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Outline

Q Introduction and results
@ Calder6n commutator estimate on Heisenberg group
@ Applications: Spectral estimates, noncommutative geometry

9 Heisenberg group and manifolds
@ Basic definitions, operators, function spaces

e Aspects of proofs

HG, M. Goffeng, Commutator estimates on sub-Riemannian manifolds and
applications, forthcoming (2013)
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Pseudodifferential operators

Fourier transform:
Fo&) = / e X p(x) dx, ¢ € SR") ={peC®||Xd¢| < CypVa,p]

F : S(R") — S(R") isomorphism, Foy ¢ = —i&jFo.
Useful to study differential operators on R":

P =37, 8. (050 = Fy (32, () (—i6)* Fo(§))

Pseudodifferential operators: “integral operators” O {) " a.(X)0y'} :
Po(x) = op(p) ¢(x) = F5y (P(X,€) Fo(), ¢ € SR

p ~ smooth rational function: [ 9¢p(x,€)| < Cap(1+ [¢))4 1! va, 3
d=order e R
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Pseudodifferential operators (¥'DO)

Po(x) = op(p) ¢(X) = fgjx (P(x, &) Fo(€))

@ turn PDE into algebra of symbols:

op(p) op(a) = 0p (pa— I3 105P 5+ - )
@ on manifold: P DO iff in local coordinates it is a DO on R"

@ developed from integral operator methods:
Calderon—-Zygmund (Acta Math. 1952)
Kohn—Nirenberg (Comm. Pure Appl. Math. 1965)
Hoérmander (Fields medal), Seeley
Atiyah-Singer index theorem (Bull. AMS 1963, Ann. Math. 1968)
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Main ingredient from harmonic analysis
P=>L8(x)d, & € L(R"), f : R" — R Lipschitz —
[P,flo = P(f¢) — Py =3, 8 ()¢ extends to bounded operator on LP

Calderon commutator estimate
@ P pseudodifferential operator of order 1 on R"
@ f : R" — R Lipschitz

— [P, f] LP(R")-bounded and ||[P, f]||Lo—re S |If|Lip

The following theorem was apparently not known (HG — Goffeng 2013):

Calderon commutator estimate on Heisenberg group H

@ P pseudodifferential operator of order 1 on H
o f : H — R Lipschitz on H

= [P, f] LP(H)-bounded and ||[P, f]|lLe—ie < |If|Lips
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Some questions

@ What is H?
@ What is a pseudodifferential operator on H?
@ What about the proof of the commutator estimate? Isn't this trivial?

@ Why do we care?
~> applications to spectral theory & noncommutative geometry
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Application to spectral asymptotics

Theorem (HG-Goffeng 2013)
® M closed sub-Riemannian (Heisenberg) manifold
@ T UDO of order 0, a Ca’a forsome0< a <1

Then [T, &] is a compact operator on L%(M). More precisely,
[T,a] € ¢ aM+l7°°(L2(M)) and its eigenvalues Xy satisfy

X <
SUkp‘)\k’ kam W1 Ha”c&“(M) 0

Remarks

a) The exponent g is sharp.

b) Complex geometers would be excited to learn that
limg_, o0 Ak kdm M+ exists and compute it.
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Application of spectral asymptotics

X, Y compact, connected, oriented manifolds
f: X — Y smooth, df #0
degree of f: degf =5 ;- Ly S|gn detdf (x) homotopy invariant

e © 6 ¢

analytical formula: o n-formonY, [[a =1
degf = [y t*a = fydet (4h)a
@ What about continuous f? Formulas without derivatives.
@ Idea of Connes (X = S'): g suitable,

deg f = (—1)""lindex Tger = dimker Tgor — dimcoker Tyef
@ Here: Ta: H%(SH, C") — H3(S!, C") Toeplitz operator
H?(SH,C") = {¢p € L?: ¢(n)=0 ¥n< 0}

Ta¢ = IIn>o0(a¢)
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Application of spectral asymptotics (ctd.)
@ deg f = (—1)"lindex Tgot = dimker Tgor — dimcoker Tyof
@ T,: H2(SHC") — H2(S', CM) Toeplitz operator
Ta¢ = Iln>o0(ao)
@ analytical index formula (rhs written as [ - - - [o)
index T = —try2 a I, a][IL,a 1] - - - [II, &[T, a Y

Theorem

@ ) rel. compact strictly pseudoconvex domain in Stein manifold,
002 C®

@ Hyq integral kernel of Szegd projection
@ ac C%(9Q,GL(N)), 2k + 1> dimQ/a

= index Ta = — [0z thuy [To(1 — &(3-1)*a())Hon(2-1.3) -
Summary: analytic formula for the degree of f : 9Q — GLy(C), f € CO
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Sub-Riemannian geometry of the Heisenberg group

3—dim. Euclidean space R3
o X = (& +3 +x3)¥/2
@ Lie group X+ Yy = (X1 + Y1,%X2 + Y2,X3 + Y3)
@ dilations Ax = (Axg, AXo, AX3), A(X+Y) = AX+ Ay, [A\X| = |A||X]
@ metric d(X,y) = [x—y| = inf{{(y) : v smooth curve x <>y }
@ special case of Connes metric:

d(x,y) = sup{f () = f(y) : f e Lip, [V, f]ll 2 = [Vl <1}

@ Riemannian manifolds locally look like this (mod curvature,
anisotropic rescaling)

@ Laplacian A = —92 — 92 — 92 elliptic
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Sub-Riemannian geometry of the Heisenberg group

3—dim. Heisenberg group H

@ as manifold H = R3

@ ||y = (X} + 3 + x3)¥/4 Koranyi gauge

@ Lie group Xy = (X1 + Y1, X2 + Y2, X3 + Y3 + 3(Xay2 — XoY1))

@ dilations X - X = (Axg, A2, A2X3), A- (X-y) = A - X+ X -y,
Al = (Al

@ Consider bundle Hy = R? x {0}, Hy = x- Ho.

@ Carnot—Caratheodory metric
d(x,y) = inf{{(v) : v smooth curve x <> ys.t. §(t) € H,q) Vt }
(Chow's Theorem: Such ~ exist.)

@ Locally d(x,y) ~ |x -y u.
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Sub-Riemannian geometry of H (ctd.)

3—dim. Heisenberg group H
@ special case of Connes metric? 3 operator D s.t.

d(x,y) = sup{f(x) — f(y) : f € Lip, [[[D,f]l| ey 2 <1} 7

@ Sub-Laplacian Ay ~ XiX; + X5X; sub—elliptic, where

1 1
X1 =01— §X233, Xo =00+ Exla& X3 =03

Hormander's Theorem: {Xj}7_,; vector fields on R" s.t. 3d < coVX
R" = {X1(X), ..., Xs(X), [X1, X2] (X), . . . , commutators up to orderd } .

Then A =377 ;) XX is sub—elliptic: ¢ € D', Ap € C* = ¢ € C™.
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Heisenberg manifolds

Definition

A Heisenberg manifold is a closed, compact Riemannian manifold M
endowed with a subbundle H C TM of codimension 1

s.t. TM = H + [H, H].

(3—dim.) Heisenberg manifolds locally look like (H, H) (mod curvature,
anisotropic rescaling)

Key examples: complex analysis and contact manifolds

a) N = {p < 0} c C" strictly pseudoconvex, i.e. i09o|sn > 0, M = ON,
H = kerd®

b) more general: M contact manifold, i.e. dim M = 2n — 1, 1—form ¢
s.t. 6 A d9" non—degenerate, H = ker dd
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The Sub-Laplacian Ay

@ (M, H) Heisenberg manifold, H = span{Xy, ..., Xn}

® Ay =31 XX formally on ¢ € CX(M)

@ Self-adjoint closure:
Bilinear form qu(¢) = Y[y Jy %02 dx on CZ(M) closable
domain of form closure

Dom(an) = {¢ € L2(M) : Xjé € LAM)¥j} = W (M)

Denote by Ay associated self-adjoint operator

@ Ay compact resolvent = sequence 0 < A1 < A < -+ = 0

@ Weyl's law / spectral asymptotics (Beals—Greiner—Stanton '87):
Ak kidimiz’\"+l — 1 fork — oo
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Application to noncommutative geometry

Recall that on a closed, compact Riemannian manifold:
d(x,y) = sup{f(x) = f(y) : f € Lip, [V, ]| 212 = [[Vf]lLe <1}

In NCG one studies spectral triples: (A, H,D:D C H — H).
A is an algebra of operators on the Hilbert space H,

D abstract Fredholm operator, order 1, compact resolvent.
Think A = C*(M), H = L2(M, S)

D = Dirac-type operator = operator s.t. D> — Ay order 1.
S(A) = positive linear functionals on A of norm 1. Here = M.

Connes metric on state space S(A)
dp(w,w’) == sup{|w(@) —w'(a)| :a€ A: [|[D,a]llz3) < 1}

For (A, H,D) = (C>, L2, Dirac), w,w’ point evaluations in x, y:
= Op(w,w’) = d(x,y) Riemannian distance.
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Application to noncommutative geometry (ctd.)

(M, H) closed, compact Heisenberg manifold.
Old question: Is there (A, H,D) s.t. dp(w,w’) = d(X,y)?
Dirac operators constructed from X; don’t do it — infinite dimensional
kernel.
Theorem (special case)
@ Dy horizontal Dirac
@ Sany operator ~ projection onto ker Dy
@ D= DH + 0S
Then (C>*(M), L%(M, S'M), Dy) spectral triple of same metric
dimension as (M, H) s.t.

(M,dp,) — (M,d) in Gromov-Hausdorff distance as 6 — 0.
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Pseudodifferential operators on U C H

1 1
X1 =01— §X233, Xo =02+ §X1<93, X3 =03

o1(x,§) = —i&1 + X2€3, o2(x,§) = —i& — i§X1€3, o3(X,§) = —i&s
0deC SUxH)=
{p € C®(UxH\{0}) : p(x, \-£) = A9p(x, &) VA >0, (x,€) € UxH}

@ F(UXH)={peC®UxH): Ipx€ Sy«x(UxH)YNVK €U

Re d—(B8)—N

338? (p— ZE:opk> (X7‘£>’ < Ca sk NIElH , WxeK, |€n > 1

@  Po(x) = op(p) ¢(X) = Fc 3 (P(X, 0(%,€)) F(£))
@ on manifold: P DO iff in local coordinates it is a YDO on H
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Pseudodifferential operators on U C H (ctd.)

o1(X, &) = —i&1 + IEX2§3, o2(X, &) = —ié2 — %Xlﬁs, 03(x,§) = —i&3

Pp(x) = op(p) ¢(x) = Fe3, (P(X 0(%,£)) Fp(£))

Properties
@ Ay elliptic ¥DO of order 2, Szeg6 projection order 0
@ PDEs on M ~» symbol algebra, order-0 op.'s bounded on LP(M)

@ generalized Calderon—Zygmund operators: integral kernel
Kp(X,y) = ke(X, X —y) in local coordinates satisfies

ke (X, x — y)| < d(x,y)~4m M—d
|Xj,xkp(X,X— y)| < d(x, y)—dim M—d—1
X ykp (X, X — Y)| < d(x,y)~ dm M-d-1

@ Best constants ||Kp||cz
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Function spaces

Function spaces
@ Cke(M) using Heisenberg metric & X;
® W8 (M) = (1+An) 92 LA(M)
@ Littlewood—Paley decomposition based on Koranyi gauge | - |
~ HBS,q

@ cf. Bahouri—-Fermanian-Kammerer—Gallagher (Asterisque 2012),
we need sharp estimates!

@ qualitative properties (interpolation, embedding thms.) as on R"

@ quantitative estimates often only known with loss of derivatives
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Order 1 to order O

Calderon commutator estimate =
For any T ¥DO of order O, f € Lipy

T flllzwg, < NFllip -
Writing [T,f] = Id o [T,f] : L2 = W} — L2, the estimate

1
Sl;pl/\k([T,f])! kam W1 S5 {1 Lipy

follows from
@ the spectral asymptotics of Ay,
)\k(AH) |(7di"172'\"7Ll — 9,
@ (dm M+loo(] 2(M)) is an ideal under composition .
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Order 1 to order O

Calderdon commutator estimate =
For any T ¥DO of order O, f € Lipy

T 1wy S Nflluip -

Proof: May reduceto Ts.t. T2—1=T*-T =0.

_— 0 VAT p2_ (A 0
T = \TVAq 0 T\ 0 TAxT)

Thus 1+ D% > 0.

= —1/2

T .= Dr(1+ D2)"Y2 = (Tm(liAH)_m VAR(1 +0AH) T) |

Note:

(2 T\ 0 (VAR(L+ Ap) Y2 = 1)T
- (T 0) a <T(¢AT|(1+ An)~Y2 - 1) 0 )
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Order 1 to order O

Calderon commutator estimate =
For any T DO of order O, f € Lipy

1T fleswa S [l

= —1/2

T.=Dr(1+D3) %2 = (Tm(liAH)_m VAR +0AH) T) |

Note:

(2 T)_ 0 (VAR(L+Ap) Y2 - )T
- <T 0) a <T(x/AT|(1+AH)—1/2— 1) 0 >

0T

Definition of WY: T — <T 0) : L2 — W} bounded
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Order 1 to order O

Calderon commutator estimate =
For any T ¥DO of order O, f € Lipy

T 12wy S Nflluipy -

0 TY 2 1
C I : L — Wj bounded

Operator inequality: For f € Lipcc(M) with values in iR,

Definition of WY: T

— D7, f]llemiz(L+ DF) "2 < [T,f] < ||[Dr. ]l ei2(1 + DF) 2

= Tl

< (1 +DF) 2|z 11D, 1l ooz <cce ClIf Lipa-
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From Lipy to C}“

Conclusion

For any T ¥DO of order 0, a+ [T, a] is bounded
® Lip(M) — (dm M+Loo (1 2(M)),
@ (easy) CO(M) — K(L?(M))

dm M+1
[e3

Interpolation ~» CO*(M) — ¢ 22(L2(M)), i.e.

ima <
sup [Xe( [T, &) Ko7 71 5 [l o -

Pseudodifferential calculus shows CK (M) — ¢dm M+1.00(] 2(M)) for
large k.
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A Tb theorem by Hytbnen—Martikainen

Hyténen—Martikainen (2012)

Let T be an L2-bounded integral operator with Calderén—-Zygmund
kernel K, by, by € L>°(M) with Reb;,Reb, > ¢ >0, k,A > 1and
S:(0,1] — (0,00). Then

1Tl zzmy) S [IToallemoz + 1T b2llemoz + [IP2Toawep, s + Kt llcz -

Here || T||lwep, s is the best constant C s.t. (Txge, xge) < CS(¢)|A - B for
fixed cut-off function xg < xge < X(14¢)B-

The basic idea in our proof of the Calder6n commutator estimate is to
a) show that T = [D, f] bounded,
b) deduce operator norm < ||f||Lip, by estimating the right hand side.
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Conclusions & Outlook

@ Harmonic analysis on H is useful in other areas

@ Calderon commutator estimate for [D*, f] implies sharp spectral
estimates for [T?, ]

@ Elliptic techniques of Birman—Solomyak, Sukochev et al. should
allow to prove existence / compute

lim A(|T, a)) kam vt =?
k— o0

and certain regularized integrals in complex analysis.
@ But: Need sharp estimates on H!
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