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Abstract

This article studies a boundary element method for dynamic frictional contact between linearly
elastic bodies. We formulate these problems as a time-dependent variational inequality on the
boundary, involving the Poincaré-Steklov operator. The variational inequality is solved in a mixed
formulation using boundary elements in the time domain. In the model problem of unilateral
Tresca friction contact with a rigid obstacle we obtain an a priori estimate for the resulting Galerkin
approximations. Numerical experiments in two space dimensions demonstrate the stability, energy
conservation and convergence of the proposed method for contact problems involving concrete and
steel in the linearly elastic regime. They address both unilateral and two-sided dynamic contact
with Tresca or Coulomb friction.
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1 Introduction

The deformation of an elastic body naturally involves contact with surrounding materials. The re-
sulting nonpenetration constraints and friction lead to significant challenges for numerical simulations,
especially in dynamic problems, because the time discretization interacts with the contact conditions.
In the absence of dissipation, for common finite element procedures of dynamic contact at most stability
or the approximate conservation of energy have been established. See [7, 9, 11, 12, 17,24, 27,29, 31, 32]
for examples from the extensive mathematical finite element literature on static and dynamic contact

problems.
As the contact takes place on the surface, boundary element and coupled finite element / bound-
ary element approaches provide an efficient alternative in static or quasi-static problems [25]. Their

numerical analysis has been extensively studied and is well-understood in the context of elliptic vari-
ational inequalities. Rigorous boundary element methods for dynamic problems, however, were only
recently introduced and investigated for simplified dynamic model problems, such as scalar and simple
elastodynamic unilateral Signorini problems [3, 20].

In this article we propose and study a time-domain boundary element method for the full, dynamic
frictional contact problem between two linearly elastic bodies. We investigate its properties and its
performance from model situations to simulations with realistic material parameters, in particular the
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stability, convergence and energy conservation.

In order to describe our results more precisely, we consider the dynamics of a homogeneous, linearly
elastic body in a bounded domain Q C R?, d = 2,3, whose boundary 952 is denoted by I'. The dynamics
of the body is described by the Navier-Lamé equations

V.o(u)—pui=0 (1)

for the unknown displacement vector u in 2 at times ¢ € (0, T]. Here, a dot denotes the derivative with
respect to ¢, o the homogeneous mass density and o(u) the Cauchy stress tensor

o(u) = o(cf — 2¢3) (V- u)l + ocf (Vu+Vu'),

where the pressure and shear velocities are denoted by cp, cs.

The contact boundary conditions on a given contact boundary I'c C I' combine the non-penetration
of an obstacle with friction tangent to the boundary. To describe them, we denote by n the outward-
pointing unit normal vector to I', and by v, and v the normal, respectively tangential, components
of a vector v at I". In particular v; := —v - n. In terms of the elastic traction

p=o(u).n, (2)
for small deformations the non-penetration condition becomes

{ULZQ,PLZfL, 3)

up >g = prL=fr.

The mechanical interpretations of the gap function g and the prescribed force f are discussed in Section
2 below. The non-penetration is accompanied by friction parallel to ', and it is given by

Ipyll < F,
Ipyll < F =1y =0, (4)
”pH” =F=3Ja>0: u” = —ap|.

The friction law is determined by the friction threshold F > 0. Section 2 discusses the mechanical
interpretation of the Tresca and Coulomb friction laws.

The contact boundary conditions (3), (4) on I'c are complemented by boundary conditions prescribing
the traction on I'y C T and the displacement on the remainder I'p =T\ Ts, where I', :=T'ny UT¢ is
the union of the contact and traction boundaries.

Building on [3], we use the elastodynamic Poincaré-Steklov operator to formulate the contact problem
(1), (3), (4) as a variational inequality on the boundary I'. We discretize an equivalent mixed for-
mulation for the displacement and the contact forces using a time-domain Galerkin boundary element
method and solve the resulting nonlinear problem by an Uzawa algorithm.

This article presents the details of the algebraic formulation and implementation of the energetic space-
time boundary element method for both the above-described unilateral friction problem and the fric-
tional contact between two bodies. Numerical results confirm the stability and convergence of the
proposed method in two dimensions. We present results in unilateral model problems with Tresca and
Coulomb friction, as well as for contact involving concrete and steel. Both polygonal and curved contact
boundaries are considered, as well as contact between two elastic bodies. Theoretically, we obtain an
a priori estimate in the model problem of unilateral Tresca friction contact, generalizing the results in
[3] for the unilateral Signorini problem.

The methods developed in this article build on recent advances for boundary elements for time-
dependent problems, see [15, 21, 26, 33] for an overview. For the numerical analysis and computational



aspects in the case of elastodynamic problems we refer to [1, 2, 5, 6, 8, 18, 34].

This article is structured as follows: in Section 2 the dynamic frictional contact problem will be intro-
duced, for both unilateral and two-body contact. In Section 3, we introduce and analyze variational
and mixed formulations for the unilateral frictional contact problem, together with its discretization,
giving also a priori error estimates. In this Section both Fresca and Coulomb frictions are taken into
account. The generalization to the two-body contact problem will be considered in Section 4. Algo-
rithmic details will be provided in Section 5. Several numerical results will be presented in Section 6.

Some conclusions are given in Section 7.

Notation: We write f < g if f < Cg for some constant C' > 0, and f <, g if the constant C' > 0 may
depend on a parameter o.

2 Dynamic frictional contact: problem formulations
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Figure 1: Schematic depiction of unilateral (a) and bilateral (b) contact problems.

This subsection introduces the equations which govern the contact problems studied in this article. As
illustrated in Figure 1(a) for d = 2, we consider the time dependent deformation of a linearly elastic
body, described by the Navier-Lamé equations (1) for the displacement u in a bounded domain  C R9,
d = 2,3, with boundary I' := 99Q. For the remainder of this article we assume that € is a bounded
polygonal or polyhedral Lipschitz domain. Starting from the reference configuration, u = 0 for times
t < 0, the dynamics of the body can be due to surface forces f prescribed on the subset I's, C I' already
introduced in the previous section.

The unilateral contact problem considered in this article describes the impossibility of the body to
penetrate an adjacent rigid surface. In Figure 1(a) the impenetrable obstacle is given by the positive
a- and y-axes. Nonpenetration of the obstacle leads to the contact condition (3) on the part I'c C T" of
the boundary where contact may occur. More precisely, from (3) contact takes place when the normal
displacement satisfies u; = g, where g describes the gap between the reference configuration and the
obstacle. Contact is avoided when u, > ¢, and then only the applied surface forces p; = f, act on
I'c. In addition to nonpenetration, contact leads to frictional forces tangential to the rigid surface on
[c. The friction law is specified by the friction threshold F > 0. The tangential displacement u of the
body remains fixed, 1 = 0, until the magnitude of the parallel traction p| reaches 7. Once ||p||| = F
the body deforms with a velocity parallel to the direction of the traction pj.

Typical friction laws include Tresca and Coulomb friction, both of which are considered in this article.
Tresca friction corresponds to a prescribed threshold F € L>°(I'¢) which is independent of the traction



p and the nonpenetration condition. Friction may then take place even when u; > g, leading to
unphysical non-zero tangential tractions outside the physical contact area. This problem is avoided
by the Coulomb friction law, which replaces the prescribed friction threshold F by the function F =
Fe|pL|. Coulomb friction is often used in applications as a model for dry friction; we also refer to [35]
for further background on Coulomb friction and other friction laws.

At last, the body is fixed on I'p C T'. Hence, the full system of governing equations describing the
unilateral frictional contact problem is then given by:

V:.o(u)—pi=0 in (0,7] x (5a)
u=0 on (0,T]xTp (5b)
p=f on(0,7]xTy (5¢)

together with the contact conditions (3), (4) on (0,7] x I'c and homogeneous initial condition u = 0
in Q for £ < 0. Here and in the following we assume that f; = 0 on (0,7 x I'c. It is also convenient to
write the contact boundary conditions (3), (4) in a compact form, as

ur >9g,p1L>fi, (L= fo)(ur —g)=0, (6)
lpyll < F, py-ay + F|layl| =0. (7)

The unilateral frictional contact problem described above readily generalizes to a frictional contact
problem between two linearly elastic bodies, as depicted in Figure 1(b). Their time dependent defor-
mation is described by the Navier-Lamé equations for their displacements ui,us in €1, respectively
Qg:

V'O'j(Uj)—QﬁjZO in (O,T]XQj,j:LQ. (8)

Starting from the reference configuration, u; = 0, j = 1,2, for times ¢ < 0, the dynamics is now
governed by transmission and contact conditions at the interface, on I'; and I'c. We also impose
surface forces on I'y C 0921 U 95 and fix the bodies on I'p C 021 U 025, as described above for
unilateral contact.

In this article we restrict to a formulation valid for small relative deformations of €y and Qs, see [10]
for general, large deformations in a time-independent contact problem. The contact between the two
bodies takes place at the interface 921 N s, where either transmission conditions (on I';) or contact
conditions (on I'¢) are imposed. The transmission conditions describe a rigid connection between €
and s:

u —uy=g on (0,7] xTy (9a)
p1+p2=f on(0,7] xTy. (9b)
Data g = 0, f = 0, correspond to the continuity of displacements and equilibrium of tractions, while
general g, f allow to model a fixed, rigid relative displacement or surface forces at the interface. The

contact conditions on (0,7] x I'¢c allow the opening of a small gap and friction at the contact interface
I'c; they depend on the relative displacements and relative tractions of the two bodies:

uL —ug 1 > g1, pr,L >0, pa1 < fu, {pl’L =f1=p21 =0 ?f UL Tl > 9L ; (10)
P11 +Dp21 = f1 ifuy, | —us 1 =91
Pu + P2y — £ =0, [Pyl £ F, prj- (@) — g — &) + Fllag —ag ) — gyl =0.  (11)
The traction and displacement conditions are as for the unilateral contact problem:
u; =0 on (0,7]xI'p (12a)
p,=f on (0, 7] x Tn. (12b)



For the contact of two bodies, it will be convenient to define the interface I'i, := I'c UT'; and I'y, as
I's:=T'yuU ].—VE

3 Unilateral frictional contact

Boundary element methods reduce the differential equation (1) to the boundary of the domain. The
resulting lower-dimensional problem can lead to efficient numerical schemes for contact problems, where
the key difficulties are on the boundary.
In this article we reduce the unilateral frictional contact problem (5), (6), (7) to an equivalent variational
inequality on the boundary. The reduction involves the Poincaré-Steklov operator S on (0,7] x T',
defined by

S(ulr) =0 (u).n=p. (13)

Here, u is the solution to the elastodynamic equation (5a) in (0,7] x 2, given a prescribed Dirichlet
datum u|p. The traction p in the last equality was defined in (2). To simplify the notation, the subscript
|r in the argument of the operator S is omitted whenever it is clear from the context. Mapping properties
of § are recalled in [3] (see Theorem 5 there).

3.1 Variational inequality and mixed formulation for Tresca friction

In a first step we consider the dynamic Tresca friction problem, where the friction threshold 0 < F €
L*(T'¢) in (7) is independent of p. Its variational formulation involves weighted L? scalar products in
space and time, defined by

T
(u,v)o,r 0,1 = / u(t,x) - v(t,x) dl'x dt, (14)
o Jr

(U, v)o r R+ ::/ efzat/u(t,x) -v(t,x) dl'x dt, (15)
0 r

where o > 0. The subscript I' may also be replaced by a subset IV C T" of the boundary, when relevant.
The variational formulation of the contact problem involves the friction functional

T
i) ::/0 /FC]-"||V|||dedt, (16)

More concisely, we write j(v) = (F, ||[V||l)o,re,0,77- We also require the linear operator 9, which dif-
ferentiates only the tangential component of a vectorial function v with respect to time; in particular,
(9t7|‘V = V, if vl = O, while (9t7|‘V =V, if v = 0.

The formulation of (5), (6), (7) as a variational inequality in terms of S then reads as follows, for a
given gap function g on (0,7] X I' and surface forces f on (0,7] x I's:

findueC:={v:(0,T]xI -R*:v=0 ae.on (0,7] x'p, vy >gae. on (0,7 x Cc} such that

(Su, 3t,‘|(v — u))o,p):7(07T] —+ j(V) — ](u) Z <f, 5',57” (V — u)>07pz7(0,T] VV S C (17)

In order to relate the variational inequality (17) to the contact problem (5), (6), (7), recall that the
displacement u in the domain (0,7 x §2 can be recovered from its boundary trace u|r on (0,7] x I'.
This is typical for direct boundary element methods and we review it below in Section 5.1 (see, in
particular, the representation formula (46)).

Proposition 1. The variational inequality (17) for the displacement u|r on (0,T] x T is equivalent to
the unilateral frictional contact problem (5), (6), (7) for the solution u in (0,T] x Q.



Proof. First, we show that the boundary trace u|r satisfies (17), if u is a solution to (5), (6), (7).
In the perpendicular component on I'¢, we write the non-penetration boundary condition (6) in terms
of S using the definition (13):

ur >g, S(ur)r > fi, (ur—g)(Sulr)L —f1)=0. (18)
The condition (7) for the parallel component on I' becomes,
ISCalp)ll < F, SCalr)y - ay + F [lay [ = 0. (19)

On I'y the Neumann boundary conditions (5c) imply S(u|r) = f. Recalling that f; = 0 on (0,7] x I'¢,
we find for any v € C

(S(ulr) = £,0;)(v —ulr))o,ry, 0 +J(v) —j(ulr)
= (S(ulr)y — £, (v =) ory o + (Sulr)y — £, (v —alr)ore, o) +5(v) —i(ulr)
+(S(ulr)L — fi, (v —ulr)L)ors,01]
=0+ (S(ulr), (v —1a[r))ore 0 +3(v) —j(ulr)

+(S(ulr)L — fL, v = gors, 0, — (S(ur)L — fi,ur — g)o,ry, (0,7

We are going to show that the right hand side is > 0. First note that (S(u|r) L —f1,v1—9)o,rs, 0,77 >0
and the last term is trivial, so that we only need to show (S(u|r)|, (V=1|r)|)o.re,(0,71+7(V)—j(ulr) > 0.
From (19) S(uh")u UH +F ||11H H = 0, and we observe <S(U‘F)H,UH |F>0,Fc,(0,T] +](u|p) = 0 and therefore

(S(ulr)) — £, (v = qylr))o,re 0,7 +5(v) — j(ulr) = (S(uylr), v)o,re, 0,7 + 5 (V) -
Using the first inequality in (19),
(SQalr)is vipo,re, 0,11 = —(Fs [IVylho,re,01 = —i(v),

so that
(S(uylr); vipore. 0. +3(v) > 0.

Summarizing, we have proved that
(S(ulr) = £,0, (v —ulr))o,rs 0,1 +J(v) — j(ulr) = 0,

and (17) follows.

We now show the converse assertion, that a sufficiently smooth solution u|r of (17) leads to a solution
u of the frictional contact problem (5), (6), (7). First note that the solution u in the domain (0, 7] x 2
can be recovered from its boundary values on (0,7] x I" (see the representation formula (46) in Section
5.1). We therefore only need to show that the solution u satisfies the boundary conditions.

The homogeneous Dirichlet condition on I'p is satisfied because u € C. To obtain the traction boundary
conditions, choose v =u|r +w € C, for w with w; > g —wuy on (0,7] x I'c. Then (17) implies

(S(ulr), 0y yw)o,rs 0,11 +J(ulr +w) —j(ulr) > (£, 0,y W)o,ry,(0,77- (20)
Similarly, with v =u|pr — w € C, with w; <wu; — g on (0,7] x T'c, we obtain
—(S(ulr), 0, W)o,rs, 0,11 +i(ulr —w) —j(ulr) > —(f,0¢ | W)o,ry,(0,7]- (21)
When we consider w = 0 a.e. on (0,7] x I'c in (20), (21), we conclude that

(S(ulr), 0, W)o,r 0,77 = (£, 0r ) W)o, 0w, (0,77



and therefore the traction boundary condition (5¢): p = S(ujr) = f on I'y holds.

To obtain the contact boundary conditions on I'¢ we first verify the non-penetration condition (18) in
the normal component. Note that u; > g on I'c because u|r € C. Now choose w; =0,w, >0a.e.
on (0,7] x ¢ in (20). As we already know S(u|r) = f on I'y, we obtain

0> (=S(ulr) +£,0:W)o,ry, 0,71 = (=S(ulr)L + fL,wi)ore 0,1

The assertion S(ulr)L > f1 a.e. on (0,7] x I'c immediately follows.
The remaining condition in (18) is obtained by choosing w such that w = (g—u, |r)n a.e. on (0, T|xT¢.
Then (20), (21) imply

0= (=8(ulr)L + fr,9 —uLlr)ore, 0,1 (22)

From above we recall that g —uy|r <0 and —S(ulr)L + f1L <0 a.e., so that from (22) we conclude
0= (=S(ulr)L + fL)(g —uslr)

a.e. on (0,7] x T'¢, i.e. the equality in (18).

We finally verify the friction conditions (19) on (0,7] x I'c. Recall the Neumann condition and, from

below (5), that f| = 0 there. We again use (20), here with w such that w, = 0, as well as the definition
of the functional j:

(SQalr))s Wiho,re, 0,71 + (Fs [[(ale + W)yl = [[ay|rl)o,re, 0.1 = 0.

From the triangle inequality, ||(a|r + W) || — [[ay[r|] < |[wy], so that

(Fo W Do,re 0,0 = —(SM@lr) |, W)o,re,0,1]-

An analogous argument with (21), instead of (20), leads to

(F, ¥y 1ho.re. 0, = (SQ@lr), Wio,re, 0,17

We conclude the first condition in (19): [|S(ulr)y|| < F a.e. on (0,T] x I'c.

The second condition in (19) then follows from (20), (21) with w = uj. Indeed, from (20) we have
that (S(ulr)) — fj, 0)o,rs, 0,77 + J(ulr) > 0, while (21) implies the opposite inequality, (S(ulr); —
f‘|,l'l‘|>07p27(0,T] +j(ulr) <0. As S(u|r) =f on (O,T] x 'y and fH =0, ||S(u|p)“|| < F on (07T] x e,
we obtain that S(ulr)| - i) + F[[qy]| = 0 a.e. on (0,T] x I'c

Therefore, we proved that a sufficiently regular solution of (17) leads to a solution u of the frictional
contact problem (5), (6), (7). O

For the numerical approximation of the frictional contact problem we consider a mixed formulation
of the variational inequality (17), which involves both the displacement and the contact forces. A
precise statement, amenable to the discretization and error analysis below, requires us to introduce
appropriate function spaces. Based on the scalar products (14), (15), we define space-time Sobolev
spaces H"(Z, H*(I")) on subsets I C " and for time intervals Z = [0, 7], R*, which are introduced in
Appendix.

The mixed formulation of problem (17) relies on the closed convex set
M*(F) = {w e HY2([0,T], - /2(Te))

%) o.ro 01 < (Fo 91 Do ro 02y - ¥ W € HV2(0,T], HY2(T)) w1 < o} . (23)



Let us observe that the above definition of M (F) implies (11, w1 ) p,, (0,71 < 0, a weak formulation

of the inequality p; > 0. Moreover, it can be shown that <“’H’WH>0,FC,(0,T] < (Flwylhore.. .17
which is a weak formulation of the inequality [|p| < F.
Now, let us show that

A:=8u-—fe M (F). (24)

At first note that because of the traction boundary condition A = 0 in (0,7] x 'y, so in particular
outside T'c for what concerns the space variable. Next, we show ()|, /LUJ_>07FC7(0,T] <0 for all w; <0.
This is a weak formulation of the non-penetration boundary condition p; > f, and the proof is similar
to Proposition 1. In fact, choose v.=u—w with w =0 in (17) and note that u; —w, > g; we obtain

(AL wi)orgom = —((SW)L = fr,wi)ore o1 =0,

or (AL, w1)o,re 0,7 < 0. Toshow (24), it remains to prove a weak formulation of the friction boundary
condition, i.e. that for all w:

<’\H’WH>0,FC,(0,T] = <(Su)\lvw\|>o,rc,(o,T] < (%, HW””>0,Fc,(0,T]’ (25)
recalling that fj = 0 on (0,7] x I'c. For this, choose v .= u —w with w; = 0 in (17) and use
1w = w)y [ = [luy || < [lwy]. We obtain

— ((SW)y, wipo.re. 0,71 + (F5 W) Do,re. 0.1
= —((Sw)y, wy)o,re, 0,11 + (F [[(@ = w)yll = [l ho,re. 0y =0,

from which (25) follows. Altogether, we conclude (24).

With M+ (F) as set of Lagrange multipliers, the mixed formulation of the variational inequality (17)
reads, for data g € H'/2([0,T], H/?(T¢)) and f € H'/?([0,T], H-'/?(I's)):

find (u,X) € HY2([0,T), H'/?(T'g))% x M*(F) such that

(Su,v)o g 017 = A Viore, o1 = £ V)0 rs 0.1 Vv e HY2([0,T], H/*(Tx))*  (26a)
<“ - )"at,\lu>o,rcy(o,T] > (9,11 — )‘J->O,Fc,(0,T] Vp € M*(F). (26b)

Theorem 2. The mized formulation (26), the variational inequality (17) and the unilateral frictional
contact problem (5), (6), (7) are equivalent.

Proof. The equivalence of the variational inequality and the unilateral frictional contact problem follows
from Proposition 1.

We show that if u is a solution to the unilateral frictional contact problem (5), (6), (7), then (u|r, S(u|r)—
f) is a solution to the mixed formulation (26). Indeed, A = S(ulr) — f € M (F) as shown above and
(26a) is satisfied by definition of A. To see (26b), we show that for all g € M (F)

(B = Ao p 0 =0 and  (pL = AL, ul = g)ore o1 = 0-

For the inequality involving the parallel components, observe that | (g, 0 >0 e, (0.T] | < (F, [l )

because g € M (F). From (7) and remembering that fj = 0, (=X, ), To.(0.1] = (F, oy, To.0.1]"
Combining these estimates, the claimed inequality follows:

=200 00 0o = 1B ro 0.0 | Fo D r e 02y = O-

0,'¢,(0,7)’



For the inequality involving the perpendicular component, recall that A\ (u; —¢g)=0and u; —g>0
from (6). Hence, from p € M (F) we conclude

(L =Arur = 9)ore,0m = WL = 9o 01 2 0-

This shows that (u|r,S(u|r) — f) is indeed a solution to the mixed formulation (26).

It remains to show the converse, i.e. that a solution to the mixed formulation (26) corresponds to a
solution to the unilateral frictional contact problem (5), (6), (7). This is shown similarly to the proof
of Theorem 14 in [20] for the wave equation.

First, a solution u in the domain (0,77] x £ can be recovered from its boundary values on (0,7] x I'
(see the representation formula (46) in Section 5.1). We now show that the solution u satisfies the
boundary conditions.

The null Dirichlet condition (5b) is immediate from the chosen function spaces in the mixed formulation,
while the traction boundary condition (5¢) in (0,7 x I'y follows from (26a), because A = 0 there. For
the contact conditions, A € M (F) implies ||p;|| < F and py > fi. It remains to show

uyp >g, (pr—fr)(ur—g)=0 and pj-u)+ Flyl=0.

First, choosing p € M™(F) with g = A in (26b), we obtain (u1 — A1, u1 —g)gr, 0 = 0. With
the further choice pu; = Ay + iy, we find (f ,uy — g>0,rc,(o,T] >0 forall p; >0, henceu; —g >0
a.e. on (0,7] x T'c.

Similarly, with gy = 0, respectively p; = 2A;, we find F (A ,u, *9>0,rc,(o,T] > 0, and therefore
(A, uy _g>0,rc,(0,T] = 0. As both Ay > 0 and u; —¢g > 0 we conclude A\ (u; —¢g) = 0 a.e. on
(O, T} x Te.

To see the remaining identity, pj - u) + F|i|| = 0, we may assume uj # 0. Choose p € M*(F) with

bl

Ty T in (26b), to obtain

pr =AL and p = —F =l respectively = 2X +F

[lay I

. _ ‘;lH .
0< (uy — )‘\|’u\|>0,1“c,(0,T] =+ <‘7:||1'1HH + PH’UH>O7FC’(O7T]-

This shows 0 = <]:H3ﬁ + p||,1'1”> , and therefore 0 = F|[y|| + py - i) a.e. on (0,7] x'c. O

0,T'c,(0,T]
In spite of the interest in dynamic contact problems, their rigorous mathematical analysis is widely
open. Even the existence of solutions is only known for certain dissipative materials or for not perfectly
rigid, but dissipative obstacles, see e.g. [13]. Without dissipation the existence of a solution has been
proven for simplified problems involving the scalar wave equation in special geometries [14, 30], without
friction. The analysis of [14] served as a starting point for the development of boundary element methods
for the dynamic Signorini problem in [20].

3.2 Discretization

To solve the mixed formulation (26), in a discretized form, we consider a uniform decomposition of the
time interval [0,T] with time step At = NLN, Na; € NT, generated by the time instants t, = (At,
{=0,..., Na:. We define the corresponding spaces

VA_tl _ {”UAt S Lz([O,TD : UAt'[te,teH] € Py, V0 =0,..., Nas — 1},

(27)
VY, = {m € C°0,7)) : rau,,,,,, € Pr ¥ =0,...Nas = 1, v(0) = 0}7

where Py, s > 0, is the space of the algebraic polynomials of degree s. For the space discretization with
d = 2, we introduce a boundary mesh constituted by a set of straight line segments 7 = {e1,...,en}



such that h; := length(e;) < h, e;Ne; =0 if i # j and UM e; =T if " is polygonal, or a suitably fine
approximation of I" otherwise. For d = 3, we assume that I' is triangulated by T = {e1, -+ ,en}, with
h; == diam(e;) < h, e;Ne; =0 if i # j and, if & Ne; # 0, the intersection is either an edge or a vertex
of both triangles. On T we consider the spaces of piecewise polynomial functions

Xyp={wn € L*(T) : whle, € P, e; € T} CHVAT), Xt =X, 1N H-Y2T),  (28)

X = {wy € COT) = wyle, € Py, e € T} C HYAT), X = X0 0 HYAI), (29)
where IV C T.
The full discretization of (26) involves the following subspace of M (F)
M ap(F) = {MH,AT € (Xpr, ®Vap)®:prmar >0 and ||p) marl < F on (0,T] x Fc}~ (30)

Denoting a discretized version of the Poincaré-Steklov operator by Sp a¢, it reads:
find (up, A, AmaT) € (X,?’FE ® VAOt)d X M;?AT(}") such that

<S}L,Atuh,At7V}L,At>07p27(0,T] - <)\H,ATth,At>07pcy(07T] = (f, Vh,At>07pE,(0,T] Vv, At € (Xgrz @ VR3)?
(31a)

(BaAT — AH,AT, at,Huh,At>O’FC7(O’T] > (g L, HAT = ALHAT) o r (0 (0,1] Viu.ar € Mf ap(F).
(31b)

A standard solver for the discrete formulation (31) is given by the Uzawa algorithm, which involves the
L2-projection Pr¢ : L2((0,T); L3(T))¢ — MEAT(]:), defined by

WH, if HWHH S ]:7
Frd if |wy|| > F,

lIw i

Pre(w) . = max{w,,0}, Pro(w)) = {

as well as the function g such that g, = g, g = 0 (i.e. g = —gn). This algorithm is given explicitly
by:

Algorithm 1 (Uzawa algorithm for unilateral frictional contact)
Fix p > 0.
— o _
k=0, Agar =0
while stopping criterion not satisfied do

solve equation (31a) for ugf)m

k k k
compute Ay 15 = Pre(Afar — p(0 i), — 2))
kE<—Ek+1
end while

The implementation of Algorithm 1 will be discussed in Section 5. For the contact problem without
friction the convergence of the Uzawa method has been proved in [3].

3.3 Analysis

In this section we state an a priori error estimate for the mixed formulation of the unilateral frictional
contact problem (26) and its discretization (31). It builds on the corresponding analysis for the Signorini
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problem in [3] and requires the formulation of (26) presented for times ¢t € RT, using the generalized
inner product (15) for ¢ > 0 and considering

MH(F) = {u e HY2(RY,HV2(T0) "

BV gro s < F VI g ¥ v € B V2R EVAT) o <0} (32)

For f € H}/? (R, H‘l/Q(Fz))d, F € L®(T¢) and g € HY*(R*+, HY/2(T¢)) the formulation is given by:
find (w,\) € HY*(R+, HY2(T'))? x M+(F) such that

<Su7 V>U,FE,R+ - <A7 V>O’,FC7R+ = <f7 V>U,FE7IR+ Vv e H;/2 (R+7 gl/Q (FZ))d (33&)
(=X 000, (e > {90 = Ao Y€ MY(F). (33b)

The corresponding discretization, generalizing (31), is given by:
find (wpae, Agar) € (X, @ VR, x My A such that

(Sh,atanae, Viat)y re e — ABAT VRt oo m+ = (6 VRa)y ry me VVhAL € (Xhry ® Vi,)e
(34a)

(BE,aT — Ag,AT, 8t,||uh,At>U,Fc7R+ 2 (9, WL, H,AT = ALHAT) 5 1o m+ Vumar € M ar(F) ,
(34b)

where the involved discrete functional spaces contain functions supported in a finite number of time
steps.

A key ingredient to obtain the a priori error estimate is the following inf-sup estimate. For scalar Ay a1
the proof of the following Theorem 3 is given in [20, Theorem 15]. The estimate extends verbatim to
vector-valued Ay a7, by applying it to the individual components:

d max{h,At}

[ AT} < C. Then there exists o > 0 such that

Theorem 3. Let C > 0 sufficiently small an
VA AT € (XI:I,ch & VA_%)d:

(Vh,Ats AHAT) 0,00 RY

sup > alAgarlo-1o -
Vi, at€(XP L@VR,)? th,AtHO,%,a’,*
Theorem 4. Let (u,\) € H;/Q(RJF, HY?(I's))® x MJF(]:) be a solution to the mized problem (33) and
(un,At, AgAT) € (X,?,FE ® V9,)? x ME’AT a solution of the discretized mized problem (34). Assume
that S is coercive. Then for a sufficiently small constant C > 0 and % < C, the following a
priori estimates hold:

IN=Amarllo-10 S . inf N =Xearlo s+ A0 2 u—warl 300, (35)
AH,ATEM;,AT(]:)
_ < 1 _
I =il pon So G g el T Vil g
+ it {Amar=Aly o+ Amar = Auarly .} - (36)
A, ar €My Ap(F) 2 22

11



Proof. The weak formulation (33) and its discretization (34) imply that for arbitrary Ay ar € ME A (F):

<)\H,AT - S\H,AT,V}L,AOU,FC,JM = <Suh,Atavh,At>g,I‘g,R+ - <f, V}L,At>g,FE,R+ - <5\H,AT;Vh,At>a,FC,]R+
= (Sup,at, Viat) o rs R+ — (SU, Vi AL o Ts R + (A, Vi AL 0T RY
- <5\H,AT7Vh,At>g,FC,R+
= (S(upar — W), Vi at)ors mt + A= ALAT, Vi AL ore B - (37)

The inf-sup condition in Theorem 3 and equation (37) lead to:

(AH,AT — AH,AT, Vh,At) ol R+

a|Agar —Amarllo -1, < sup
Vhar€(X0 VS, IVh.atllo 1 0.4
B sup (S(un,at — 1), Vi At) o0 kT T (A — XH AT, Vi At)o,D o RF
Vhat€(X] p ®VR,)? HVh,At”o,%,a,*
For the first term, the continuity of the duality pairing and an inverse inequality in time [22, p. 451]
lead to

[(S(un,ae — 1), Vi ad)ers rr| < ISunae —wWll_1 1 ol1viadlli 1 0x

S unae—ull_1 1 o (A2 [V atllo s o -

272
For the second term, similarly we obtain:
[A = Amar, Vi aderesms | < IA=Amarlo -1 olvaadllo s on -

It follows

0,—%,0‘)

: kY _1
So inf A =Agarll 1+ (A) 2 lupac —ul 11,
AH, AT

IA=Aarlo g0 < inf (IA=Xmarlo- g0+ IAnar = Anar
AH AT

hence the a priori estimate (35) is proved. To show the second estimate, (36), first note that from (37)

(S(u—=up,At), Viat)ors B+ = (X — AHAT, Vi, AL) 0T RS -

By assumption the Poincaré-Steklov operator is coercive, so that, using also the previous equality,

llan,ae — Vh,At”Q,%,%_’gy* So (S(Un,At — Vi,AL), UnAt — Vi AL) o T's RF
= (S(U—=VhAt), UnAt = Vi AL) o Ts kT T (S(Wh,Ar — W), Up At — Vi,AL) o, Pg RY
= (S(u —VpAt), Up,At — Vi AL) o,y R+
+ <5\H,AT —A+Amar — S\H,AT, Up At — VA At)o.To R+

for all vi, A+ and A m,A7- Using the mapping properties of S and the continuity of the duality pairing,
we obtain

||uh,At - Vh,AtHQ,%,%,U,* f, ||u - Vh,AtH%,%p',*”uh,At - Vh,AtHf%,%,a,*
+ [ Amar = Al —1 olanae = Vil -1 1 0.

+ | Agar — Agarly 1 gllunae = viadl 11 5. -
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We conclude

lan,ae = Viaill-13.00 So 0= Vaails s on+ Amar = Al 1o+ [Amar = Amarlls 1, -

Finally, we obtain with the triangle inequality

b So = viadly 1o+ Xmar =AMy _y0 + IRmar —Amarly 5o

[u—apaell—1 10 L1 1

The a priori estimate (36) follows. O

3.4 Coulomb friction

For Coulomb friction, the friction coefficient F, is a sufficiently regular function on I'c. In our formu-
lation only the set of Lagrange multipliers needs to be adapted, as the friction threshold F. A now
depends on the normal force A :

M*(Fohs) = {m € HY((0.7), H=/*(Te))"
W V)ore, 01 < (FAL VI re 00 YV E H™2(0,T), H?(Tg))? vy < 0} - (38)
Its discretization is given by

My ar(Fodsmar) = {umar € (Xgh, © Vap)':

i g AT > 0 and HI‘H,H,AT” < FeAL H,AT ON (O,T] X Fc}. (39)

The resulting continuous and discrete problems are, respectively, as in (26) with M+ (F.\ ) substitut-
ing M+ (F) and as in (31) with M op(FeA i g,a7) substituting M7, o7 (F).

Note that generally F A & L°°(T'¢) and that, unlike for Tresca friction, the discretization is no longer
conforming when M§7AT(fCAL,H7AT) ¢ M™T(F.\L). Furthermore, because the sets M+ (F.\ ) and
M ap(FeA L mar) depend on the solution of the continuous problem, respectively its discretization,
standard assumptions in the analysis of variational inequalities are no longer satisfied. Consequently,
little is rigorously known for the Coulomb friction law even for stationary contact problems.

4 Two-body frictional contact

To study the bilateral frictional contact problem, we need to introduce the Poincaré-Steklov operator
(13) for each of the two domains €25, 7 = 1,2 involved. We will denote these operators by S;, j =1, 2.
Referring to the problem (8) - (12), the boundary I' is decomposed into parts where the displacement
(I'p) or the traction (') are prescribed, as well as the interface I', = I'y UT'¢ of the two bodies. At
the interface, transmission (I'y) or frictional contact conditions (I'¢) are imposed. For simplicity of the
already involved notation, we fix g = 0 on (0,7] x I'y; and assume that I'y = ), so that ' =T'p Uy
and the boundary portion I's, = I'y UT%; reduces to I'y, = I'%..

Now, we set u = uif(,r)xry, 0 = (W — u2)|ry and A = pi1|r. = (f — p2)|r., so that the contact
conditions (10), (11) on (0,7 x I'c become

u, >0, A >0, ug A =0, (40)
Il < F, Ay u+ Flal| =o. (41)
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The frictional contact problem (8) - (12) can be formulated as a variational inequality for (u,u) in the
half-space

C={(v:(0,T]xT ->RLv:(0,7] xI's >R :v=0 ae. on (0,7] xT'p,
v >0 ae . on (0,T]xT¢,v=0 a.e. on (0,7] xI's}.

Using the friction functional given in (16), the variational inequality reads:
find (u,u) € C such that for all (v,v) € C

(S1u, 0 (v —u))ors 0,1 + (S2(u—1),0; (v = v — (u—1)))org 01 +7(V) — i)
> (£,0,)(v—v —(u—1)))ors, 0,1 (42)

The precise statement of the mixed formulation corresponding to the variational inequality (42) reads
as follows:

find (w,w,X) € HY2([0,T), H'/?(T'g))% x H'/2([0, T], HY/?(T¢))% x Mt (F) such that for all (v,v,p) €
H1/2([0,T],I~{1/2(FZ))‘1 > Hl/Q([O,T},ffl/Q(Fc))d « M+(.7:)

(S1u, V>O,Fg,(O,T] +(S2(u—u),v— v>o,r2,(o,T] - v>0,Fc,(o,T] =(fv— V>0,FE,(0,T] (43a)
0.

<l‘ = A at,\|ﬁ>o,rc,(0,T] = (43b)

Theorem 5. The variational inequality (42), the mized formulation (43) and the boundary value
problem (8) - (12) are equivalent.

Proof. The displacement in (0,7] x I'p is imposed in all the formulations, so that it suffices to consider
the boundary conditions in (0,7] x I's.

We first show that the variational inequality (42) implies the boundary value problem (8) - (12). As
in Proposition 1, the converse assertion, i.e. that the boundary value problem implies the variational
inequality, is easier.

The solutions uy,us to the differential equations (8) in Q; and s are recovered from (u,u) using
the representation formula, as usual for boundary element methods. The transmission condition (9a)
follows from u =0 on (0,7] x I's.

We now choose (v,v) = (u£ w,u) in (42). We obtain

+(S1u, 0, | W)o,rs, (0,77 T (S2(u — 1), 0y W)o,ry, 0,11 = (£, O W)o,rs, 0,775
and hence

(S10, 0y | W)o,r5,00,7] + (S2(u =), 0y W)o,ry,0,7) = (£, 0| W)o,rs, (0,77

Because w is arbitrary, we conclude the transmission conditions p; | +p2 | = 0:S1uj + 0;S2(u—1)| =
Oify and py 1 +p2, 1 =S1up +S2(u—1u) = f1. Using p; | +p2 =0att=0, p; | +pz) =f forall
t > 0. In particular (9b), the last equation in (10) and the first equation in (11) follow.

We now show that p1.; > 0 and po 1 < fi. To do so, we choose (v,v) = (u,u + w) in (42), with
w =0and wy > —a,. Since j(u+w)—j(u) < j(w) = 0, the variational inequality (42) simplifies to

(So(u—1) ,—wi)ory, 01 = (fL, —Wi)o,rs,(0,1]-

Because w; > 0 is arbitrary, we conclude ps | = So(u—1u), < fi and p1 | = f1 —p21 > 0, as
required in (10).
To show the remaining assertion in (10), we choose v = u in (42). This implies

(So(u—11), 0 (=V +10))o,ry, 01 +3(V) —j@) > (£, 0, (—=V +))o,rs,0,77-

14



If u; > 0 in a neighborhood of (¢,x) € (0,7] x I'c, we let v.=u+w with v, > 0 and w| = 0. Using,
as above, that j(u £ w) — j(u) <0, we obtain

F(S2(u—1),, w1 )01y 0,77 = F(fL,WL)o,ry,0,17]

and therefore
(So(u—1) ,wWi)ory, 0,0 = (fL,WL)ors,01]

We conclude that Sa(u — u)(x) . = f(x) 1. Therefore, po | —f1 =0and p1 | = fi —p2, 1. = 0 whenever
Ui, —u2,1 > g1 =0, as required in (10).

It remains to analyze the conditions satisfied by the tangential components to obtain the friction
condition (11). To show that [|py || < F, we choose (v,v) = (u,u+ W) in (42), with w, = 0. With
this choice and using j(u + w) — j(u) < j(w), the variational inequality (42) becomes

T(Sa(u = 1), W ors.01] + (F W) Dore.o.11 = FE, W)ho.rs.o.11- (44)

As w|| is arbitrary, we conclude ||Sz(u — u) —fj[| = [[p2,) — £ | < F. Hence [|py,)[| = [|p2, — | < F,
as asserted in (11).
We conclude by showing the final assertion in (11), that

P1, - ﬁ“ + ]:||1~1H =0.
This follows by choosing w| =0 in (44) and using py,| = fj — p,|-

We now demonstrate the equivalence of the mixed formulation (43) and the boundary value problem (8)
- (12). As above, we focus on the derivation of the boundary value problem from the mixed formulation.
The proof is similar to the proof of Theorem 2 for the unilateral contact problem,
First, equation (43a) is readily seen to be equivalent to the definition A = p1|r., = (f — p2)|r. and the
transmission condition p; + ps = f.
Further, A\ € M (F) assures the inequalities A\; > 0 for the perpendicular component and |[A|| < F
for the parallel component, a.e. on (0,7] x T'c. To see that u; > 0, consider g = A +w € M (F)
with w; >0 in (43b):

<wLaaL>o,rc,(o,T] 2 0.

As w, >0 is arbitrary, 4, > 0 follows almost everywhere on (0,7] x T'¢.
Finally, choosing u = ||, respectively p = A — 2\ n in (43b), we obtain

+ <)\J_7aJ->O,Fc7(OvT] 20,

and hence </\L7al>0,rc,(0,T] = 0. From the previous paragraph, A; > 0,u; > 0, so that A,u; =0
holds a.e. on (0,7] x I'¢.

This completes the proof of the nonpenetration boundary conditions in the normal component, in the
form of (40), and it only remains to verify A -u —|— F|[a|| = 0 in (41). For this we may assume u #£ 0.

Choose p € M*(F) with 1, = A1 and p = —F 2=, respectively p = 2) + F-Y_in (43b), to obtain

I’ I’

< {p = A8 — u
07<#u /\\|»uw|>0’rc’(07T] ¢<f|u| Py, 1 |>

0,I'c,(0,T]

This shows 0 = <~7:| [ TPy ,u|> , and therefore 0 = [t || +py,-Uij a.e. on (0,7]xT¢c. O
h 0,T¢,(0,T]
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The mixed problem (43) is discretized as follows:

find (up,At, UnaL, Am.aT) € (Xi(n),l“z ® V)4 x (ngrc ®@ V9, x ME,AT(]:) such that for all
(Vh,ats Viae piar) € (X)) p, @ VR x (X) p, @ VR X M ap(F)

(S1,h,Aa¢Un At Vhat)ors, 01 T (S2,h,at(Up At — Up AL), Vi,AL — VhAL)0 T, (0,7]

- <AH,AT; vh,At>0}1’*c7(0)T] = <f; Vh,At — vh,At>0}1’*E7(0)T]
(45a)

(BEAT — AHAT, at,||ﬁh,At>O’Fc’(O)T] > 0. (45b)

Remark. The bilateral frictional contact problem has been introduced with respect to the case of
Tresca friction. In case of Coulomb friction, the above notation related to F, M+ (F), M;; Ar(F) has
to be substituted by F. A1, MT(F.A1), ME,AT(‘FCAL7H7AT)7 respectively.

5 Algorithmic details

The algebraic reformulation of the proposed approach is based on the discretization of the Poincaré-
Steklov operator, which will be written in terms of space-time boundary integral operators as detailed
below.

5.1 Boundary integral representation of S

The Poincaré-Steklov operator (13) can be implemented by means of classical boundary integral oper-
ators, thereby allowing efficient computation. We consider the time-dependent single layer and double
layer potential operators V and K, that act onto the generic fields ¢ and 9, for (¢,x) € (0,T] x Q, as
follows:

Vot = [ [ clemxy)sryaryn melex) = [ [ o @7 trixyn] viry)aryar

where G is the fundamental solution to (1), whose explicit expression for d = 2,3 can be found in
[3]. The subscript y applied to the stress tensor o denotes the variable for the application of the
spatial derivative, while for the vector n it declares the point of I' where we are considering the normal
direction.

The unknown displacement u can be represented by the representation formula

u=Vp—Ku, in(0,7]x . (46)
Letting x € Q@ — x € I in (46), we deduce the classical boundary integral equation

1

54 =Vp-Ku, in(0,7)xT, (47)

taking into account the free term %u generated by the operator K pursuant the limiting process.
Moreover, we need also to introduce the adjoint double layer operator * and the hypersingular integral
operator W for (x,t) € (0,7 x I:

K" 6] (¢, %) = /0 /F [0 (G) (£, 7%, y)m] $(7, y)dT'y dr,

%)= [ [ [ox (o3 (@) (7 vy ) me] w(ryiry .
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involved in the boundary integral equation

1
SPp= K'p—Wu, in(0,T]xT. (48)
The Poincaré-Steklov operator S defined in (13) can be expressed by two equivalent forms, based on

the previously introduced integral operators, namely: the non-symmetric formulation

S::V‘1<K—%;> (49)

and the symmetric formulation
* 1 —1 1
S = /C—|—§ Vv ’C+§ -W. (50)

5.2 Implementation of S, A; and related linear system

From now on, to simplify the notation and because the numerical results reported in Section 6 are
related to two-dimensional elastodynamics, we will fix d = 2.

At every iteration of the Uzawa algorithm, as described in Algorithm 1, we need to solve the weak
equation (31a), involving Sp a¢. For the implementation of the Poincaré-Steklov operator, both the
symmetric and the non-symmetric formulations will be used. While they are equivalent for the contin-
uous problem, the resulting discretizations will lead to slightly different numerical results. Moreover,
for the stability of the time-stepping scheme, we consider an energetic weak formulation which involves
time derivatives of test functions.

In general, for a given right-hand side fe H/? ([07 T),H~'/? (1"2))2 we have to solve a weak problem
of the form:

find wy A € (X)) @ VR,)? such that

(Sh,atUn At Vi AL)0, Ty, 0,7) = (£ Vi,At)0,s, (0,775 Vviat € (X r, @ VR, (51)

We first consider the definition of the Poincaré-Steklov operator in its symmetric form: because of its
dependence on the inverse operator V!, to handle the equation at hand we need to define the dummy
variable ¥, a¢ := V™1 (K + 1) up, ar , belonging to the space (Xh_% ® V)2

This translates in solving at every step of the Uzawa algorithm the following system of weak boundary
integral equations:

find wy € (X)) o @ VR,)? and Ppar € (Xh_% ® Va')? such that

- <th,At”i'h,At>O,F7(07T] + <(IC + %) uh;At,li]h,At>07[‘,(07T] = 07 Vnh’At € (Xiz%‘ ® V&t1)2
(K" +3) ¥naeViae)ory or) ~ WV8hae Vs oy o1) = <¥’ vh’At>o I'50,7] Y Vhar € (X, ® VR
(52)

M¥ M
Let us now introduce the sets {wgf) )} and {w,(,'{l )} , which contain the piece-wise linear basis
m=1

m=1

functions of X 1{ and the piece-wise linear basis functions of Xf?l‘z? respectively. The approximate
components of the unknowns, in the spaces X, 1 © V5! and X)) . ® VR,, will be of the following form:

Nat—1 IM;(;I,) Nat—1 M’(IU)
Vinat(t,x) = Z Z bi 0w (X)0g(t), wip,ai(t,x) = Z Z i g mwiD (X)re(t), i = 1,2,
=0 m=1 =0 m=1

(53)
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where the time basis vy and r; are defined as

t—1p
At

t—top
At

’Ug(t) = H[t—tg] —H[t—tprl], Tg(t) = H[t—td —H[t—tz+1]

These choices for the approximation of up a¢,%n A+ lead to the algebraic reformulation of (52) as a
linear system SX = F, having the form

S0 0 .0 X(0) f‘(o)
s(1) s(0) .0 X F,
| | | o= | (54)
SWart) - gWar=2) .. 80 X(Nar-1) F(va1)
where, for all time indices ¢ = 0, ..., Na; — 1, the unknown vectors are structured as
T
Xy =¥, Uwp) = (¢1,e,17 Wy @ V200 Yy g UL Uy 0 UL ’“275,1\/1,(1“))

and the right-hand side as

F(Z) = (O’ 7O7 O’ 70’ ﬁ17g717...7F17€7M}(1u)7

et,...,F

.
2(M®) (™M)
’ 2,€,M,(l“)> €R )

with E)g’m = <ﬁ,w£:)fg> .

0,I's,(0,T7]
The matrix S shows a lower triangular Toeplitz structure, so that the system (54) can be solved by
backsubstitution. This leads to a marching-on-in-time time stepping scheme, in which only the inversion
of the block S is required at every time step. The structure of blocks S¢), of order 2(M,(:p) + M,(Iu)) X
2(MP + M™), is

_y© KO + 1M ) 0 ( _y® KO

0
s0) — ( KO + LT WO KOT  _w® > s =1,..,Nas — L.
With obvious meaning of notation, the blocks V) K® and W) are obtained from the discretization
of the integral operators involved in (52) and M is a mass matrix. For details about the numerical
evaluation the entries of these blocks the reader is referred to [16, 1].
With similar arguments, using the non-symmetric formulation of the Poincaré-Steklov operator, we
obtain the following system of weak boundary integral equations:

find up ar € (X27Fz ®@V23,)? and YAt € (thllﬂ ® VA}l)2 such that

_ <V¢h*At7i’h7At>0,F,(0,T] +{(K+13) uh,Ata";’h,At>0’F’(0’T] =0, Vmnae€ (X, 1@V, -

<1/)h,Atavh,At>0)FE’(07T] = <f7 Vh,At vVh,Ait € (Xgpz ® VAOt)2~

>0,Fz,(0,T] ’

The discrete unknowns uy A, %5, A are substituted again with (53), leading to an algebraic form SX = F
of (55), analogous to the system (54), with the only difference that the blocks S¥), again of order
2(M,(:p) + Mi(Lu)) X 2(M,(;p) + M}(Lu)), are structured as

v KO 41 —_yv® K®
s — 2 . SO = ,0=1,...,Na; — 1.
MT 0 0 0
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5.3 Algebraic formulation of the Uzawa algorithm for unilateral frictional
contact

In the numerical solution of contact problems, the right-hand side fin (52) and (55) specifies depending

on the Neumann datum f and the discretized Lagrange multiplier Ay a7 (x,t) as in (31a).
Nar—1

Hence, let us consider the vector F = (F(g)) v—o  With
T oM LA™
Fioy = (0,10, 0,0, Frty oo By y o, Fatsoos By gy ) € REOBT

and Fj ¢ 1= <fi,w£:)fg> .

0,I's,(0,T1]
For the discretized Lagrange multiplier, in practice we choose H = h and AT = At, therefore its
Cartesian components can be expressed as

Nae—1 M
Ximartx) = D > Nipmw (X)ve(t), i = 1,2, (56)
(=0 m=1

M>
with {w,(,i‘ )} }

. m=1
we introduce the vectors

the piece-wise constant basis functions of X;%C. For each time step £ =0, ..., Nas — 1,

.
Ay = (Al,m, AL A2t AMM?))

which are collected in the vector A = (A(g))zv:%’_l e RNMQM?). We denote by J,; the set of those

indices j of the vector A which correspond to the components of A; A; normal to I', and by Jj the
set of the remaining indices, corresponding to the components of Ap a; tangential to I'. Moreover,
let 7, j € J), denote the minimum of F on the element of the boundary mesh where the tangential
component of A, A+ is being considered through the corresponding index j € Jj of A vector.

The Uzawa algorithm for Tresca friction given in Algorithm 1 then translates into the following algebraic
procedure:

Algorithm 2 (Algebraic formulation of Uzawa algorithm for unilateral frictional contact)

Fix p > 0and € > 0.
E=0,A0 =0and AV =1
while HA(’“) —A(k_1)||2/||A(k)||2 > e do
solve  SX®) = F 4+ M*A®)
extract U® from X*)
compute  AFTD = pr (A® — pM(UP — G))
k+—k+1
end while

. N . e >
where the stopping criterion is specified and prpo : RNa:2M)™ 5 RNa2M)™ g ynderstood as the
discretized version of the projector considered in Algorithm 1, acting on a vector W as

max {W;,0}, jeduL
(pre W); = WjW Wil < Fjand jeJ) . (57)
}—jﬁ’ |Wj‘>]:j andjejH

€ RNae 2P+ M) x Nay2M,>

. ) Lo . .
Moreover, the matrix M* represents the projection of discretized La-

grange multipliers on the discretized displacement space, trivially extended in such a way that the
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vector M*A %) matches the length of the vector F, while the vector G contains the coefficients of the
interpolant of g in X S,Fc ® VQ,, suitably trivially extended to match the length of vector Uk, Finally,

M € RNa2MY xNae2M™ g the mass matrix representing the interplay between the finite dimensional
spaces of discretized Lagrange multipliers and discretized displacements, and taking also into account
the time derivative with respect to the tangential components.

For Coulomb friction, as discussed in Section 3.4 the friction threshold F; is replaced by F. ;A;, , where
for j € J) the index j1 € J1 denotes the index of A vector related to the normal component of Aj A

in the same element of the boundary mesh.

5.4 Extension to bilateral contact

In order to keep the notation as simple and clear as possible and in view of the numerical test presented
in Section 6, we consider a simplified geometry for the two-body contact, where €1 is completely em-
bedded in the unbounded complement 5 = R?\ Qy, so that the only existing boundary is the interface
I' =Ty, =T between the two materials, subdivided into the two subsets I'c and I';.

To numerically solve the bilateral frictional contact problem, we recall that the Poincaré-Steklov op-
erators S;, j = 1,2, defined as in (13) for each of the two domains 2, j = 1,2, can be represented
in symmetric or unsymmetric form, as described in Section 5.1, using the boundary integral operators
Vj, K, Ki,Wj, j = 1,2. The quartet of boundary integral operators depends on the material parame-
ters in €2; through the corresponding fundamental solution.

With reference to discrete equation (45a), we need to pose (52) and (55) in both Q;, j = 1,2 and
properly combine them. For the two-body contact model problem taken into account, the unknowns
on the boundary are the auxiliary variables 9; 5 aA¢ := V;l (ICj + %) u;n At J = 1,2, both belonging to
the discrete space (X;%@VA_S)Q, the displacement field uj a¢+ := g », A+ belonging to the discrete space
(X,?’FE ® VR,)? and finally the displacement gap Up At := U2 At — U154t belonging to the discrete
space (X,?)Fc ®@VR,)2. The first two spaces were introduced in Section 5.2, while the last one consists of

vector-valued functions whose spatial components are spanned by the set {wS,‘:‘ )} g , the restrictions
from I's; to I'¢ of piece-wise linear, continuous basis functions . met

The resulting linear system, to be solved in each step of the Uzawa iteration, involves a matrix with
the same structure as in (54).

Following the symmetric approach for the Poincaré-Steklov operator, the structure of the blocks S,

each of size 2(2M,(:p) + M;(Lu) + M,(Lﬁ)) X 2(2M;(L¢) + M}(Lu) + M;(Lﬁ)), is

0 0
~vi K + 1M 0 0
0 0 0 0 0
o _ | @i w0 -w? kY gT Wy
- 0 K + 1M v KO —im; |’
2 t3 2 2, — 2V
Ol (0) T (0)
0 Wz,\ (K2,| - %M\) *Wz,n
4 £
—v{® K 0 0
ol ¢ ¢ ¢ ¢
" K wo —wd kP w ‘>
S = " " o | (=L Na -1
0 —KS —Vs Ky,
0 w® KO _w®

2, 2,1

With obvious meaning of notation, the blocks V;-E), K§-£) and Wg-e), for 7 = 1,2, are obtained from the
discretization of the boundary integral operators related to each of the two domains. Moreover, the
symbol | denotes the restriction by columns of the involved boundary integral operator block or of the
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mass matrix from I's; to I'c, while the symbol || denotes the same restriction both by rows and columns.
For the alternative, unsymmetric formulation for the Poincaré-Steklov operator the blocks of the matrix
S are still of size 2(2M,(l¢) —l—M,(Lu) —l—M}(Lu)) X 2(2M;(Lw) —i—M,Su) +M,(lu)) and assume the following simplified

form:

,VEO) ]K(lo) +iM 0 0
T T
s = ; <o>0 M<o> (0) ’ ’
0 Ky +3M -V K, -iM
0 0 —MlT 0
v ki o o
“ 0 0 0 0
s =  l=1,..,Na;— 1
o -k -v{ K A
0 0 0 0

Finally, the extension of the Uzawa Algorithm 2 to the bilateral contact problem is given as follows,
with the canonical meaning of the notation:

Algorithm 3 (Algebraic formulation of Uzawa algorithm for bilateral frictional contact)

Fix p > 0 and € > 0.

k=0,A® =0and AV =1

while |[A®) — A®=D |, /|[A®)||; > € do
solve SX® =F 4+ M*A®
extract ﬁ(k) from X ) B
extend U trivially from RNae2M, ™ 4o Nac2M,™
compute AU+ = pro (AW — (T — @)
k—k+1

end while

6 Numerical results

In this section we present numerical results involving polygonal and curved structures related to both
unilateral and two-body frictional contact. Beyond test cases for generic parameters, experiments with
material parameters corresponding to concrete and steel are considered.

6.1 Example 1: unilateral frictional contact

This example compares the evolution of the displacement with no friction, Tresca friction and Coulomb
friction in a model problem. We consider the contact problem with c¢g = 0.5 and cp = 1 in the square
Q = [-0.5,0.5)% in the time interval [0,T] = [0,2]. The bottom, left, top and right sides are denoted,
respectively, by I'y, ', T4, I';. We set I'y =T UT',., and define the contact region as I'c =T, UT. In
I'c we consider a trivial force f =0, while in 'y the force is given by f= (0, f2), with

_( —01H[t], x€T,
fQ(t’X){ 0, xeT,

Figure 2 shows how the force acts on the square, pushing it down from the top.
We analyze three test problems, corresponding the following friction thresholds on I'c: in Test 1 no
friction is imposed, i.e. the friction threshold is given by F = 0; in Test 2 we prescribe Tresca friction
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with F = 0.05; in Test 3 we prescribe Coulomb friction with F, = 0.5.
The mixed formulation of each contact problem is solved using the Uzawa algorithm with a stopping
criterion € = 10~* and update parameter p = 102.

lf: —0.1H[t|n

Figure 2: Schematic representation of the Neumann datum.

Using the non-symmetric formulation (55) with h = At = 0.05, we plot the numerical solution for the
displacement in the midpoint of each side of the square in Figure 3(a) for Test 1, in Figure 3(b) for
Test 2 and in Figure 3(c) for Test 3.

Figures 4(a), 4(b) and 4(c) show the global deformation of the square for Test 1, Test 2 and Test 3,

respectively. These figures show how the top side is pushed down, but tilts in the presence of friction,
as the friction on the left wall hinders the downward movement on the left side.
For Test 3 with Coulomb friction, we show in Figure 5 the space-time surface over I'c x [0,T] of the
vertical component of A. It clearly shows that the vertical component of A is nonzero already for short
times in the top-left corner, and the frictional contact propagates down the left side of the square.
At t = 1 the wave reaches the bottom side of the square and the jump of the vertical component of
A corresponds to the nonpenetration condition.  Finally, Figure 6 shows the time evolution of the
energy for the three types of contact. The reader can observe a linear increase for short times, before
Tresca or Coulomb frictional contact dissipates some of the introduced energy, compared to the case
without friction. Analogous results, not shown here for the sake of brevity, have been obtained using
the symmetric formulation (52).

6.2 Example 2: unilateral Coulomb frictional contact, concrete-steel

The second example considers the same geometry and boundary conditions as in Example 1. The
parameters are chosen to correspond to a square of concrete of side length 1m in dynamic contact
with a (rigid) steel wall. For the small deformations and stresses considered here, concrete is well-
described by a linearly elastic material with primary and secondary wave speeds given by cp = 3.253 =,
cs = 1.992 % (see [4]). We impose a slowly increasing, vertical traction on the top side of the square,
given by fa(x,t) = —4tanh((£)?) %, x € I';. The final time is T" = 0.6 ms, so that the primary
wave can reach the bottom side and travel back to the top side of the square. Following [35], Table 4.1,
the Coulomb friction coefficient is given by F. = 0.3.

The mixed formulation of the contact problem is solved using the Uzawa algorithm with a stopping
criterion € = 107% and update parameter p = 10°.

Figure 7 displays the square of the relative energy error in terms of the mesh size h, showing faster
than linear convergence for both symmetric and unsymmetric formulations.

Figure 8 depicts the horizontal and vertical components of the approximate displacement field as a
function of space and time, for elements on the boundary and for times [0,0.6]. Due to the physical
properties of concrete and the mild traction applied on I';, the obtained displacement is orders of
magnitude smaller than the size of the concrete body. Focusing on the vertical component, we observe
that the maximum deformation occurs, in time, at the top-right corner (21st boundary element), free
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Figure 3: Time evolution of up a¢ in the midpoint of each side of I" for Test 1 (a, no friction), Test 2 (b,
Tresca friction) and Test 3 (¢, Coulomb friction), together with the corresponding vertical Neumann
datum.
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E=10.25 t=10.75 t=1

i=1L15 t=L75 t=12

t=0.25 t=05 t=0.75 t=1

t =025 £=10.75

t=125 t=15 =175 t=2

Figure 4: Global deformation of the square at several time instants for Test 1 (a, no friction), Test 2
(b, Tresca friction) and Test 3 (¢, Coulomb friction)

from the effects of the friction which influences the bottom and left sides.
Figure 9 shows the evolution of the energy with time in a log-log plot. The linear increase in this plot
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Figure 5: Vertical component of A on (0,7] x I'c, for Test 3 with Coulomb friction (elements from 1
to 20 are in T, from 21 to 40 in T).
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Figure 6: Energy as a function of time for the three types of contact (data obtained for h = At = 0.05).
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Figure 7: Squared relative energy error for Test 2 (concrete-steel), depending on the space-time dis-
cretization parameters.
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Figure 8: Horizontal and vertical displacement expressed in nanometers on I'" x (0,7]. Data obtained
for At = 0.03 ms and h = 0.1 m (space elements from 1 to 10 are in I';, from 11 to 20 in I, from 21
to 30 in T, from 31 to 40 in 7).

hence corresponds to a polynomial increase of the energy as a function of time, mirroring the temporal
behavior of the imposed Neumann datum.

6.3 Example 3: concrete-concrete Coulomb frictional contact

In this example we consider a concrete square of side length 1m embedded in surrounding concrete,
under dynamic contact. As in Example 2, the material parameters of concrete correspond to a lin-
early elastic material with primary and secondary wave speeds cp = 3.253 2%, cg = 1.992 % (see
[4]). The interface I's; between the two domains is subdivided into I'y = T, UT, and T'c = T, UTYy,
using the notation of the first example. A vertical traction is prescribed on the top side I'y, given by
f2(t,x) = —4tanh(({5)?) %, x € I'; as above. The final time is T = 0.6 ms in such a way that the
primary wave can reach the bottom side and travel back to the top side of the square. Following [35],
Table 4.1, the Coulomb friction coefficient is given by F. = 0.75, corresponding to the higher friction
between two concrete bodies, compared to concrete and steel in Example 2.

The mixed formulation of the contact problem is solved using the Uzawa algorithm with a stopping
criterion € = 107% and update parameter p = 10°.

Figure 10 displays the square of the relative energy error in terms of the mesh size h, showing conver-
gence of order approximately O(h198(3)/108(2)) ~ O(p1-58),

Figure 11 depicts the horizontal and vertical components of the approximate displacement gap u as a
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Figure 9: Energy as a function of time (data obtained for At = 0.03 ms and h = 0.1 m).
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Figure 10: Squared relative energy error for Test 3 (concrete-concrete), depending on the space-time
discretization parameters.

function of space and time, for elements on the boundary and for times [0, 0.6]. In this figure the gap has
been trivially extended to I';. The horizontal component is three orders of magnitude smaller than the
vertical component, unlike in Example 2, and therefore the detachment of the top-right corner is now
much smaller and almost negligible. This is due to the increased Coulomb friction coefficient, which is
more than doubled for concrete-concrete contact, compared to the one for concrete-steel. In Figure 12
we depict the approximate solution, magnified by a factor of 10°, showing on the left the deformation
of the two-body concrete structure and on the right a zoomed-in view of the top-left corner. There the
detachment of the inner square from the surrounding body is observed.

6.4 Example 4: dynamic contact problem in a circular geometry

This final example considers a linearly elastic disk Q = {(:z:,y)T s a4y < 0.2} with ¢g = 1 and
cp = 2, which is pushed upward by the impact of a moving surface. Contact can take place on all of
the boundary of the disk, i.e. I' = I'c. No external forces are prescribed. The dynamics results from a
time dependent, flat obstacle at height

o= (1115 (L-02)" 4] w1 f] -szm L] o
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Figure 11: Horizontal and vertical displacement gap expressed in nanometers on I' x (0,7]. Data
obtained for At = 0.03 ms and h = 0.1 m (space elements from 1 to 10 are in ', from 11 to 20 in T',.,
from 21 to 30 in I', from 31 to 40 in ).
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Figure 12: Deformation of the two-body concrete structure on the left and zoomed-in view of the top-
left corner on the right (approximate solution obtained for At = 0.03 ms and h = 0.1 m, magnified by
a factor of 10°).
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Figure 13: Deformation of a disk under frictional contact with a moving obstacle.

We consider Coulomb friction contact between the disk and this obstacle, with F. = 2. Figure 13 shows
snapshots of the computed dynamics of the disk and the obstacle: For short times the elastic disk is
squashed by the contact with the flat obstacle, with friction in the tangential direction. The elastic
body then moves up and detaches.

Figure 14 compares the energy with (F. = 2) and without (F. = 0) Coulomb friction. After a rapid
initial increase of the energy after the impact of the obstacle, the energy stabilizes and, after detachment,
remains constant. The final energy is slightly larger with friction, than without, indicating a slightly
higher transfer of energy to the disk from a frictional surface. This observation is in line with detailed
studies of the influence of surface materials in the sports science literature [28].

Figures 13 and 14 were obtained using a discretization of I' = 9 by 80 straight, uniform elements
and At ~ 9.88-1073. Using the symmetric formulation of the Poncaré-Steklov operator, the mixed
formulation of the contact problem was solved using the Uzawa algorithm with a stopping criterion
€ = 1075 and update parameter p = 10°.

7 Conclusions

This article investigates energetic Galerkin space-time boundary element methods to solve frictional
contact problems in linear elastodynamics. Because the contact occurs at the interface between two
bodies, boundary elements provide a natural and efficient discretization approach. Here, the involved
Poincaré-Steklov operator has been taken into account in both symmetric and unsymmetric formulation.
We analyze the proposed method for unilateral contact involving Tresca friction, where we obtain an a
priori estimate for the error of the numerical solution in any space dimension. Numerical experiments
in two space dimensions investigate the method beyond this idealized setting, for two-sided contact and
realistic friction laws.
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Figure 14: Energy as a function of time, with and without Coulomb friction.

The implementation is discussed for such general problems, including the algebraic formulation of the
boundary integral problem and its solution by a space-time Uzawa algorithm.

Detailed numerical results confirm the stability, energy conservation and convergence of the method.
They study both the fundamental properties of the method for Tresca and Coulomb friction and apply
it to problems for the dynamic unilateral and two-sided contact of concrete or steel in the linearly
elastic regime.

The practical implementation for three-dimensional problems and space-time adaptive mesh refine-
ments [23] remain the subject for future work.

Appendix

In this appendix we review the definition and basic properties of space—time anisotropic Sobolev spaces,
as relevant for our analysis in the main body of the article. We refer to [26] for a detailed exposition
for the scalar wave equation and to [2, 5, 6] for elastodynamics. To include both open screens and
closed boundaries for I', we denote by [ be a closed, orientable Lipschitz manifold of dimension d — 1
which contains I' as an open submanifold. We consider the standard Sobolev spaces of distributions
with support in I':

H*(T)={uec H*(I) :suppucCTl}, scR.
The Sobolev space H*(T') of extensible distributions is then defined as the quotient space H*(I')/H*(I' \ T).
To define a family of Sobolev norms in the frequency domain, we consider a partition of unity «;,
t=1,...,p, subordinate to a covering of r by open sets B; C R%™1, and for each i, a diffeomeorphism
@; from B; to the unit cube in R¥~!. A family of Sobolev norms depending on the parameter w € C\ {0}
is defined as follows:

2

el = (Z | (el + 17 (o) 0 7'} <§>|2ds) ,

where F = Fy. ¢ is the Fourier transform Fp(€) = [e~™*¢p(x) dx. The norms on H*(T'), ||ul/swr =
@ llutvllg, 7 are equivalent for different w. We further define H*(T), [Jul|s.w,r.« = [lesull, , 7

inf =
veHSs
using the extension ey of a distribution on I' by 0 to a distribution on I'. If a fixed value of w is con-
sidered, we write H(T') for H*(T"), and HS(T') for H*(I"). Note that ||u|/sw.r« > [|tlswr-

We now define the space-time anisotropic Sobolev spaces which are used in this article:
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Definition 6. For o >0 and r,s € R we set

HI(RT, HY(T)) = {u € D, (H*()) : e "tu € S, (H*(T)) and ||ul], s < o0} ,
HI(RT,H*(T)) = {u € D, (H*()) : e "*u € S, (H*(T")) and ||ul],s 1. < 00} . (58)

Here, D;(HS(F)) consists of all distributions on R with support in [0,00), which take values in the
real-valued subspace of H*(I"). We similarly define ’D;r(ftfs(l")) and denote the subspaces of tempered
distributions by S;(HS(F)) C D;(HS(F)) and S;r(f[g(F)) C D;(f[g(F)) The Sobolev spaces (58) are
Hilbert spaces with the norms

1
2

+oo+tio
2 ~ 2
e AR L [

—oo+1io0

+oo+io %
s T = ( [ . dw) . (59)

—oo+1i0

[ellrs,00 =

When r = s = 0 we obtain the weighted L2-space with scalar product (u, V)R = fooo e~ 20t fr uvdly dt,
which was introduced in (15)).

We finally recall the relevant mapping properties of the boundary integral operators in these Sobolev
spaces:

Theorem 7. Let 0 > 0. Then the following operators are continuous for r € R:

1

V:HTY (RT3 (T)? — HI(RY, H2 ()4,
50) — Hi(RY, H™E5(D)?
))? — HI(RT, Hz ()¢,

References

[1] A. Aimi, G. Di Credico, M. Diligenti, C. Guardasoni, Highly accurate quadrature schemes for
singular integrals in energetic BEM applied to elastodynamics, Journal of Computational and
Applied Mathematics 410 (2022), 114186.

[2] A. Aimi, G. Di Credico, H. Gimperlein, E. P. Stephan, Higher-order time domain boundary ele-
ments for elastodynamics — graded meshes and hp-versions, Numerische Mathematik 154 (2023),
35-101.

[3] A. Aimi, G. Di Credico, H. Gimperlein, Time domain boundary elements for elastodynamic contact,
Computer Methods in Applied Mechanics and Engineering 415 (2023), 116296.

[4] Austrian Standards Institute. Eurocode 2: Design of concrete structures — Part 1-1: General rules
and rules for buildings; ONORM EN 1992-1-1; Austrian Standards Institute: Vienna, Austria,
2015.

[5] E. Bécache, A variational boundary integral equation method for an elastodynamic antiplane crack,
International Journal for Numerical Methods in Engineering 36 (1993), 969-984.

[6] E. Bécache, T. Ha Duong, A space-time variational formulation for the boundary integral equation
in a 2d elastic crack problem, ESAIM: Mathematical Modelling and Numerical Analysis 28 (1994),
141-176.

31



[7]

8]

[13]

[14]

[15]

[17]

[18]

[19]

E. Burman, M. Fernandez, S. Frei, A Nitsche-based formulation for fluid-structure interactions

with contact, ESAIM Mathematical Modelling and Numerical Analysis 54 (2020), 531-564.

S. Chaillat, M. Bonnet, Recent advances on the fast multipole accelerated boundary element method
for 8D time-harmonic elastodynamics, Wave Motion 50 (2013), 1090-1104.

F. Chouly, P. Hild, A Nitsche-based method for unilateral contact problems: numerical analysis,
SIAM J. Numer. Anal. 51 (2013), 1295-1307.

F. Chouly, R. Mlika, Y. Renard, An unbiased Nitsche’s approximation of the frictional contact
between two elastic structures, Numer. Math. 139 (2018), 593-631.

F. Chouly, P. Hild, Y. Renard, Finite element approximation of contact and friction in elasticity,
Springer / Birkhduser, 2023.

F. Chouly, P. Hild, Y. Renard, A Nitsche finite element method for dynamic contact: 2. Stability of
the schemes and numerical experiments, ESAIM: Math. Model. Numer. Anal. 49 (2015), 503-528.

M. Cocou, FExistence of solutions of a dynamic Signorini’s problem with nonlocal friction in vis-
coelasticity, Z. Angew. Math. Phys. 53 (2002), 1099-1109.

R. G. Cooper, Jr. III, Two variational inequality problems for the wave equation in a half-space,
J. Math. Analysis Appl. 231 (1999), 434-460.

M. Costabel, F.-J. Sayas, Time-dependent problems with the boundary integral equation method,
Encyclopedia of Computational Mechanics, Second Edition (ed. E. Stein, R. de Borst,
T. J. R. Hughes), John Wiley & Sons, Hoboken, NJ, 2017.

G. Di Credico, Energetic Boundary FElement Method for 2D FElastodynamics Problems in
Time Domain, Ph.D. thesis, University of Modena and Reggio Emilia (2022), available at
http://hdl.handle.net/11380/1265215.

D. Doyen, A. Ern, Analysis of the modified mass method for the dynamic Signorini problem with
Coulomb friction, SIAM J. Numer. Anal. 49 (2011), 2039-2056.

S. Falletta, G. Monegato, L. Scuderi Two boundary integral equation methods for linear elastody-
namics problems on unbounded domains, Comput. Math. Appl. 78 (2019), 3841-3861.

H. Gimperlein, M. Maischak, E. Schrohe, E. P. Stephan, Adaptive FE-BE coupling for strongly
nonlinear transmission problems with Coulomb friction, Numer. Math. 117 (2011), 307-332.

H. Gimperlein, F. Meyer, C. Ozdemir, E. P. Stephan, Time domain boundary elements for dynamic
contact problems, Computer Methods in Applied Mechanics and Engineering 333 (2018), 147-175.

H. Gimperlein, M. Maischak, E. P. Stephan, Adaptive time domain boundary element methods and
engineering applications, J. Integral Equations Appl. 29 (2017), 75-105.

H. Gimperlein, Z. Nezhi, E. P. Stephan, A priori error estimates for a time-dependent boundary
element method for the acoustic wave equation in a half-space, Mathematical Methods in the
Applied Sciences 40 (2017), 448-462.

H. Gimperlein, C. Ozdemir, D. Stark, E. P. Stephan, A residual a posteriori estimate for the
time-domain boundary element method, Numerische Mathematik 146 (2020), 239-280.

T. Gustafsson, R. Stenberg, J. Videman, On Nitsche’s method for elastic contact problems, STAM
Journal on Scientific Computing 42 (2020), B425-B446.

32



[25]

[26]

[27]

[28]

[35]

J. Gwinner, E. P. Stephan, Advanced Boundary Element Methods — Treatment of Boundary Value,
Transmission and Contact Problems, Springer Series in Computational Mathematics, vol. 52, 2018.

T. Ha Duong, On retarded potential boundary integral equations and their discretizations, in: Topics
in computational wave propagation, pp. 301-336, Lect. Notes Comput. Sci. Eng., 31, Springer,
Berlin, 2003.

P. Hauret, P. Le Tallec, Energy-controlling time integration methods for nonlinear elastodynamics
and low-velocity impact, Comp. Methods Appl. Mech. Engrg. 195 (2006), 4890-4916.

Y. Inaba, S. Tamaki, H. Ikebukuro, K. Yamada, H. Ozaki, K. Yoshida, Effect of changing table
tennis ball material from celluloid to plastic on the post-collision ball trajectory, Journal of Human

Kinetics 55 (2017), 29-38.

H. B. Khenous, P. Laborde, Y. Renard, On the discretization of contact problems in elastodynamics,
Lect. Notes Appl. Comput. Mech. 27 (2006), 31-38.

G. Lebeau, M. Schatzman, A wave problem in a half-space with a unilateral constraint at the
boundary, J. Differential Equations 53 (1984), 309-361.

P. Le Tallec, P. Hauret, B. Wohlmuth, C. Hager, Solving dynamic contact problems with local
refinement in space and time, Comp. Methods Appl. Mech. Engrg. 201-204 (2012), 25-41.

R. Mlika, Y. Renard, F. Chouly, An unbiased Nitsche’s formulation of large deformation frictional
contact and self-contact, Comput. Methods Appl. Mech. Engrg. 325 (2017), 265-288.

F.-J. Sayas, Retarded Potentials and Time Domain Boundary Integral Equations: A Road Map,
Springer Series in Computational Mathematics 50 (2016).

M. Schanz, W. Ye, J. Xiao , Comparison of the convolution quadrature method and enhanced
inverse FFT with application in elastodynamic boundary element method, Comp. Mech. 57 (2016),
523-536.

P. Wriggers, Computational Contact Mechanics, Wiley, New York, 2002.

33



	Introduction
	Dynamic frictional contact: problem formulations
	Unilateral frictional contact
	Variational inequality and mixed formulation for Tresca friction
	Discretization
	Analysis
	Coulomb friction

	Two-body frictional contact
	Algorithmic details
	Boundary integral representation of S
	Implementation of Sh,t and related linear system
	Algebraic formulation of the Uzawa algorithm for unilateral frictional contact
	Extension to bilateral contact

	Numerical results
	Example 1: unilateral frictional contact
	Example 2: unilateral Coulomb frictional contact, concrete-steel
	Example 3: concrete-concrete Coulomb frictional contact
	Example 4: dynamic contact problem in a circular geometry

	Conclusions

