M and regular at the diagonal (cf. Proposition , then Z(R) : H-*(M) — H*(M)
depends holomorphically on R € C\ {0} and the operator Z(R)~' : H*(M) — H~"(M) extends
meromorphically to C\ {0}.

3.4. Examples of distance functions that fail to satisfy property (MR). Property (MR)
of a distance function, as defined in Definition [3.3] is a notable restriction on the singular
support and singularity structure of the distance function. We remark here that by a singular
point, we mean any point in the singular support, i.e. one in which the function is not C*°.
To better understand how these singularities affect the operator theoretic properties of L, the
reader is encouraged to review the proof of Proposition where a crucial feature used in the
proof is that the geodesic distance on spheres near an off-diagonal singularity has the same
singular features as it has near the antipode of the singularity. An important property used
there can be stated as having control of the dimension of the off-diagonal singular support of the
metric. We make an elementary observation that follows from the smoothness of the function
(0,00) 3t + v/t € (0,00).

Proposition 3.15. Let d be a distance function on a manifold M. Then it holds that
singsupp(d) \ Diag,, = singsupp(d?) \ Diag,,.

Let us give a sufficient condition for a distance function (regular at the diagonal) not to satisfy
property (MR). We note that an additional obstruction was provided above in Proposition

Theorem 3.16. Let M be a compact manifold and d a distance function such that d? is reqular at
the diagonal. Assume that there exists a submanifold N C M x M with N C singsupp(d?)\Diag,
such that any point zg € N admits a neighborhood Uy in M x M and a coordinate chart

R?im(N) % R(Siim(M)—dim(N) — Uy,

with ©(0) = zg, p L (Ug N N) = thim(N) x {0} and (t,s) — @*d(t,s) — |s| being smooth in a
neighborhood of 0. Then L(R) does not extend to a continuous operator

H™H(M) — H*(M),

for any s > (3dim(M) +1)/2 — dim(N) where p = (dim(M) + 1)/2. In particular, if dim(N) >
dim(M) then d does not have property (MR) (see Definition on any sector containing a
half-ray [Rg, c0).

Proof. We pick a point (xg,y9) € N and neighborhoods U; and Us of xg and yo respectively,
such that there exists a coordinate chart ¢ as in item ii) above on Uy = Uy x Us. Pick functions
x1 € C*(U;y) and x2 € C°(Uz) such that x; = 1 near zp, x2 = 1 near yo and such that
(t,s) — p*d(t, s)—|s| is smooth on ¢~ (supp(x1) xsupp(xz)). Clearly, it suffices to prove that for
any R > 0, the operator x1 L(R)x2 does not extend to a continuous operator H#(M) — H*(M)
for any s > (3dim(M) + 1)/2 — dim(NV).

Set k = dim(N) and n = dim(M). The Schwartz kernel of x1L(R)x2 is a distribution on
M x M supported in Uy = U; x U, and pulling this kernel back along ¢, we arrive at the
distribution

K(t,s) = xo(s, t)eiR‘Sla
where xo = ¢*[(x1 ® x2)(1 — x)]e " B¥ € C(R*™) for ¥(t,s) = ¢*d(t,s) — |s|. It follows from
Proposition and combining a Taylor expansion with asymptotic completeness, that K €
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CI*=2n=1(R?" RF). We conclude that y; L(R)xa is a Fourier integral operator of order k—2n—1
and this operator is elliptic in a neighborhood of (zg,yo). Therefore, since x1L(R)x2 is elliptic

near (zg,yo) of order k — 2n — 1 it does not extend to a continuous operator H~(*+D/2(M) —
H*(M) forany s > —(n+1)/2—(k—2n—1)=3n+1)/2 — k. O

Proposition 3.17. Let n > 1. The geodesic distance on the n-dimensional torus M = T"
or the real projective space M = RP™ fails to satisfy property (MR) (see Definition
any sector containing a half-ray [Ro,00). In fact, L(R) does not extend to a continuous map
H"(M)— H*(M) for s> —-n/2+3/2.

Proof. The proofs for both cases follow the same lines and rely on Theorem (3 For RP™ we
give a more geometric argument, and for T™ we give a coordinate oriented argument.

We first prove the result for real projective space. The projective space RP™ is the quotient
of S™ by the antipodal map x — —z. This quotient map is a covering map, and it is locally
isometric with respect to the geodesic distance. For x € RP™, the equator E(aﬁ) C S™ is defined
by }

Ex)={veS":v -z =0}
The condition v-x = 0 being invariant under the antipodal map, E‘(ag) only depends on x € RP"™
and not on a choice of pre-image of z in S™. We let E(xz) C RP™ denote the image under the
quotient map. The off-diagonal singular support of the geodesic distance on RP™ is the set

{(z,y) e RP" xRP" :y € E(x)}.

Indeed, any geodesic in RP"™ from a point x lifts uniquely up to a geodesic on S™ up until the
point it crosses E(z) where the geodesic distance dgeo(z, ) has a kink. The projection mapping
p1 : singsupp(dgeo) \ Diaggpn — RP™ is a locally tr1v1a1 RP" Lbundle on RP". Therefore,
N = singsupp(dgeo) \ Diaggpn — RP™ is a manifold of dimension 2n — 1 > n and suitable local
trivializations of p; : N — RP" satisfy the assumptions of item ii) in Theorem We conclude
from Theorem that L(R) has no bounded extension to an operator H #(RP"™) — H*(RP")
for any s > —n/2+3/2.

We now prove the result for the n-dimensional torus T". Write T™ = R™/Z". While T" is a
symmetric space, i.e. T = G/H for G = T™ and H = 1, it is instructive to consider d(z,y) for
x = 0. We have that d(0,y) = |y| where we represent y by as an element of the fundamental
domain [-1/2,1/2)", and T"™ 3 y — d(0,y) as a function on T™ is the Z"-periodic extension of
[—1/2,1/2)" 5 y — |y|. Therefore y — d(0,y) has kinks on the image of 9 ([—1/2,1/2)™) in T™.
In particular, we see that the off-diagonal singular support of d is the set

{(,y) e T" xT" :x —y € 0([-1/2,1/2)") + Z"}.
Consider the submanifold Ny := {1/2} x (—1/4,1/4)"~1 C R™ and define the 2n — 1-dimensional
submanifold
N :={(z,y) €T" x T" : & — y € Ny + Z"} C singsupp(d?) \ Diagqn.

Consider a point

zo = (2,1/2,y') € N.
On the open ball of radius 1/4 centred at z(, we introduce the coordinates v = 21 —y; — 1/2
and t = (t',y) where t' = 2’ — ¢/ in terms of standard coordinates x = (z1,2’) and y = (y1,v’).
In these coordinates, we have that

1 2 1
d(w.y) = \/<2 ) I =l

By shrinking the neighborhood of xy, we can Taylor expand

L 3 Ly N PO
—|u — ule = — u i B —
4 4 2 + 1 4 Juf? MR + L+ [up)i

k=0

et |u|2k |u‘2k
=|u o + a .
| 'kz:o P+ T ) Z AP+ L + [uf2)?h1

g(u,t’) Glu,t’)



SEMICLASSICAL ANALYSIS OF A NONLOCAL BOUNDARY VALUE PROBLEM 31

The functions g and g are smooth near 0. Since g(0,0) # 0, we can define the new coordinate
s :=ug(u,t’). We conclude that in these coordinates d(z,y) — |s| is smooth. We conclude from
Theorem that L(R) has no bounded extension to an operator H #(T") — H*(T") for any
s> -n/2+3/2. O

Remark 3.18. The analytical issues arising from the remainder term L reflect fundamental prob-
lems in Riemannian geometry. The singular support of the geodesic distance is akin to the
conjugate locus of the Riemannian metric, which in general is hard to describe, see [5, 43] and
for related technical issues arising in the X-ray transform on a Riemannian manifold see [22].
Furthermore, Theorem [3.16] shows that even when the singular support is a tractable set, i.e.
when it looks like a submanifold near some point, dimensional obstructions to property (MR) ap-
pear. This gives rise to the analytic problem that the operator L in the decomposition Z = Q+L
is in general of order higher than —n — 1 in the Sobolev order, while it is infinitely decaying in
the parameter R. In this case L is of higher order than @, which is elliptic with parameter of
order —n — 1 and which determines the analytic and geometric properties of Z in this article.

4. THE OPERATOR Z ON SOBOLEV SPACES FOR A MANIFOLD WITH BOUNDARY

We now turn to compact manifolds with boundary. For simplicity, we tacitly assume that
X is a compact domain in a manifold M and, for the purposes of this section, it suffices to
assume that X has a C°-boundary. We say that X C M is a domain if it coincides with the
closure of its interior points. Recall that a domain is said to have C°-boundary if its boundary
can be realized locally as the graph of a continuous function. We call such spaces X a compact
manifold with C°-boundary. We may then study the operators Z and @ in M and deduce
results in X by restriction to distributions supported in X. In this section we study analytic
properties and meromorphic extensions. Asymptotic properties are studied in the following
section under additional regularity assumptions on the boundary. For notational clarity, we
indicate the manifold on which an operator is defined by a subscript, e.g. Zx and Zj; for the
corresponding operator on X and M, respectively.

We shall make use of the following scales of Sobolev spaces. For s € R and R > 0, write

Hj(X) := {u € Hy(M) :supp(u) € X}, and  Hp(X) := Hp(M)/H(M \ X).

An approximation argument shows that C°(X°) C H§(X) is dense for any s € R, see [32, The-
orem 3.29]. We equip these Sobolev spaces with Hilbert space structure induced from H§ (M),
i.e. H3(X) C Hj(M) as a subspace and H3(X) as a quotient. We call the quotient mapping
H3,(M) — Hp(X) the restriction mapping because, by duality, it identifies Hz(X) with a space
of distributions in X°. Indeed, the continuous inclusion map H3,(M) < D’(M) induces a con-
tinuous map H p(X) — D'(X°) by mapping the equivalence class u + H(M \ X°) € Hy(X)
to the distribution u|xe € D'(X°). The map Hp(X) — D'(X°) is a continuous embedding by
the following argument. If u € Hj (M) satisfies that u|xo = 0 then supp(u) C M \ X° and
u+ Hi(M\ X°) =0+ Hi(M )\ X°) defines the zero class in H p(X).

We note that for s = 0, H%(X) = FOR(X) = [?(X). The L?-pairing between H%(X) and
Hp (X) is a perfect pairing and induces an isomorphism H$,(X)* = Hp (X) (uniformly in R).
By an abuse of notation, we write (-, )72 : H5(X)x H (X) — C for the L-pairing. For R = 1,
we omit R from the notation. We remark that any pseudodifferential operator with parameter
A € U(M;T) induces a continuous operator

S—

Ax : H3(X) - H (X)),

defined by the composition

H5(X) < HN(M) 2 B (M) - B

loc (X)

Here the last map is the quotient map, HZ(M) denotes the space of compactly supported dis-
tributions that are s-Sobolev regular and Hy "™ (M) denotes the space of distributions that are
locally s — m-Sobolev regular. We use the notation Ax but remark that this operator maps

distributions supported in X to distributions restricted to X°.
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Let us make two remarks regarding the operator Ax : H*(X) — H  "(X). Firstly, for
any s € R density ensures that Ax : H5(X) — H " (X) is determined by continuity and the
restriction Ax : C°(X°) — C*°(X). Secondly, if s = —m/2 and A is formally self-adjoint, then
Ax is determined from the polarization identity by the continuous quadratic form
qay () i= (u, Au) 2, uwe H™/?(X),

defined from A and the perfect L2-pairing H™/?(X) x Fﬁm/z(X) — C.

The analogue of Theorem for Qx is the following theorem.

Theorem 4.1. Let X be a compact n-dimensional manifold with C°-boundary and d a distance
function on X such that d% is reqular at the diagonal. Set yu = (n +1)/2. Then the family of
operators

Qx = Qulxe : HH(X) — H'(X),
is a well defined family of Fredholm operators for all R € C\ {0}. For some Ry >0, Qx(R) is
invertible for all R € Ty /(n41)(Ro). Moreover, the following holds:

a) The family of operators

(@x(R) : H*(X) = H" (X)) rec\{0}»
depends holomorphically on R € C\ {0}. Moreover, we can extend the holomorphic
family (Qx(R)™' : H'(X) — H™"(X))Rer, ), 1) (Ro) meromorphically to R € C\ {0}.
b) There are C, Ry > 0 such that

1||fH2 < Re<fﬂ QX( )f>L2 < CV||f||2 X)’

for R € T'x)(n41)(Ro) and f € H-*(X). In particular, for R € I /(n+1)(Ro), the norm
Re(-, Qx (R)-) 12 is uniformly equivalent to the norm on Hp"(X).

Proof. We first prove part b). This is a direct consequence of adapting Theorem part b),
to compactly supported distributions that are —p-Sobolev regular and using that H, |SR| (X) C
H 'Rl (M) is an isometric inclusion.

To prove part a), we note that for R € C\ {0}, Q@ (R) is a lower-order perturbation of
Qi (Ro) for any Ry > 0. Therefore, the Rellich lemma implies that the quadratic form

do.r(v) = (u, Q(R)u) 2 = (v, @x (R)u) 2, v e H (X)),

is a compact perturbation of qg g,. Therefore, the difference

Qx(R) — Qx(Ro) : H"(X) —» H"(X),
is a compact operator. Since part b) implies that Q x (Ry) is invertible for a large enough Ry > 0,
we conclude that (Qx(R) : H"(X) — H’L(X))RGC\{O} is a Fredholm family.
It remains to prove the assertion for the inverse of @ x (R) The family of operators (Qx (R) :
HH*X) — F“(X))Rec\{o} is obtained from the holomorphic family of operators (Qas(R) :

HZ#(M) — H{ (M))rec\foy (see Theorem 2.22 part a) via inclusions and projections, so it
is also holomorphic. As such, (Qx(R)™!: ) — H- M(X))ReT, nsr)(Ro) €Xtends meromor-
phically to C\ {0} by the meromorphic Fredholm theorem (see [3I], Proposition 1.1.8]). O

Similarly to the ideas in Section [3] we shall transfer the results of Theorem [£.1] to the operator
Zx using property (MR). For a domain, let us make the notion of property (MR) more precise.

Definition 4.2. Let X be a compact manifold with C°-boundary and d a distance function
on X such that d? is regular at the diagonal. For a sector [1,00) C T C C, we say that d has
property (MR) on T if (X, d) is isometrically embedded as a domain with smooth boundary in a
manifold M equipped with a distance function d, such that d3; is regular at the diagonal and
and for any R € I', L(R) extends to a continuous mapping H; *(M) — H{, (M) with

IR -1 (5¢) s rn (i) = O(Re(R) ™), as Re(R) — 400 in T,
for any compact subsets K, K’ C M.
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If, for any compact subsets K, K’ C M, the operator L(R) : H*(K) — H'"(K’) is compact
for ReTand ' 5 R L(R) € K(H *(K),H"(K)) is holomorphic in norm sense, we say that
d has property (SMR) on T.

In the absence of a boundary, the definition of property (MR) for a manifold with bound-
ary (Definition is readily seen to be equivalent to property (MR) for a compact manifold
(Definition . The reader is encouraged to think of the definition of property (MR) for a
manifold with boundary as the distance function having “property (MR) on a neighborhood of
the manifold with boundary”. Let us consider two examples of distance functions with property
(SMR).

Ezample 4.3 (Domains in Riemannian manifolds with small diameter). Assume that X C M is
a compact domain with C°-boundary in a Riemannian manifold with geodesic distance dgeo, -
If the diameter of X is strictly smaller than the injectivity radius of M, déeo’ A 1s smooth on a
neighborhood of X. The same argument as in Proposition shows that the distance function
dgeo := dgeo,nm|x on X has property (SMR) on C\ {0}. In fact, in this case, L € U~°(X;C,)
and L(R) € ¥~°°(X) for any R € C\ {0}.
Example 4.4 (Submanifolds with boundary). Assume that X is a compact manifold with C°-
boundary embedded in a manifold i : X — W and dyy is a distance function on W such that
the square d¥; is smooth on W x W and regular at the diagonal. This arises for instance for
W =RN W =Hyg or W =Hyc, for some N € N, with their geodesic distance.
The subspace distance function d : X x X — [0,00), d(z,y) := dw (i(x),i(y)) will then satisfy
i) d? is smooth on X x X and regular at the diagonal.

il) L e U~°(X;C,) and L(R) € ¥~°°(X) for any R € C\ {0}.

iii) d has property (SMR) on C\ {0}.
This follows by the same arguments as in Proposition by choosing a submanifold M C W in
which i(X) is a compact domain (with C%-boundary).

For a distance function with property (MR), we tacitly assume that the manifold with C°-
boundary is embedded into the manifold M implementing property (MR). The next result is
proven exactly as Theorem [3.7] but using Theorem [£.1] instead of Corollary

Theorem 4.5. Let X be a compact n-dimensional manifold with C°-boundary and d a distance
function on X with property (MR) on the sector T'. Then there is an Ry > 0 such that

Zx(R): H*(X) — H"(X),
is invertible for all R € I' NIz 41y(Ro). Moreover,
Zy'=Qx' + Rx,
where Q%" is the inverse of Qx (evisting by Theorem and Rx : H'(X) — H*(X) is a
family of operators such that
”,R’Hﬁ“(x)—)H—M(X) = O(Re(R)ioo), as RG(R) — 400 nI'N Fﬂ/(n+1)(R0)~
Moreover, there is a C > 0 such that
1) £|2 2
(28) ¢ ||f||H|;‘|‘(X) < R€<f7 ZX(R>f>L2 < C||f||H‘7R“‘(X)’

for Re TNT /ey (Ro) and f € H~"(X). In particular, for R € TN L /(n+1)(Ro), ReZx(R)
is positive in form sense on L?(X) for the H=*-norm.

The next result poses an obstruction to property (MR) for distance functions on manifolds
with boundary. It is proven in the same way as Corollary but using Theorem instead
of Theorem

Corollary 4.6. Assume that d is a distance function on a manifold with C°-boundary X with
property (MR) on [1,00). Then there exists an Ry > 0 such that for all finite subsets F C X the
|F| x |F|-matriz (e”F4@v), p is positive definite for all R > Ry.

Using Theorem [.1] instead of Theorem the next result is proven ad verbatim as Theorem
0. 12
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Theorem 4.7. Let X be an n-dimensional compact manifold with C°-boundary and assume that
distance function d has property (SMR) on T'. There is an Ry > 0 such that the operator
Zx(R) : H"(X) — H"(X),
is a well defined Fredholm operator for all R € T' and invertible for R € T' N T'x/(nq1)(Ro)-
Moreover, the operator Zx(R) : H *(X) — H'"(X) depends holomorphically on R in T and
Zx(R)"!: H"(X) — H"(X) depends meromorphically on R € T'.
Similarly to Corollary we deduce the following special case of Theorem [4.7]

Corollary 4.8. Let X be an n-dimensional compact manifold with C°-boundary and assume
that d is a distance function satisfying that d? is smooth on X x X and regular at the diagonal

(e.g. as in Example or . Then the family of operators
(Zx(R) : H*(X) = H" (X)) recy jo)

depends holomorphically on R € C\ {0}. Moreover, for some Ry, we have a holomorphic family
(Zx(R)~' : H"(X) — H™"(X))Rer, ), 1)(Ro) that extends meromorphically to R € C\ {0}.

5. STRUCTURE OF THE INVERSE OPERATOR IN THE PRESENCE OF A BOUNDARY

Consider a compact manifold with boundary X equipped with a distance function d whose
square is regular at the diagonal. As above, we set p := (n + 1)/2 where n := dim(X). If d
has property (MR), Theorem ensures that computations for Qx relate to computations for
Zx up to a term of infinitely low order in R (as Re(R) — o0), so we focus on the operator
Qx. As proved in Theorem above, the localized operator Qx : H "*(X) — FM(X) is an
isomorphism for large enough R in the sector I';/(,41). We shall now describe the inverse of
@ x in more precise terms under the assumption that the boundary is smooth. The inverse
Q' : H"(X) — H#(X) will be computed as a sum of

e a pseudodifferential operator (with parameter) in the interior;

e a composition of two mized-regularity pseudodifferential operator near the boundary,
where the two factors are obtained from inverting a Wiener-Hopf factorization of the
magnitude operator at the boundary; as well as

e an error term that acts as order 2u, mapping H' (X) — H~#t1(X), whose norm is
O(|R|==°) as R — oo.

Asymptotically, only the two first terms play a role, and in the next section we compute the
asymptotics of conditional expectations from the symbols of these first two terms. To describe
the decomposition, we shall need further terminology.

5.1. Mixed-regularity symbols and Sobolev spaces.

Definition 5.1. Let s,t € R and n € Ny. Write coordinates in R as £ = (¢/,&,) € R*! x R.
We define the Sobolev space of mixed-regularity (s,t) as

)= {feS® [ ©oerieras <oo.
If O C R™ is a domain (so Q = Q°), we define
HH(Q) == {f € H*'(R") : supp(f) C Q}, and H'(Q) := HSH(R™)/H> ().
We also define H5*(Q) and th(Q) as the elements with compact support. The local Sobolev
spaces of mixed-regularity are defined as
Hyo(©) = {f € 8'(R") : xf € H*'()vx € CZ(R")},
Hioe(Q) = Higo(R") Higl ().

loc loc

We note that H5*(Q) C H>*(R") is a closed subspace. We call the quotient mapping
H*YR™) — ﬁs’t(Q) the restriction mapping. For large enough s > 0, we can identify H*(Q)
with a subspace of Hs’t(Q) (but not for small s < 0). A standard computation with Fourier trans-

forms shows that the the identity operator induces continuous mappings Fs’t(Q) S Q)
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and H*!(Q) — H**'(Q) if and only if s > s’ and s+t > s’ 4+ ¢’ (which is locally compact if and
only if s > ¢’ and s+t > s’ + ).

Definition 5.2. Let u,m € R and n € Nyqg. Let I' C C be a sector and U C R™ an open subset.
Write coordinates in R as & = (£/,¢,) € R*™! x R. We say that a € C®°(U x R" xI') is a
symbol with parameter of mixed-regularity (u,m) if for any compact K C U, k € N, o € N*
and 8 € N™ there is a constant C' > 0 such that

sup |0, Ofer )05 ala: €', & B)| < CU(E R TH(E 0",

xTE
for all (¢, R) € R""1. We let S“™(U;T") denote the space of symbols with parameter of mixed-
regularity (u,m). We set S“~°(U;T) := NperS“™(U;T).

For a € S“™(U;T') we define
oo oo 1 i
Opla) : CZ(U) = C*(U). Op(a)f(a) = e | ala & R0

Let U™ (U;T) denote the linear space of operators C°(U) — C°°(U) spanned by {Op(a) : a €
S®™(U;T)} and smoothing operators with parameter. We set U%~°(U;T') := Ny erg¥*™(U; T).

Ezample 5.3. Assume that 0 ¢ T'. Suppose that a(z, &, R) = b(x, £, R)(&, — h(z,£', R))* where
b is a homogeneous symbol with parameter of order m and h is a homogeneous symbol with
parameter of order 1. A short computation shows that Bgn 8(66, R)aﬁa is a sum of terms of the

form b(z, &', R)(€, — h(z, &, R))**~! where b is homogeneous of order m — |B| + I. Therefore
a € S“™(U;T), and in fact a € S tu=4% (U;T) for any uy < u.

We note that since differentiation in the (¢’, R)-direction improves the order of decay, we have
for a € S“™(U;T) and f € C°(U) that
1 . el N
Op(a)f(z) = 7o / a(@, &, R)Fy, e, (Y Ga)etn T8 0 dy g,
(2m)"™ JRnxmn-1

as an oscillatory integral. Moreover, we can conclude the following result from standard tech-
niques of oscillatory integrals (cf. [39, Chapter 1.1]).

Proposition 5.4. Assume that A € V™ (U;T). Then for any x,x € C>®(U) with xx' = 0
it holds that xAx' € U~ (U;T). In particular, if x,xX € C*(U) satisfies xx' = 0 then
IXAX'|| sy r=r = O(|R|™°) as R — oo for all s > s’ + u.

The last statement of the proposition follows from the next theorem.

Theorem 5.5. Let u,m,s,t,s',t' € R andn € Nyg. Let A € U™ (R™;T"). Then A extends to
a continuous operator
A:HSYR™) — HY P (R™),

if s> 8 +uandt >t +m. In this case, we have for any x,x’ € C°(R™) that there exists a
C = C(S, Slv A7X7 XI) > 0

IXAX | et oy o7 @y < C(L+ R,

Proof. The first part follows from the Calderén-Vaillancourt theorem. The second part follows
from noting that Calderén-Vaillancourt’s theorem proves the case t' + m = ¢ and for A €
gm (R T') compactly supported, then (R2+A) (=t =m)/2 4 ¢ gut=t"(R™: T') (where A’ denotes
the Laplacian in the z’-direction). O

Definition 5.6. Let u € R. Consider a sequence (a;);jen of mixed-regularity symbols with
a; € S*™i (U;T) for a sequence m; — —oo. Set m := max; m;. If a € S*™(U;T') satisfies that
for any NNV, there is an M such that a — Zé\io aj € SU=N(U;T), we write

o
a ~ E aj,
=0

and call a the asymptotic sum of (a;);en.
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Proposition 5.7. Let u € R. For any sequence (a;);en of mized symbols with a; € S*™i (U;T)
for a sequence m; — —oo, the asymptotic sum a ~ Z;io a; exists in S (U;T), where m =
max; m;. The asymptotic sum is uniquely determined modulo S™~°(U;T).

Proof. The proof of this proposition is carried out ad verbatim as in [25, Proposition 18.1.3]
upon replacing the ¢ in [25] with (&', R). O

Again, using that differentiation in the (£, R)-direction improves the order of decay, we can
conclude several results from the standard situation (cf. [39, Chapter I]). For instance, the ana-
logue of [39] Theorem 3.1, Chapter 1.3] extends modulo ¥*~> to U*™ which implies asymptotic
expansions of products and adjoints.

Proposition 5.8. Let A € ™ (U;I") and B € \I/“/m/(U;I‘) be mized-reqularity pseudodiffer-
ential operators out of which at least one is properly supported. Then AB € \I'“+“l’m+m,(U; T) is
a mized-regularity pseudodifferential operator. Moreover, if a € S*™(U;T") and b € S“,’m/(U; I)
are symbols with A — Op(a) and B — Op(b) being smoothing with parameter, then AB — Op(c) is
smoothing with parameter where c € Gutu’,mtm! (U;T) is uniquely determined modulo Gutu’,—oo (U;T)
as the asymptotic sum )
(6% (0%

cn~ a%;" aaf aDZb.
Theorem 5.9. Letu,m,s,t,s',t' € R andn € Nsg. Let a € S“™(R™;T") be compactly supported
in the x-direction and assume that a extends to a holomorphic function in Im(&,) < 0. Set
A := Op(a). Then A restricts to and induces, respectively, continuous operators

A:HYRY) » HOV'(RY) and A:H'R") - H ' (R?),
ifs>s +uandt >t +m.

Proof. Note that A is well defined as the operator induced by A : H**(R™) — H®'(R™) as
soon as A preserves supports in R’}. Because the same holds for A Hs’t(Ri) — H (R%), we
only need to show that A preserves supports in R’}. By standard density arguments, it suffices
to prove that A preserves supports in R’} when applied to test functions.

Using Proposition we note that upon replacing A with the operator

A Op((L+i& + (€, RN (L + (€ s R)P) ),
for sufficiently large ug and mg, we can assume that a is integrable in £. Set Kgr(z,2) :=
Feoza(x, €, R). Then for any test function f,

Af(x) = (2m)" - Kr(z,z —y)f(y)dy.

The Paley-Wiener theorem combined with the assumption that a extends to a holomorphic

function in Im(&,) < 0 implies that K is supported in R™ x R} x I We conclude that if

supp(f) € R’} then Af(z) = (2n)" [ Kr(z,2 —y)f(y)dy is also supported in R’}. O
+

Remark 5.10. Under the assumptions of Theorem [5.9] Theorem [5.5] implies that for any s and
s" with s > s’ + u there is a C > 0 such that for t > ¢ +m

AN e gy oo gy < CAH RN and || All o <COA+ IR

(R)—H (RY)
5.2. Wiener-Hopf factorization of (Qx near the boundary. Using the machinery of the
previous subsection, we shall now factorize the operator (Qx near the boundary into factors
that extend holomorphically into the lower, respectively upper half-plane, and use Theorem
to (near the boundary) invert these individual factors as operators H *(X) — L?(X) and
L*(X) — F#(X , respectively. The reader should recall the structure of the full symbol of @
from Theorem We shorten the notation and write CJ for ng, where ng are the Taylor
coefficients of d? as in Equation ({9).

As above, we consider a compact manifold with boundary X and a distance function d on
X whose square is regular at the diagonal (cf. Definition . We tacitly fix a manifold M
containing X as a smooth compact domain to which d extends as a distance function whose
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square is regular at the diagonal. In particular, we can Taylor expand d? near any point in
the diagonal as in Equation @ and its Taylor coefficients enter the full symbol of @ as in
Theorem [2.9) To study the behavior at the boundary, we first reduce to the model case that
X = 90X x [0,00), as a domain in 9X x R. We remark that X X [0,00) is not compact, but
we shall later on only use the constructed operators in a form localized to near the compact
boundary.

Proposition 5.11. Let X be a compact manifold with boundary with a distance function d whose
square is reqular at the diagonal, embedded into a manifold M as in the preceding paragraph.
Consider the compact manifold Y = 0X and choose a tubular neighborhood U C M of 0X and
a diffeomorphism ¢ : U — Y x (—1,1), with 0X = ¢~ 1(Y x {0}). Then there exists a classical
elliptic pseudodifferential operator with parameter Q7 € \Il;"_l(Y x R;C4) and a number ¢ > 0
such that

e Q9 is translation invariant outside a compact subset in the sense that there exists a
to > 0 such that if f € C°(Y x R) is supported in {(y,t) : =t > to} then [Q2f](- F s) =

QO[f (- F )] for all s > 0.
o Forall f € OX(Y x (—¢,¢)) it holds that Q(¢* f) is supported in U and

Qe f) = ¢"(Q%f).
e the principal symbol of QP is given by
Ton-1(2, & R) = c(R* + g(£,€) 7",

where g is a Riemannian metric on Y XR which is translation invariant in the R-direction
outside a compact and coincides with p*gq2 on'Y x (=1,1).

Proof. Construct g from interpolating between gq2 near 0 and something at infinity. Construct
QP from interpolation along the real line between @ near 0 and (R? + Ag)™" at infinity. The
second part follows from that by construction has small propagation. O

Henceforth, we shall fix a choice of Q2 and g as in Proposition [5.11]

Remark 5.12. To fix a choice of a diffeomorphism ¢ : U — Y x (=1,1) is (up to a self-
diffeomorphism of Y') equivalent to choosing a vector field defined near ¥ = 90X which is
transversal to the boundary. This choice of vector field, or equivalently, the last entry of
¢ : U —= Y x (-1,1), gives rise to a coordinate that we denote by x, : U — (=1,1). We
remark that it is always possible to use the transversal vector field to be the metric normal to
the boundary, in which case we have that on 0X:

gaz = dz2 + gox a2,

where ggx q2 is the induced Riemannian metric on 0.X. For computational purposes, it becomes
clumsy to restrict to the the case when the transversal vector field is orthogonal to the boundary
but for some considerations it simplifies the formulas.

Following the notation of Subsection [5.1, we write x,, for this transversal coordinate and '
for coordinates on 0X. Similarly, &, denotes the cotangent variable in the transversal direction
and £ denotes the cotangent variables along 0.X.

We let ¢? € S;Q"(Y x R;T') denote the full symbol of Q7. We note that ¢° ~ Z;io q? in
S721(Y x R;C) where each q]a € S=27J(Y x R;C) is a homogeneous symbol in (£, R) of order
—2u—j = —n—1—j and near t = 0, we have in any local coordinates on Y that q? = q; where
g; is computed as in Theorem using the coordinates induced from Y and .

Proposition 5.13. There are unique homogeneous degree 1 symbols
hy =hy(2,&,R) € SN (T*Y xR, Y x R;C),

that determine the complex solutions to the equation R? + g.((¢',&,),(€,€,)) = 0 for fived
(x,&, R) with £Im(&,) > 0. Furthermore, there is a unique function hg € C°(Y xR, Rsq) such
that

R2 “1‘9(&5) = ho(l’)(fn - h+($,§l,R))(§n - h*($7€/>R))'
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Moreover, we have that

@) | VR A+ (€58) — ([€0)
ho(z ) ho(z)

for suitable b and gy determined from the metric.

hi(l‘,f/, R) =

)

Proof. It is not hard to see that hy and h4 are well defined and unique, but let us construct
them explicitly. We can decompose

(29 i=(% o).

where gy is a metric on Y on each slice, and b € C>°(Y xR, TY"). Since g is translation invariant
outside a compact, hg, b and gy are translation invariant outside a compact. We have that

R? 4 g(&,€) = R* + ho&, + 28" (b)&n + gy (£,€).
We see that hg in the above definition is the hg in Equation and that the complex roots are
as prescribed. The proposition follows. [l
Theorem 5.14. Let ¢° € S;°*(Y x R;T) be as above. Then there exists ¢ € S™*°(Y x R;T)
that are translation invariant outside a compact such that

(1) ¢2 € S=HO(Y x R;T) admits asymptotic expansions (in S~ in the sense of Definition

on page
oo
a7~ 4l
=0

where qi o € S™HY and for j >0,

¢ (2,6 R) Z bi s (2,61, B) (€ — ha (w,€, R))™H—I+E € §mnmtimitt,
k=-—1

where by 1, is homogeneous of degree —k in (§',R) and can be computed by an iter-
atiwve scheme of partial fraction decompositions as a homogeneous rational function in
deriwatives of hy, he and h—. The first terms are given by

(30) qi,o =nlwn (&n — hy)™H,
4% 0= ho" (& —h)"
and q4 1 are computed in Proposition below.
(2) The mized-regularity symbols ¢2. € S~H(Y x R;T) and qi,j € S—r=L=i+l qdmit holo-
morphic extensions to FIm(&,) > 0.
(3) It holds that

1
o _ ) o —2p,—
7§ alagq_ngJr mod ST
«

Proof. Let us first massage the statements of the theorem. We want to construct ¢4 ~ Z;X) 0 qi’ ; €
S0 admitting holomorphic extensions to FIm(&,) > 0 and satisfying ¢° = > a a,@ 8ng§
mod S~247°. We remark that to ensure item (2), i.e. the holomorphic extension of ¢%, it
suffices to construct each qij so that it admits a holomorphic extension to FIm(&,) > 0. We
also note that the requirement on the composition is equivalent to

1
8 o o
(31) q; = Z ol ?q—,kDgQ-o-,l'
ktlHlal=f
We take the formula as a definition, and note that in satisfy the structural statement in

item (1), extends holomorphically to FIm(¢&,) > 0 and ¢f = q§70q270. Using an idea described
in [23], Equation is for j > 0 equivalent to

0 0 9
Gog 9=y _ G 1 Loeq? Do
Tt =g Y 08Dl
4o 9-o0 Q0 D0 4y To=; "

k,l<j
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We proceed by induction. Assume that we have constructed g4 j for £ < j satisfying the
statements of items (1), (2), and (3) in the relevant degrees. Using Lemma and item (1) for
g+, for k < j, we can use Lemma to uniquely partial fraction decompose

@ 1 L oo o pa,o
@ & Z al ¢ 0=k Dp sy = a+5 + 04—,
0 0 kqilal=j

k<]

where g4 ; by Proposition [2.6] and Theorem [2.9] takes the form

Jj—1
q:ﬁ:,j(mvf,R) = Z b:ﬁ:,j,k(xaglvR)(gn - hi(xaglvR))7j+k € Sil’ijJrlv
k=—1

where by ;5 is homogeneous of degree —k in (¢/, R) and can be explicitly computed from the
results of Appendix [B] and Theorem We now define

o ._ 0
qt ;= 4% 09+,5>

and note that it by construction satisfies items (1), (2), and (3) in the relevant degrees.
U

Remark 5.15. As noted in Proposition[5.13} the symbols h and h_ are directly determined from
the metric and the choice of transversal to the boundary. Moreover, as the proof of Theorem
shows, each of the symbols by j, = by j x(z,&, R) depends

1) polynomially on c) cu, .1, and its derivatives contracted by gg and t,g9¢ and its
G )7€EUk<; Ik g g
derivatives
(2) polynomially on Ay, h_ and rationally on hy — h_ and h61/27

The total degree is j where each C’g ), v € Ii, has degree k, the metric and hy have degree zero,
h4 and h_ have degree 1 and x-derivatives increase the order by 1.

Proposition 5.16. For n > 1, the terms g+, appearing in the expansion of g+ in Theorem
5.14] are given by:

anr,l :n!wna0,+(x7 f/, R)(gn - h+)_u_1 + n!wna1,+(x, §I7 R)(fn - h+)—ﬂ—27
qg,l :ao,_(l‘, 5,7 R)ha#(gn - h—)iﬂil + Cll,_(ZZ?, 517 R)ha#(gn - h—)7#727
where

h71

1
) (C?(2,9 ® tng)hy + C? (2,9 ® 1erg)) h++h+

3’L.C1 TL2 —
a0,+(1'>§,7R) = ’n('
nlwy,
4 n(n+3)s - hg”

nlwy, (hy —h_)3

CB(I'v ng D ing @ Lng)hi(h+ - 3h*) - 6h+h703($, ng @ lng @ L&’g)_

—3(hy +h_)C (2,109 ® Lerg @ 1erg) — 203 (2,109 @ 1e1g @ 1e1g) | —

Z(TL + 1)2 (V§/h_ : Vyh_;,_ — 8mnh+)
4 hy — h_ ’

i1 n(n+3)32 hy?

/ —
a1’+(m,§ 7R) - n!wn (h+ _ h_)2

C*(2,1ng ® 19 ® Lng)h3 43R5 C3 (2,109 ® 109 @ Lng)+

+ 3h, C3(x, Lerg @ e g @ tng) + C3(z,Lng ® Lerg @ terg) |,
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ey (n? — 1 0
ao,(2,¢, R) =% (C*(x,9 @ tng)h— + C*(z,9 ® 1¢19)) ﬁ‘
3 ic1n(n+3)3_2 h52
nlwn (h+ - h_)S

C*(2,1ng @ 1ng @ tng)h® (h— — 3hy) — 6hih_C3 (2,109 ® 1ng @ Lerg)—

—3(hy +h)C* (2, 1ng @ 1erg @ 1erg) — 2C3 (2,119 @ Lerg @ 1erg) |+

_ i(n+1)* (Verhe - Vorhy — 0y, hy)
4 hy —h_ ’

, _iclm(n + 3)3,_2 haQ
al,—(xvg 7R) - n!wn (h+ _ h,)Q

C (1109 © 109 © 1) + 307 CP(, 1609 © 1g @ 1ng)+

+3h_C*(2,109 ® 1erg @ 1ng) + C° (2,109 @ 1erg @ 1e1g) |-

The proof is computational and based on Lemma using the explicit forms in Corollary
The details can be found in the arXiv version of this paper [14].

Lemma 5.17. The operators Q9. := Op(q?) € U~HO(Y x R;T) satisfy that
(1) Q- Q_Qs € W 2r(Y X R;T);
(2) Q4 restricts to a well defined operator H=*(Y x [0,00) — L2*(Y x [0,00)) which is
invertible for large R;
(3) Q_ restricts to a well defined operator L2(Y x [0,00)) — H" (Y x [0,00)) which is
invertible for large R.

Proof. Part (1) follows from Proposition and Theorem Parts (2) and (3) follow from
Theorem (.5 and Theorem [5.91 O

Definition 5.18. Define wy ; € S*~J inductively by
L(gn - h+(‘ra§/7R))#a for =+,

nlwy,
weo(z,& R) = (¢20)" =

hO(l‘)#(ETL - h_(I‘,f/,R))#, for K

and then 1
Wx j = —W4,0 Z aa?qiykDg’wiyl.
ktlt|al=5,1<j

We also define wy := Zj wy; € SPOY x R;T) and Wy € U#O0(Y x R;T) is defined as
a properly supported modification of Op(wy) with the same full symbol which is translation
invariant outside a compact subset.

Lemma 5.19. Let wy € S*O(Y x R;T') be as above. Then
(1) The asymptotic expansion (in S*° in the sense of Deﬁnition on page of wy €

SHO(Y x R;T)
o0
W4 ~ Z W j,
§=0
can for j > 0 be expanded in a finite sum

j—1
we (2,6 R) = > i i, R) (€ — ha(w, &, R)FITF € grmlmitl,
k=0

where w4 ;1 is homogeneous of degree —k in (§', R) and can be computed by an iterative
scheme as a rational function of derivatives of hg, hy and h_.
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(2) The mized-regularity symbols wy € S*O(Y x R;T) and wy ; € SF=H7IT admit holo-
morphic extensions to FIm(&,) > 0.
(3) The symbols wy j 1 =104 ;p(x, &, R) depend
(a) polynomially on (Cg))'yeukgjlk and its derivatives contracted by ga and itnga and
its derivatives
(b) polynomially on hy, h_ and rationally on hy — h_ and h51/2,

The total degree is j where each C’g), v € Ik, has degree k, the metric and hy have
degree zero, hy and h_ have degree 1 and x-derivatives increase the order by 1.

Proof. Ttems (1) and (2) follow from a short induction argument with the construction (in

Definition [5.18]) and Theorem O

We now compute w 1. By definition, we have that
Wt,1 = *w:zt,oqu — W+ Z a?qi,ngwi,O-
|a]=1
A short algebraic manipulation with the computation of ¢4+ ; from Proposition gives the

following formulas.

Proposition 5.20. Forn > 1, the terms w+ 1 appearing in the expansion of w in Lemma
are given by:

1 1
w+,1(1’,5/7£n7 R) = maO,-F(x,gl, R)(gn - h+)uil - mal,-i-(xag/a R)(En - h+)H727
i(n+1)? _
B %(axnh"r - V§/h+ : Vx/h+)(§n - h-‘r)# 2a
w—,l(x7£,7§na R) = a07_(x’§/’ R)hg(fn - h_)#—l - a17_(x,§’, R)h’g(fn - h—)u_Q_
; 2
— @(%h* —Veh_ - Vah )hb (& — h,)“_z—
; 2
DR 0 o — Veho - Tkt (60— by,

where the homogeneous symbols ax o (of degree 0) and a1 (of degree 1) were explicitly given in
Proposition above.
Lemma 5.21. The operators Wy € WHO(Y x R;T) satisfy that
(1) 1—-WeQI,1—QIWy € ¥O=(Y x R;T);
(2) W_ preserves supports in'Y x (—o0,0] and restricts to a well defined operator F#(Y X
[0,00)) = L2(Y x [0,00) which is invertible for large R;
(3) W, preserves supports in Y x [0,00) and restricts to a well defined operator L*(Y x
[0,00)) = H *(Y x [0,00) which is invertible for large R.
In particular, the operators
So=1-WiW_Q?: H ™Y x [0,00)) = H (Y x [0,00)), and
S1:=1-Q°W,W_ :H"(Y x[0,00)) = H' (Y x [0,00)),
are normbounded by O(R™°).

Proof. Part (1) follows from Proposition and Lemma Parts (2) and (3) follow from
Theorem (.5 and Theorem [5.91 O

5.3. Decomposition of the inverse magnitude operator.

Theorem 5.22. Let X be an n-dimensional compact manifold with boundary and d a distance
function whose square is regular at the diagonal. Set p:= (n+1)/2. Let Qx : H*(X) — H"(X)
denote the restriction of Qy q2 to X and let A € \IIQH(X;CJF) denote a parametriz of Qy q2.
For some Ry > 0 and any R € I'x)(,41)(Ro), we can write

Q%' = X1 AX] + x2( ) WLW_™xh + S,
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where X2, x5 € C*°(X) are functions supported in a collar neighborhood Uy of 0X in X and
X1, X1 € C°(X°) are functions such that
X1+xz=1 and X;‘lsupp(xj) =1,5=12
v 0X x [0,1) — Uy is a collar identification, and the operators S, W_ and W, satisfy the
following as R — oco:
(1) S:H"(X) — H "(X) is a continuous operator with 1S11 7 (x0) = -0 (x) = O(R™).
(2) Wy : L*(X x [0,00)) — H#(0X x [0,00)) is the properly supported pseudodifferential
operator of mized-reqularity (p,0) from Definitions which is invertible for large
R > 0 and in local coordinates has an asymptotic expansion modulo S*~°° as in Lemma
5.21) and preserves support in X x[0,00) C X xR. Moreover, for x,x" € C+C*(dX x
[0,00)) with xx" =0, it holds that [|[xW4X'llL2(0x x[0,00))— H-#(ax xR) = O(R™).
(3) W_ : H'(8X x [0,00)) — L*(0X x [0,00)) is the pmperly supported pseudodifferential
operator of mized-regularity (i, 0) from Deﬁmtzons 5. 18 which is invertible for large R >
0 and in local coordinates has an asymptotic expansion modulo S*~ as in Lemmal[5.21]
and preserves support in 0X x (—oo,0] C X xR. Moreover, for x,x' € C+C°(0X xR)
with xx' = 0, it holds that [|XW_X'||gu(ox xr)—L2(0x xr) = O(R™>).

Proof. The properties of W, and W_ listed in items (2) and (3) follow from the results of
Subsection We note that it follows from the previous subsection that

X1Qai X1+ x2(e ) WLW_g™xs - HY (X) — H (X)),

is a well defined continuous operator. Pick a x3 supported close to 9X with x3 = 1 on supp(x5).
We compute that

(1Qa X1 +x2 (0™ ) W W™ x5)Qx =
=x1+x1Q3 (X1 — D@x + x2(™ ) WiW_p*Qxxs+
+x2(p ) WEW_o* (xh — DQxxs + x2(¢™ ) W W_ " x5Qx (1 — x3) =
=x1 +x1Q3 (X1 — DQx + x2( ) WL W_Q%" x5+
+ X200 ) WLW_ 0" (xh — 1)Qx xs + X2(@™ ) WLW_0" x5Qx (1 — x3) =
=x1+x1Q5 (X) = DQx + x2 + (¢~ 1)*Sop* x3+
+ X2 (T ) WEW_ @ (xy — D@x xs + X2 (0™ ) WL W_ 0" x5Qx (1 — x3) =
=14+ x1Q3 (X1 — DQx + (™) So0*xs + x2(™ ) WeW_* (x4 — 1)QxXs
(e ) W W x6Qx (1= x3) = 14 S2 + (¢ 1)*Sop*x3 + S3 + Sa.

Since x1(x}—1) = 0, Sy is a smoothing operator with parameter. Similarly, since x5(1—x3) =0,
Sy is a smoothing operator with parameter. Using Proposition[5.4)and Lemmal5.21} respectively,
we conclude that Sz : H #(X) — H #(X) and (¢~ 1)*Sop*xs : H #(X) — H *(X) are
continuous with norms bounded by O(R~°°) as R — oo. In particular,

S5 = (1@ X1+ x2(0™ ) WL W_p*x5)Qx — 1

satisfies that S5 : H—#(X) — H*/‘(X) is continuous and [[Ss | s (x) pr-n(x) = O(R™>) as
R — 0o. We conclude that (14 S5)~! exists for large R and ||[1 — (14 S5) 7| 5- WXV H - (X) =
O(R™*°) as R — co. We therefore have that

Qx' = (14 55) 7 (aQar X1 + xa(p ) WaW_™x3) = xaQy/ X1 + xa(p ™) W W_p* x5 + S,
where

Si=(1—=(14S85)")0aQu Xi + X2 ) W W_p*x5).
Since [|1 — (14 S5) Y z- w(x)mH-n(x) = O(R™>) as R — oo, the same holds for S and the

proof is complete. ([l

By combining Theorem with Theorem we arrive at the following corollary.
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Corollary 5.23. Let X be an n-dimensional compact manifold with boundary and d a distance
function with property (MR) on I'. For some Ry > 0 and any R € T';/(mq1)(Ro) N T, we can
write

2t = X1 AxX) + x2 (0 ) WL W_ 9, + S,

where A, Wy, W_ and x1,X1,X2, X5 € C(X) are as in Theorem and S : H'(X) —
H™1(X) is continuous with ||S||z xy— pr-u(x) = O(Re(R)™>), as Re(R) — oo in I,

6. CONDITIONAL EXPECTATIONS OF Q' AND Z3*

A large motivation for this paper is the relation of the operator Zx with magnitude. For
that purpose, we shall be interested in computing conditional expectations of Q)—(l and Z;(l
against the constant function 1. In an accompanying paper [13], we prove that this conditional
expectation of (RZx(R))™! coincides with the magnitude function. The section is divided into
three subsections: firstly, we study the case of no boundary, secondly we proceed to compute
the asymptotic expansion of the conditional expectation of Q}l and finally we produce explicit
formulas for the asymptotic expansion and consider examples. As in the previous sections, we

perform computations for Q) that later translates into results for Z under assumptions of property
(MR).

6.1. Asymptotic expansions for compact manifolds. Let us consider the case that X = M
is a compact manifold. Starting from Lemma we compute the asymptotics of (Q(R)™11,1)
as R — oo for a pseudodifferential operator with parameter R. Let volg(M) denote the volume
of M in the Riemannian metric defined from the transversal Hessian of d? at the diagonal.

Theorem 6.1. Let M be an n-dimensional compact manifold with a distance function d whose
square is reqular at the diagonal. Let (a;)jen € C°(M;Cy) denote the sequence of homoge-
neous functions obtained from restriction to & = 0 of the full symbol of Q&l, as in Lemma ,
It holds that

(1,Qum(R)™11) ~ ick(M, d)R"H_I~C + O(Re(R)™™), as Re(R) — 400,
k=0

where
cp(M,d) :/ ag,o(z, 1)de.
M

Here dx is the Riemannian volume density defined from gq2. The functions ay o(z,1) depend on
the Taylor expansion @ as described in Theorem and can be computed inductively using
Lemma[2.24} In particular,

0, when k is odd,
cp(M,d) = VOTIL?U(JZ[), when k = 0,
gt [y sazdz,  when k =2,

where sq2 in local coordinates is computed as the polynomial in the Taylor coefficients of d® at
the diagonal given as

¢2.n(n+5)(n?—9)

sq2 () :=3C*(z,9®g) — 3 -

(C*eC%(r,g0g®g), ifn#1,3

€23

saz(z) =3 (10%(%9(; ® gc) — —=(C¢ ® Cg)(2, 96 ® 9o ® gc)>, ifn=3

€1,3

Proof. The asymptotic expansion (Qy;'1,1) ~ >3 cx (M, d)R" 1=k +O(R~=>°) where ¢} (M, d) =
fM ar,0(z,1)dz follows directly from Lemma and the fact that Qg/} is of order n + 1. It
follows from Lemma that ax(x,0,1) = 0 for odd k. It follows from Theorem that co
and ¢y take the prescribed form. (I
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The justification for the notation sq2 in Theorem [6.1] comes from Example [2.30] which shows
that for the geodesic distance on a Riemannian manifold, sq2 is the scalar curvature. We further
conclude the following corollary.

Corollary 6.2. Let M be a compact Riemannian manifold equipped with its geodesic distance.
Then

VOld(M)Rn+1 L +1
nlw, 6 - nlw,

(1,Qu(R)™'1) = /M sdzR™ ' 4+ O(Re(R)"™3), as Re(R) — +o0,

where s denotes the scalar curvature of M.
Combining Theorem [3.7] with Theorem [6.1] we arrive at the following corollary.

Corollary 6.3. Let M be an n-dimensional compact manifold with a distance function d with
property (MR) on T. It holds that

(1, Zy(R)7M1) ~ Z cx(M,d)R" =% £ O(Re(R)™*°), as Re(R) — +o0 in T,
k=0

where c,(M,d) is as in Theorem [6.1]

6.2. A lengthy exercise in integration by parts. To study the asymptotic expansions of
(1, Q;l) in the presence of a boundary, we need a series of smaller lemmas. The reader should
recall the notation from Theorem [5.22]

Lemma 6.4. Let X be an n-dimensional compact manifold with boundary and d a distance
function whose square is regular at the diagonal. It holds that

(Q%'1, 1) r2(x) = (AL xa) r2(x) + (W=1, (W) (x2 © ©)) L2 (0x x[0,00)) + O(R™™).

Proof. We first note that W_ preserves supports in 90X x (—o00,0] C 90X xR by Lemma and
(W.)* preserves supports in 9X x (—o0,0] C dX xR since W, preserves supports in 9X x [0, 00)
by Lemma Therefore, viewing 1 as an element of H},.(9X x [0,00)) and y20¢ as an element
of H, (8X x [0,00)), the images W_1 € L3, (X x [0,00)) and (W)*(x20¢) € L2(dX x [0,0))
are well defined and (W_1,(W,)*(x2 © ©))r2(0xx[0,00)) 15 Well defined. By the same token,
(A1, x1) 2(x) is defined as the inner product of x; € L?(X) with the restriction of A1y, € L*(M)
to X.

Since X |supp(x;) = 1> for j = 1,2, it follows that

(A1, x1)2(x) = (AX1 X1) 2 (x) + O(R™*°)  and
(W_1,(We)*(x2 0 9)) L2 (0x x[0,00)) = (W= (X4 0 9), (W) (X2 © ) L2(9x x[0,00)) + O(R™).

The last equality follows from Proposition [5.4 Therefore, Theorem reduces the statement
of the theorem to the property that (S1,1)72(x) = O(R™>°). This is clear from the property of
S that ||S||gu_ g-n = O(R™). O

Lemma 6.5. Let X be an n-dimensional compact manifold with boundary and d a distance
function whose square is regular at the diagonal. Let (ajo)jen € C(M;Cy) denote the sequence
of homogeneous functions obtained from restriction to &€ = 0 of the full symbol of A, as in Lemma
[2.23 It holds that

(AL i)~ Y ek (X, R 4 O(R™),
k=0
where cx,y, (M,d) = [ x1(2)aro(x,1)dz and dx denotes the Riemannian volume density defined

from gq2.

Proof. The lemma follows immediately from Lemma [2.23|since x; has compact support in X°.
O
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Lemma 6.6. Let a = a( ,€) € C®(R" x R"™) be a polynomially bounded smooth function
with compact support in x’, and x € S(R™) a real even Schwartz function. Then as R — +oo,

R (—RE)e "¢ d¢dr =

=> wa')/Rn D¢, (a(x',f) —mf)de ol + O(R™).

a€eNn

n

Rn— 1

In pam‘icular if x is locally constant near 0, then

—Rix'¢’ _ , o
(2m)" /R - / . (=Rt)e d¢dz = x(0) /]R _a(@,0)de + O(R™).

Proof. Consider the distribution ug(§) := R"x(—RE). For any test function ¢ € S(R™), we
compute that

(urp) = [ x-oute/mias = 5 P2 [ q-geeagr e+ ogr )

aeN”

=@y Dx(0) petel (50, ) + O(R-)

|
aeN? o
We conclude that in &’'(R™), we have an asymptotic expansion
Dx(0)
=(2m" Yy —Es RS + O(RT
ug = (2m) a%ﬁ ol +O(R™).

Using standard methods for oscillatory integrals, we see that the same expansion holds also for
in the weak topology against polynomially bounded smooth functions.
We compute that

27T /Rn . /n Rn Rf) —Riz'¢’ dédx = 27T /Rn 1 /n R(f)e—Rix’g’dfdm
Z DY X(O)R \oz|/ (5?,a(x',§)e7” ¢ )da + O(R™)
Rr—1

|
aeNn @

g)e*”'ﬁ') deR71o + O(R—).
aEN”

O

Lemma 6.7. Let X be an n-dimensional compact manifold with boundary and d a distance
function whose square is reqular at the diagonal. We denote the symbols of Wi by wx (as in
Definition and Lemma . Then it holds that

(W_1,Wixa)~ D cryo (X, d)R™TF + O(R™),
k=0

where

o (X,d) = / xe(@)axo(z, 1)dat
X

>

k=|Bl+yn+ij+1
Yn>0

BN (Bn 4 vn)! X

Z‘\BHI%LI( 1)\B|+1

odw_ j(a',0,0,1)97r 97w 4 (a',0,0,1)da’

Here dx is the Riemannian volume density on X defined from gq2 and dz’ the induced Riemann-
ian volume density on 0X.

Proof. The computation can be reduced to one in local coordinates, so we can assume that w.
and w_ are symbols of mixed-regularity (—p,0) in R™, and up to O(R~°°) we can treat W, and
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W_ as compactly based. As such, we replace M by R" and X by R} in all computations. Let
w? denote the symbol of W} . By the same arguments as in [39, Chapter 1.3], we have that

1 -
(32) wi(.’L‘,g,R)NZQ@?D?ULNQ?,&,R),

in the sense of Definition We note that Equation only identifies w3 up to S*~° but
this suffices as symbols from S#*~°° will only contribute to the conditional expectation with
O(R™°).

Using that W_ and W} preserves supports in R”, we can consider x» as an element of
C*(R™), and write

(W_1, WiXa)r2(rn) :/ [W_1](z)[Wi x| (x)dz,

R}

where
oo [ wie e R

is computed from the action of (Q1")* on x € C2°(R™). We compute that

Wixe(z) :=

(W_1, W+X2>L2(R ') = 277 /" /n (z,0,R) w+(x £, R)Ra(€)eirédeda =
:@/n /n w*('r707 R)wi(x>§7R))A(Q(—f)e_ixgdgdx:

(-1 \al

Nza: (2m) ”a'

L.
S ot [ D (a0 R ) D2 0w o€, R)a (€ + O(R) =
« + .

/ (2,0, R)OE D3 w, (z,€, R)Ra(—€)e ™" deda + O(R™) =

DID it [ [ DR 0 RDE 0 w6 (i€ Ka(~)e e + O(R)
lam! Jun Jen

~ 3 G e / L D@0, Ry w6 R) (i) o~ o

Bn
D IPILITH / [ DI w(@,0,0, R)DY T 0  wy (af,0,6, R)(6) T Ra(~€)eT T dedart
— R—L JR™
71@’0 e
+ O(R™™).
where

) i(—1)ml+1g 1
R 2m)y B B+ ) R (B — B!
By the composition formula for pseudodifferential operators (see [39, Chapter 1.3]), we have
that

Zm/ 2 Diw_(x,0, R)0 Pw. (w, €, R)(—i€) Xa(—€)e™ "¢ dedan
~,8 o) i n

= [ xelw)a(e.0. R)de + O(R™) = (@31, xe)oqay + O(R™),
.

We can therefore continue our calculation

(w-1 W1X2>L2(R" N<Q;/11 1, X2>L2(1R1)

EY Y b [

v.,8, k=0 R
Yn >0

+O(R™™)

/ DI “Pw_(a!,0,0, R)DI; 1w (o', 0,6, R)(6) P Ra(—€)e” " deda+
n—1 JRn
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To obtain an asymptotic expansion, we expand w. in its defining homogeneous expansion
wg ~ Y wy from Definition (see also Lemma [5.21]). We see that
B7L

DD bisk / DR (2,0,0, R)DY: 0w (20,6, R)(i€) ) Ra(—€)e " deda + O(R™)~
’Y,B,O k=0 ]Rn—l R™
Yn>

o0 BTL
=> D D byss / /fo(o’“w—,j(w',oﬁ,R)Dlﬁflaf”ww(w'»o@R)(ié)” P o (€)™ deda
=0 s=B+yl ki, b=0 robJRn
Tn

Let us consider each of the terms

> iw,k /

-1
=181+ |7 |+ +1, k=0 R
Yn >0

Bn
oL D DI BUWH / B / DI M5 (a',0,0,1)D3; 08 Ty a(a, 0, 55, 1)) o (- ¢ dgda

i=|B|+|y|+i+l, k=0 R
Yn>0

/ DI j(a',0,0, )DL 0w (o, 0,6, R) (i)Y ko (—€)e™ ' déda =
R™

We can compute each of the terms using Lemma which implies that
1
(2m)"

/ DI ORy_ (a,0,0,1) D3 197 T w (27,0, 6, 1) (i€) P R o (—RE)e 7 deda =
Rnfl Rn

_ {0<R-°o>, it (k) # 0,

ot DEw_ j(2/,0,0,1) D3 1070w y(a,0,0,1)da + O(R™), if (v/,k) =0
We conclude that
<Q:117 (Q;l)*x2>L2(R1) - <QX1117X2>L2(R1) =

> i(—1) 1 p—i ) )
RSN Z(ﬂ"()ﬁiJrR)'/ Diw-j(',0,0,1)D2; 197w i(a',0,0, 1)de + O(R™™).
=0 iz | Blhym g1, WP T )t JRnt
Yn>0
After using D = —i0, the boundary contributions have been computed. The lemma now follows

from Lemma [2.23] giving the asymptotic expansion

(@ L x2) 2@y~ Y :Rn+17k/ x2(z)ay(z,0,1)dz.
k R%
[l

6.3. Asymptotic expansions for compact manifolds with boundary. We now study as-
ymptotic expansions of (1, Q}l 1) for a compact manifold with boundary, and give a procedure to
compute the coefficients. An important difference to the case of empty boundary is the boundary
contributions: we identify the from Lemma[6.7] as follows.

Definition 6.8. If X is an n-dimensional compact manifold with boundary and d a distance
function whose square is regular at the diagonal, then we define the sequence of functions
(Bd2,k)k:>0 Q C°°(8X) by

de’k(.'l?l) = Z

k=|B8|4+yn+j+1
Yn >0

i8Il (—1)181+1
B (B + )

08w j(2',0,0,1)07 1970w, (2’ 0,0,1).

For notational simplicity, we set By := 0.

Proposition 6.9. Let X be an n-dimensional manifold with boundary, d a distance function
whose square is reqular at the diagonal, and (Bgz i )r>0 C C*(0X) as in Definition , Then

for each k > 0, Bgz , is a polynomial in (Cg))weukgjlk and its derivatives contracted by the

metric gg, its contraction along the normal to the boundary, and its derivatives of total degree j
where each C(GPY), v € Iy, has degree k, the metric has degree zero and x-derivatives increase the
order by 1.
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Computing from the results of Appendix[C] we can describe the special cases k = 1 and k = 2.

Proposition 6.10. Let (X,d) be as in Proposition . Then
1
Bye () = L
’ 2 - nlwpy/ho(2')

In particular, if x,, is the transversal coordinate defined from the unit normal to 0X (in gqz),
then
(n+1)

2 nlw,

Bd271 (:v')

Proof. By definition, we have that
B2 1(2") = —iw_ o(2',0,0,1)0¢, wy o(2",0,0,1) =
i(n+1)

2 - nlw,

(n+1)

2 nlwn/ho(z)

Here we have used the identities from Appendix [C] If x,, is the transversal coordinate defined
from the unit normal to 0.X, then hg = 1. [l

ho(x,)(_h* (33/7 0, 1))) =

Proposition 6.11. Let (X,d) be as in Proposition and assume that x, is the transversal
coordinate defined from the unit normal 0,, to 0X (in gqz). Then there are universal polynomials
ay and oo with rational coefficients such that

a1 (n)
nlw,

as(n)

nlwy,

Bz o(2') = C3 (2,8, ® B, @ D) + C3(2', g @ On).

Proof. By definition, we have that
1 1
B2 o(x) =sw_ o(2',0,0,1)8,, 07wy o(2’,0,0,1) — 5agcnw_vo(a:’, 0,0,1)97 w4 o(2’,0,0,1)—

2

—dw_1(2',0,0,1)9¢, w4 o(x',0,0,1) —iw_ o(2,0,0,1)d, wy 1(2",0,0,1)+

+ Vayw_ o(2',0,0,1) - Ve O, wy o(2',0,0,1).
These expressions were computed in Section[C|of the appendix. If z,, is the transversal coordinate
defined from the unit normal to 0.X, then hg = 1 and b = 0. The lemmas of Section@ for hg =1
and b = 0, shows that Bgz 5(z’) is in the linear span of C3(2’,8,, ® 9, ® 8,,) and C3(z/, g ® 9,,),
and carefully inspecting the computations imply the existence of the universal polynomials a;
and as. O

Proposition 6.12. Let X CR"” be a domain with smooth boundary equipped with the Euclidean
distance. Then for a universal polynomial 3, it holds that

B)

nlw,

Byz o =
where H denotes the mean curvature of the boundary.

Proof. Fix a point g € X and choose coordinates as in Example in other words we write
0X as the graph of a function ¢ = ¢(2') with Vg (z9) = 0. The computations in Example
show that ho(z') = 1+ |Vp(2')|? is x,-independent and that b(zg) = V(xg) = 0. Moreover,
C3(x,v) is a first order order polynomial in v,,, so C3(x, 1,g®1,g®1,g) = 0. A short computation
using Equation gives us that

03(37079 b2y Lng) = —29$0(V2g0($0>) = _(n - 1)H(x0>7
where H denotes the mean curvature. The result follows from Proposition O
Combining Lemmas and [6.7] we arrive at the following theorem:

Theorem 6.13. Let X be an n-dimensional compact manifold with boundary and d a distance
function whose square is reqular at the diagonal. Denote the Riemannian volume density on X
defined from gq2 by dx and the induced Riemannian volume density on 0X by dz’. It holds that

(33) <17 Q)_(11>L2(X)N Z Ck(Xa d)RTHFlik + O(Rioo)a as R — +o0,
k=0
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where the coefficients c(X,d) are given as

ck(X,d):/ ag oz, 1)dz + Bz i, (z)da’,
X ox

where
(1) ako(-1) € C®(X) is an invariant polynomial in the entries of the Taylor expansion (9)
as described in Theorem [2.26 and can be computed inductively using Lemma[2.24, with
aro =0 if k is odd; and
(2) Baz, € C*(0X) is an invariant polynomial in the entries of the Taylor coefficients of
d? at the diagonal in X near 0X as described in Propositz'on and can be inductively

computed using Lemma[5.19
In particular, we have that

vol(X n + 1)vol(0X
(39 oXod) =y (x,0) = (IO,
_ 2
(35) CQ(X, d) = " + 1 / Sd2dl‘ —|— w Hdzdx'.
6-nlw, Jx 8 - nlw, ax

where the scalar curvature sqz is defined as in Theorem [6.1] and the mean curvature Hqz is an
explicit function in the linear span of C3(x',0, ® 0, ® 8,) and C3(x',g® 8,,) that coincides with
the usual mean curvature for domains in R™.

Our notation Hg> in Theorem [6.13] is justified by Proposition [6.12] showing that Hyq> = H is
the mean curvature if X is a domain in Euclidean space.

Proof. The expression in Equation follows from Lemma by adding together the compu-
tation of Lemma with that in Lemma The computation follows from the fact that
apo(z,1) = nli}ﬂ (see Theorem and Proposition m The computation is a conse-
quence of Theorem [2.26] (computing the interior contribution) and Proposition (computing
the boundary contribution). O

Combining Theorem [£.5] with Theorem [6.13] we arrive at the following corollary.

Corollary 6.14. Let X be an n-dimensional compact manifold with boundary and d a distance
function with property (MR) on [Ry,00), for some Ro > 0. It holds that

(1, 25" V)2~ > ee(X, )R™F 4+ O(R™),  as R — +o0,
k=0
where the coefficients c,(X,d) are as in Theorem [6.15

Corollary 6.15. If X C R"™ is a compact domain with smooth boundary, then

vol(X) _ pvol(9X) pr(n —1)

Xd)=——-+ X, d) =
nlw,, a1 (X, d) nlw, c2(X, d) 2-nlw, Jox

HdS.

Co(X, d) =

The computation of Corollary is compatible with the computations of [I1] for u € N. We
note that the precise proportionality constant in ¢y follows from the computation from [I1] for
p € N since the pre-factor by Proposition [6.12]is determined as a universal polynomial in n.

APPENDIX A. CONORMAL DISTRIBUTIONS AND PARAMETER DEPENDENT CALCULUS

Pseudodifferential operators with parameters will play an important role in our study of
the operators  and Z, both to prove meromorphic extensions and to compute asymptotic
expansions. We use an approach to parameter dependence described in terms of conormal
distributions to which the operator @ is susceptible. More details on conormal distributions can
be found in [25, Chapter 18.2] or [40], or a summary thereof in the arXiv version of this paper
[T4]. We here review the necessary computational tools. We write CI™(Z,Y) for the space of
distributions on Z conormal to Y that admit a classical expansion near Y of order m; so that
we have a symbol isomorphism CI™(Z,Y)/CI=>(Z,Y) = CS™(N*Y)/CS~>°(N*Y).

Take an « € C and define u, o € C®°(R™ \ {0}) by uao(y,z) = |2|* If a ¢ —m — N,
[24, Theorem 3.2.3] guarantees that u, o has a unique extension to a distribution u, € D'(R™)
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homogeneous of degree @ and depending holomorphically on a € C\ (—m —N). If f = f(w) is a
function depending holomorphically on w in a punctured neighborhood of «, we write F.P.,—q f
for the constant coefficient in the Laurent expansion of f around w = «a. For a € C, we use the
notation F.P.|z| 7% to denote the distribution

(F.Pz| 7% ¢) :i= F.Poya (U, ©).

Proposition A.1. Let « € C. Then F.P.|z|* is a tempered distribution on R™ and for £ # 0,
we have that

a+m

am/290+m LCF2) ¢ mm—a a€C\ (—m—2N),
a r(-%)

FEPr={ 3

l
w7 (C1ogl€P + fim),  a=-m—2 LEN,

where
1
Bim = 2log(2) + §w(m/2 +1) — Hy -,

and ¥ (z) := 1;((;)), Hy =0 and H; := Z;zl % forl >0, and ~ is the Euler-Mascheroni constant.

This computation can be found in [37, Lemma 25.2] par the value of 3 ,,, which can be found
from a Laurent expansion. See also [38, Exemple 5, Chapitre VIL.7] and [14].

For g € C*°(Z) and a submanifold Y C Z with a prescribed tubular neighborhood U = NY,
we define the transversal Hessian of g in y € Y as the symmetric bilinear form on (NY),, defined
from the Hessian at the zero section of g restricted to (NY'), along the tubular neighborhood.

Proposition A.2. Assume that Y C Z is an k-dimensional smooth submanifold of an N-
dimensional smooth manifold. Let G € C*(Z) be a smooth function such that

e G and dG vanishes on Y;

e G(z)>0forz ¢ Y; and

e for each y € Y, the transversal Hessian Hg of G (defined as in Definition s a
positive definite quadratic form on the transversal tangent bundle of Y C Z.

Then log G € CI=N*k(Z,Y) and its principal symbol &_ 4, <log C;’) € C®(N*Y \Y) is given
by

7 (log G) (4,€) = —2m(NV — k — Dlow—r-1lgg (€, 7V /2, g £ 0,
where gz is the metric dual to the transversal Hessian Hg.

Proof. The statement is local, so we can assume that there is an open set U C R”™ containing
0 such that Z = U and Y = U N R¥. Since dg vanishes on TY, we can consider its restriction
to Y to be a section dgly : Y — N*Y. Under the assumption that the transversal Hessian of
g is non-degenerate in all points of Y, we can assume that U is taken small enough to be able
to choose coordinates (7, 2) on U such that g(g,2) = |Z|?> for Z # 0. For notational simplicity,
we assume that g(y,z) = |z|? and that Z = U = R" and Y = R¥. The proposition now follows
from Proposition U

This work makes heavy use of parameter dependent pseudodifferential operators. This subject
is well explained in [39]. We only require classical symbols with parameters. For clarity, for a
conical set I' C C and m € C, a classical symbol with parameter of order m is a symbol
with parameter a that admits a sequence (a;);en of functions homogeneous of degree m — j
(aj(z,t&,tR) = t™Ja;(z,&, R) for t > 0) such that a ~ >_ja; away from (§, R) = 0. We write
CS™ for the space of classical symbols with parameter of order m and U7} (M;T') for the space
of classical pseudodifferential operators with parameter R € I" of order m. An important feature
of the parameter dependent calculus is that there is a Garding equality, we omit its proof as it
extends ad verbatim from the classical setting [25].

Theorem A.3 (Garding inequality). Let I' C 'y (0) U —T',(0) be a bisector with opening angle
<a€l0,m/2), and A € I (M;T') a formally self-adjoint operator with strictly positive principal
symbol, i.e. for some e >0, 5(A)(x,&,R) > ¢ for all [£]* + |R|* =1 and x € M.
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Then for large R, the quadratic form f v (Af, f)r2 is continuous, positive and coercive on

Hﬁ;(m)/z. To be precise, there is an Ry > 0 and a C' > 0 such that

S gpetove < (AL £) 12 < CUf ey V7 € HXM), |R] > Ro.

One of the reasons for introducing conormal distributions above was that it will give us a
direct way of verifying that the magnitude operator is an elliptic pseudodifferential operator
with parameter. We let Z =U x R C M x M x R denote an R-invariant tubular neighborhood
of the diagonal of M. Assume that K € CI™(Z; M x {0}) in exponential coordinates has a
classical asymptotic expansion of the form K ~ Z;io xK; where x € C°(U) is a function with
X = 1 near the diagonal and K is a smooth function on TM &R\ (M x {0}) such that if m ¢ Z,
K is homogeneous of degree —m — j —n — 1. If m € Z, K; = u; + pjlog(|v|* + n?) where u; is
homogeneous of degree —m — j —n — 1 and p; is a homogeneous polynomial in (v, 7) of degree
—m —j —n—1 (in particular p; =0if j < —m —n —1).

Definition A.4. We shall say that K € CI™(Z; M x {0}) has a uniform asymptotic ex-
pansion if for any « € NP, § € N k, N € N there is a constant C' > 0 and an Ny € N such
that for R #0
No
92000k | K = 3" XK || <0+ o] + [n)) V.
§=0

For x € M, we write exp, : T, M — M for the exponential map. Note that under our
assumption on the injectivity radius, exp, : B,M — M is a diffeomorphism onto its range.

Proposition A.5. Let M be a smooth n-dimensional manifold and Z is as in the preceding
paragraphs. Assume that K € CI™(Z; M x {0}) admits a uniform asymptotic expansion. Then
there is a pseudodifferential operator with parameter A € W™ (M;R) such that for any R, the
Schwartz kernel of A(R) is given by F,,rK. In other words, for f € C>(M), A(R)f is defined
as the oscillatory integral

ARf@) = [ Ko flexp, (o) dodn,
B, MR

In particular, the full symbol of A in CS™(M;R)/S™(M;R) coincides with the full symbol of

K in CS™(N*(Diag,; x {0} C Z))/S~>°(N*(Diag,, x {0} C Z)).

Proof. If the uniform asymptotic expansion of K only contains one term, i.e. K = Kj, the
statement of the proposition holds by homogeneity properties of the Fourier transform. As such,
the proposition is in fact a statement concerning the asymptotic completeness of the space of
pseudodifferential operators with parameters. This is proven just as in the usual setting (see
[25], Proposition 18.1.3]). O

APPENDIX B. PARTIAL FRACTION DECOMPOSITIONS OF SYMBOLS
We note the following structural result from basic calculus:

Lemma B.1. For all ,m € N with m < 2l, there exists homogeneous rational functions
(with rational coefficients) of (hy,h_) denoted by Bimo,+,Bim 1,4+, Bimi—1,+, where each
Bim.j,+ = bim j+(hy, h_) has homogeneous degree m — j — 1 in (hq, h_), such that

-1 -1
& (En —h) " En —h) T =D Brmgr(ha h) (& = ha )T 4D Brmej— (e, ho) (6 — ho) ™
j=0

j=0
More generally, by differentiating with respect to ho we obtain:

Lemma B.2. For all I,m € N and two distinct complex numbers hy,h_ € C, consider the
rational function:

Kin(6n) i= (&0 — hy) ™ (& — ho)h
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This rational function can be decomposed as

Km,l(gn)

m—1 ; . -1 ‘
_ (=1) I+j-1 et (-1)™ mAi =1\, e
_;)Uu—h_)lﬂ( e +j§_:0(h+—h_)m+ﬂ< N S

These following formulas allow us to obtain explicit partial fraction decompositions for the
terms relevant to the factorization of Zg.

Corollary B.3. For alll € N and two distinct complex numbers hy,h_ € C,

En(€n —hy) (& —ho) T =K1 (&) + hy Kiu(6n)
(& —hy) M —ho) T =Kii11(&n) F hoKim1(&n) + hay Kig—1(6n) + hoh Ky (&)
Eo(&n—hy) (& —h )T =K1 a1 1(8n) + (2hy + b )Ki_1i-1(60)+

+ (h2 +h% 4+ hyh ) Ki—1(&) + hh_ K (&)

APPENDIX C. EVALUATION OF SOME BOUNDARY SYMBOLS AT ZERO

For the purpose of computations in Subsection we are interested in evaluating some
symbols at £ = 0 and R = 1. We will use the notations from the Sections [5] and [f] freely. We
tacitly assume that n > 1 to avoid limit cases.

Recall from Proposition that

R* + g(€,€) = ho(&n — h)(€n — h-),
where hy = hy(z,&',R) € SYT*Y x R,Y x R;C) are of the form
E0) , T (€.8) — €0
ho() ho(x)
Here we use the splitting of the metric
_(ho b
9= <bT gy> ’

For x,, = 0, i.e. on 0X, we write 2’ instead of (z’,0). We conclude the following lemma from

elementary computations, which are included in [14]. We use the notation p = ”'2" .

hi($,§/7R) = -

Lemma C.1. The following identities hold on 0X :

—1)(p—2)
B / 1 2 / 1) = M(M ’
w_(z',0,0, )Gwnag”who(x ,0,0,1) ST Or, ho(x'),
2
pr(p—1
O, w—0(2',0,0,1)0Z wy o(2',0,0,1) = —;T!wn)@znho(w')a

PP —1) ba')

Varw_ o(x',0,0,1) - Verde, wy o(2',0,0,1) = — 5 i, (@) - Varho(x'),
w_1(2',0,0,1)0, wy o(2',0,0,1) =
_ i,LLC17n(n2 — 1) 3 3. 17(“ + 3) 3.0
—W 50 (x,g®Lng)+mC (2", tng ® 1ng @ tng) | —
Tig b)) /
- T h : x’h )
4 -nlw, <8 " O(I)+h0(x’) Varho(a')
w_ o(2',0,0,1)0, wi 1(2',0,0,1) =
=D =) i +3)
- (n!wn)g 2 C (x ' g ® Lng) + 4h0($/) C (xv lng ® tng & Lng) +

b(a")

iM2(3M — 5) / /
—_— <8Inh0(x ) + ho(l‘/) . Vm/ho({ﬁ )) .

4-nlw,
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