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Boundary conditions

Neumann and Dirichlet:

Contact: Signorini (= nonpenetration, L wall) and friction (|| wall)
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Toy problem for Laplacian

U:Q, — R,
AU =0 inQQ.

Dirichlet-Neumann operator on I" := 902

oU
SUJr) = Fan

contact boundary conditions on I'c CT (U =0o0on T'\T¢)

oau _

U<g, % <0,
U<g = 5, =0.
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Toy problem for Laplacian

U:Q, — R,
AU =0 inQQ.

Dirichlet-Neumann operator on I" := 902

oU
SUJr) = Fan

contact boundary conditions on T'c C T (U =00onT'\T¢)

USg?‘S(U‘F)SOa — USQ7S(U|F>§07
U<g — S(Ur)=0. (U —g)-SU) =0.
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Toy problem for Laplacian

U:Q, — R,
AU =0 inQQ.

contact boundary conditions on I'c C T (U =0 on T'\ T'¢)

USg?‘S(U‘F)SOa U§g>S<U|F)§O’
U<g = SWUJr)=0. (U=-g)-S(Ulr)=0.

Variational inequality: Find
0<u=UlgeK:={we H/*I'¢): w < g} such that
(Su,v —u)r, >0 Vve K .
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Dirichlet—=Neumann operator — Why?

ou
SWir) = 5|

Key: Reduces bilinear form of the Laplacian from ) to I' = 0:

/Q VUP = (8,0, U)r = (SUIr)), Ur

Numerical approximation on I': Boundary Elements
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Dirichlet—=Neumann operator — Why?

ou
SWir) =5

Key: Reduces bilinear form of the Laplacian from 2 to T' = 9Q):

/Q VUP = (8,0, U)r = (SUIR)), Ur

+ dim 092 =n — 1, 912 bounded

+ hp-boundary element methods: exponential convergence
+ compression /preconditioning: dense matrices ok

— homogeneous linear equations

— dense matrices: storage, time ~ (DOF)?, need optimization
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Dirichlet—-Neumann operator / Multi-layer potentials

/Q VU = (0,0, U)r = (SUI0)), Ur

1
H (T')—coercive: (S(U > of|U]J?
2 (I")—coercive: (S(U|r),U)r > «f ||H%(F)

Contact problem is coercive variational inequality on I'¢:
Find 0 <we K :={we HY*(I'¢) : w < g} such that

(Su,v —u)p, >0 Vve K.
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Dirichlet—-Neumann operator / Multi-layer potentials
| IVUE = @003 = (SWI). Ve

Contact problem is coercive variational inequality on I'¢:
Find 0 <wue K :={we H/>(I'¢) : w < g} such that

(Su,v —u)p, >0 Vve K.
Mixed formulation of contact problem on I'c: (Contact forces A = —Su)
Find (u,\) € HY/?(T¢) x M+ s.t.
(Su,v)p,, + (M), =0 Yo e HY?(T'¢)
(s pp = N, < {9510 = N, Ype MY).

MT = {,u e H V(o) (1, 0)p, <0 Vv € H'2(T¢),v < O}
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Dirichlet—-Neumann operator / Multi-layer potentials

Mixed formulation of contact problem on I'c: (Contact forces A = —Su)
Find (u,\) € HY/?(T¢) x M+ s.t.

(Su,v)p,, + (A v)p, =0 Vo e HY?(T¢)
<U7M_)‘>FC < <97/~L_)‘>1"C VNEMJF)'

M* = {M € HV2(Te) : (pv)p, <0 Yo e HY2(Te)v < o}

Galerkin approximation using layer potentials:
S=W+({1-K)W11-K)

11
4 [z—y|’

_LO xTr — n =
V() = [ be.0)o(w) ds, m,y):{ LBl =yl =

W, K, K’ similar using normal derivatives of k.
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High—order methods: Mixed hp—BEM in elasticity

o displacement wu, stress o = o (u)

@ non—penetration (Signorini) condition on normal components
on <0, u, < g, op(up—9g)=0
e friction (Tresca) condition on tangential components
lot| < F, owur + F |ug] =0

@ Dirichlet I'p, Neumann I'y, Tp NI =0, I's :=Tnx UL
Mixed formulation (A = —o(u)n):
Find (u,\) € H/2(I's) x M+ (F) st.

(Su,v)p, + (N o), = (f,0)p, Vv € H'/?(I'y)
(Ut = N <Gy bin — An)p, Yu e MT(F).

MF(F) = {pe BV (1,0}, < (F oy, Yo € BY3(Ds), 0, <0
(1)

7/ 30
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Mixed formulation = saddle—point problem
Find (u,\) € H/?(T's) x M*(F) s.t.

<SU7U>I‘E + <)\’U>FC = <f7v>FN Vv € ﬁl/z(FZ)
(U, = N < 95 n = Andrg, Ve M*(F).

M*(F) = {M € H2(Te) : (w,v)p,, < (Floel)p,, Yo € HY(Ts), v, < o}

Uniquely solvable if the following operator is nondegenerate:

< <S'7'>FE <'7'>I‘c >
<'7 '>FC 0
inf-sup condition necessary and sufficient:

s <M7U>F
B HMH[}(—W(FC) < sup =

BBy e BT |
vein/2ws)\foy 102wy,
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Discretization
Find (u"?, X¥) € V), x M)} (F) sit.

hp , hp kq . hp _ hp hp
<Shpu ) >F2+<)\ ) >FC—<f,v >sz Vo't € Vp,

<ukq - /\kq,uhp> < <gvufiq - /\’Zq> Vit e ML(F) .
r ' q

e}

Inf—sup needs: Two meshes on the boundary 7y, T
Vhp = {Uhp S CO(Fz) N ﬁl/Q(Pz) : ?)hp’E € [IPPE]Q, Vhp = 0 at 61“2}

M (F) = {ph: pb)g € [y, uf? > 0, |pf?(2)] < F(a) for @ € Gy}
Gy Gauss points, M,;Z(]—") ¢ M*(F).
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Discretization
Find (u"?, X¥) € Yy, x M} (F) sit.
<Shpuhp,vhp> <)\kq,v p

< /\kq ulP

>I‘c < >FN ' € Vip
)

Akq> Vil e ME(F) .
e <gun n ) pi e My (F)

= {’Uhp c CO(FZ) N ﬁl/z(l“g) : Uhp’E c [PPE]Q, Vhp = 0 at 6FE}

M (F) = {ph: ph)g € o), pf? > 0, |pf?(2)] < F(a) for @ € Gy}
Discretization uniquely solvable if the following operator is nondegenerate:
( (Snp>)ry (5 )rg )
<'7 '>FC O

True when 7;, much finer than 7;, (Babuska, Schréder, .. .)
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Discretization

Find (u"?, X¥) € Yy, x M} (F) sit.

<Shpuhp, vhp> + <)\kq, vhp> <f, vhp> vol? e Vhp
I's I'c Iy

<u’“1 - Akq,uhp>F < <g,/~tf§q - Aﬁq>r Vit e ML(F) .

C C

Mt (F) = {ph b € [Py, ), ikt > 0, ()] < F(a) for @ € Gig}

Discretization uniquely solvable if the following operator is nondegenerate:

(e o)

True when 75, much finer than 7% (Babuska, Schrbder, o)
Stabilization: Instead of using two meshes 7}, 7, add consistent terms to
discretized problem. We adapt an approach of Barbosa-Hughes to BEM.
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Discretization

Find (u"?, \%0) € Yy, x M (F) sit. for all (0", 1*7) € Vi, x M! (F)

(Shptd®, o)1 + (L, 0P — (3 (AR 4 Sy uP), 810, = ()
(" = N uP)r e — (M = M) A 4 SppuPp s < (g,und = M)

with v = 'yoz%. A= —Su ~- new terms ~ 0, consistency error S # Sp,,.

M (F) = (i 1M p € Pool® pi® = 0, ()] < F(@) for x € Gy}

Theorem: If 7y > 0 is small enough, the stabilized discrete problem
admits a unique solution.
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Error estimator vs. 7

10 T
—B-no negative eigenvalue, GLL/Bernstein
—%—negative eigenvalue, GLL/Bernstein
() no negative eigenvalue, GLeL
107 %X negative eigenvalue, GLeL

-2

Error Estimation
=
o
T

-4

10 I I

107° 107° 10°
yO

uniform discretisation with 256 elements, p = 1

Details of numerical experiment later in this talk
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Convergence

Main challenges:
@ stabilization is not exact: A = —Su # —Sp,u
@ nonconforming: M,:;(]—") ¢ M*(F)

Theorem (a priori error estimate)

Assume (u,\) € HIT*(T) x H*(T¢)NCT¢), a €[0,1), h=k,
p=q+1.

4 (0% —Q
=y IO = Nl ey G = 0y S B2

intricate proof, more complicated rate for arbitrary discretisations
compare Hild, Lleras, Renard for FEM, rates not optimal

rate dominated by S # Sy,

more involved estimates for h £ k, p # q+ 1

a5
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Tresca friction: a posteriori error estimate

Theorem

h hp k
Hu ”H1/2 (I's) + W 7/} HH 1/2(1) + H)‘ q AHH 1/2(I¢)

S 5 s, ¢ B s,

E€ThIry PE €Thlre s
1 2 1 +
+ Y hg 86 (VW’ (K + 2)uhp) - <(Afﬁ) ,(g—UZp)
E€Thr 5 L)

2
+

1|12 _
(=) e 71 0%)

| e,

H-1/2(T'¢) - <<‘qu’ - ]:>
- (?), o+ (L)),

H. Gimperlein (Heriot-Watt)
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Solve-mark-refine algorithm for hp-adaptivity

@ Choose: initial mesh 7;, 1 and p, parameters 6,6 € (0,1)
@ Fork=0,1,2,... do
@ solve discrete mixed problem.
@ compute local indicators =2 to current solution.
© mark all elements £ € N :=
argmin {‘ N CTor: Cpex ZHE) 2 0 S per, , B2(E) | \} for
refinement. ’

@ decide p or h refinement based on local smoothness, determined by
Legendre coefficients

PE 1

PPe(Op() = Y wli(e), 4= [1th|E(®E(x))Li(x) .

@ refine marked elements based on this decision
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Numerical example: Tresca friction

Q=[-3 3% Te=[-33x{-3}, Tp =13 x {3} and
FN:aQ\(FcUFD),FN:aQ\FcUFD
Elasticity parameters E = 500 v =203

gap function g =1 —14/1 — 100, Tresca friction F = 0.211 4 0.4122,
Force on I'y:

= (TETEETY o AL

0
O CE RS IS R R

Solution:

NO|—=

@ two singular points at interface from I'y to I'p, worse loss of
regularity than from the contact conditions
e on I'¢ long interval with sliding, (|o¢| = F, uy = —awoy for a > 0)
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Tresca friction: meshes

i i
il ]
i f TTTT 10 1° 1 Titi 1 i B
pl |1 i I
1
m 1 1 i)
[]l i} %]
[]l 1 1 il
pl ]1 i
i) :
1
1

o 31 n
[]l L i]
oy |1 1 f
m ]
il 1 ]l 1 i
; i 1, 1, 1.3131 1 .1 aaf B
i ]
0H1119990 111 11 1 11 1 117
(a) h-adaptive (GLL/Bernstein), mesh (b) hp-adap. (GLL), mesh nr. 10 (in-
nr. 10 (inner), nr. 20 (outer) ner), nr. 20 (outer)

Figure: Adaptively generated meshes (Tresca friction)
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Tresca friction: error of h- and hp-adaptive methods

10

—8&—uniform h, p=1, GLL/Bernstein
—#—uniform h, p=1, GLeL

—©— h-adaptive, p=1, GLL/Bernstein
—<—h-adaptive, p=1, GLelL

= hp-adaptive, 6=0.5, GLL

—%— hp-adaptive, 6=0.5, Bernstein
—9— hp-adaptive, 3=0.5, GLeL

107

Error Estimation

10 10° 10°

Degrees of Freedom

10"
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Coulomb friction

@ Tresca friction mathematically nice, but unphysical

@ more realistic Coulomb friction: friction threshold F replaced by
Flon(u)]

@ existence of solution to continuous problem unknown

@ in discretization, only set for Lagrange multiplier must be adapted:
2 k
ME(FXET) = (b 2 p¥ g € [Py )?, pb? >0, |uf%(2)| < FAE (w € G

@ a posteriori estimate under regularity assumptions (Hild, Renard,
Lleras)

a5
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Coulomb friction: a posteriori error estimate

Theorem
Let F > 0 constant, A\ = FA&, & € Diry(uy), where Diry(uy)
subdifferential of u; — |u;|, and assume F ||€|| is sufficiently small

hp hp k
Hu_u HHl/z(F2 +H¢ w HH 1/2(T) +||)‘ ? )\”H 1/2 (To)

2
S ZEeThle = Hf — Sppu” HL?(E) + ZEeTh\pc o HAkq + ShputhL2

+ +
+ Sers e [ (V77 = (6 + 3)0) gy + ((47) " (s = ot?)

2 2

=),
(1t - f(A’“I)tYH

=)+ (][

lee)

H-1/2(T¢)

A-ame) <(‘(Akq)t| - FOMT) ’(“hp)t

(E)
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Coulomb friction: displacement and forces

P, e 025
02
XWX
015 / |
01
o R \
] 1000000
/
005 e 4

(a) Reference (circle), deformed (b) An (cross), A¢ (dot)
(square)

Figure: Solution of the Coulomb-friction problem, uniform mesh 256 elements,
p =1 (GLL/Bernstein)
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Coulomb friction: Error estimator vs. g

10

—8-no negative eigenvalue, GLL/Bernstein|
—%— negative eigenvalue, GLL/Bernstein

< no negative eigenvalue, GLeL

_|[ 2% negative GleL

=
S

Error Estimation
N
S

=
o,
Fy

10

107" 10 10° 10°

uniform discretisation with 256 elements =1
Q=[-3,3%Tc=[- %,% {—5},FN—(99\FC
Elasticity parameters £ = 5, v = 0.45, friction coefficient 0.3.

S —10 SigIl(.Tl)(l + ﬂ?g)(l — 1‘2) exp(flo(x2 + i)g)
t5|de— < 2 g(%+2$2)<%_x2) 10 )

o= (g -npg o)
top _225(% _ $1)2(% + 561)2

-3
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Coulomb friction: meshes

R EARARRRBUEERREREEERERRRRRARAE i R L A B S
il 2 2
P A e B B o 2 21111 2 2 o
PR 2 2
i 1 m 2 2 m
= 1 2 2
ERN 1 i
o 1 i 1 j
1 1 4
1 []2 1 2[]
} 3 |2 2 3
1 m m
3 |2 3 3
1) 2 2 i}
3 3
2 2
A1 1o 111 1114 o bbb & 10 10 101 g1l 3
Bl L1 L1 111111111111§ LRI L 1 L 111 1 Jtioo ]
(a) h-adap. (GLL/Bernstein), mesh (b) hp-adap. (Bernstein), mesh nr. 16
nr. 16 (in), 25 (out) (in), nr. 25 (out)

Figure: Adaptively generated meshes (Coulomb friction)
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Coulomb friction: error of h- and hp-adaptive methods

—8—uniform h, p=1, GLL/Bernstein
—#—uniform h, p=1, GLeL
—6—h-adaptive, p=1, GLL/Bernstein
—<—h-adaptive, p=1, GLeL

—7 hp-adaptive, 3=0.5, GLL H
—%¥— hp-adaptive, 6=0.5, Bernstein
—o—hp-adaptive, 5=0.5, GLeL

Error Estimation
=
o
&
T

10

-5

10 n n n n M| n n n n M| n n n n P

10" 10° 10 10
Degrees of Freedom
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Dynamic contact for wave equation

U:R; x Q- R
RU-AU=0 inRxQ° Q=R*Q,
U=0 fort <O0.

Real problem:
Lamé equation for tire dynamics — tire does not penetrate road

Key engineering problem, analysis challenging
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Dynamic contact for wave equation

U:Rtngc—)R
DRU—-AU=0 inRxQ° Q=RQ,
U=0 fort <O0.

Real problem:
Lamé equation for tire dynamics — tire does not penetrate road

Scalar model problem:
wave equation with contact boundary conditions on G C I' := 012

Ue=20, =5 |,=n,
Ug>0 = —9| =h.
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Dynamic contact for wave equation

U:R; x Q- R
RU-AU=0 inRxQ° Q=RQ,
U=0 fort <O0.

Real problem:
Lamé equation for tire dynamics — tire does not penetrate road

Scalar model problem:
wave equation with contact boundary conditions on G C I' := 92

Recent or ongoing work in FEM: Chouly, Hild, Lleras, Renard, Hauret, Le
Tallec, Wohlmuth, ...
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Dirichlet-Neumann operator for wave equation

UZRtXQx%R
DPU—-AU =0 inR;xQS Q°=R\Q
U=0 fort<o0.

Dirichlet-Neumann operator on I' := 02

ou

S(UJr) = 50 I

Variational inequality in space-time anisotropic Sobolev spaces:
1 ~
Find 0 < u € H2 (R*, H2(G)) such that

D=

1 ~
<Su7v_u>R+XG > <hvv_u>R+XG VOSUEHO%(RJF?H (G)) :
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Dirichlet-Neumann operator for wave equation

U:RixQ, =R
RU—-AU =0 inRyxQS Q°=R\Q
U=0 fort <O0.

Variational mequahty in space-time anisotropic Sobolev spaces:
Find0<ue H2(]RJr H?2(G)) such that

1
(Su,v = Wgs i > (hv—Wrirg ¥ O0<veHZRY, HI(G)).

Q=R?%, G CT bounded polygon.
Existence of solutions for smooth h: Lebeau — Schatzmann '84,
students of Eskin, including Cooper '99.
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Space-time Galerkin discretization (tensor products)

o I' = UM T; (quasi-uniform) triangulation
° V,f piecewise polynomial functions of degree p on I' = Uf\ill}
(continuous if p > 1)

0,T) = UL_[tn_1,tn), tn = n(At)

V3, piecewise polynomial functions of degree ¢ in time (continuous
and vanishing at t =0 if ¢ > 1)

tensor products in space-time: V;'{, =V @ V{,

V}f’gt subspace vanishing at boundary

a5
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Discretized mixed formulation

, =11 0,0+
Find (un, Aty s Ahg,Aty) € Vi at, X Via Ar, such that

(a) <Suh1,At1avh17At1> - </\h2,At27Uh1,At1> = <h7 Uh17At1>
(b) <Uh1,At17,Uh27At2 - )‘h27At2> 2 07

~11 0,0,+
for all (vp, Aty s Hho,Aty) € Vh1,At1 X th,AtQ-

Theorem: Both the continuous and discretized variational inequalities
admit unique solutions.

Theorem: Uzawa algorithm converges for discrete problem.
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Discretized mixed formulation

0707+
VhQ’At2 such that

Find (uhhAtl’ >‘h2,At2) € ‘7}1117,1&51 X
(CL) (Suh17At1’vh17At1> - </\h2,At27Uh1,At1> = <ha Uh17At1>
(b) <Uh1,At1,,Uh2,At2 - >‘h27At2> >0,

0,0
V77+

~1,1
for all (vp, Aty s Hho,Aty) € VhLAt1 X Vi Aty

Error analysis based on:

Theorem (space-time inf — sup)
Let C > 0 sufficiently small, and % < C'. Then there exists

a > 0 such that for all A, p,:

<vAt1 Jhis )‘Atg,h2>

sup

2 [ Aaty,hollo,~1 5 -
VAt ,hy |’UAt1,h1HO7%7U7* 2,h2110,— 2,0
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Discretized mixed formulation
Find (wn, Aty s Ahy,Aty) € ‘7,111”1&1 X V}?Q’?E;Q such that
{(a) (Stuhy Aty Uhat) — iAo Vhnat) = (1 O An,)
(b) (Uhy, Aty ho,Ats — Aho,Aty) = 0,
for all (Vh, Aty s Pho,Aty) € ‘N/hll”lAtl X V,?Q’?’AJQQ.

The inf-sup condition implies a priori estimates similar to Brezzi — Hager —
Raviart '78:

Theorem (a priori error estimate)

. 5 _1
IA=Aats hollo 15 S _inf [[A=Aas hollo, 1 o + (At1) 72 [Ju = was ]
Atg,hg

YT

Hu — UAL; by "_%7%707* rga UAitrfhl HU — VAt H%,%,a,*

+ it {IRaimrs = Ally 1o+ IRtz b = Aatanally
)\At2,h2 29 27 2

v
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Experiment 1: Contact Su > h on flat screen
[=[-222x{0} DG =[-L12x {0}, 0<t <5 £ =07
h = e~ 24 cos(2mz) cos(27Y) X[-0.25,0.25) (%) X [~0.25,0.25] (V)

relative L2([0, 7] x T')-error against benchmark with 12800 triangles,
At — N NR

10°¢

Relative L , error in space-time

-3 1 1 1
10
10t 102 10° 104 10°
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Experiment 2: Su > h with non-flat contact

I'=[-2, 2]3 D I'c = 3 faces (top, left, back), 0 <t < 4, ﬁ—; =0.7

h as before, on every contact face

relative L2(]0. T x T')-error against benchmark

10%¢

107 F 4

Relative L , error in space-time

-3 L L P L L P L
10
102 108 10* 10°
Degrees of Freedom
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Experiment 2: Su > h with non-flat contact

| — — | — — | — — | —
10 10
004 3 004 3
0035 0035
25 25
003 003
2 2
0025 0025
002 A 15 002 15
o015 o015
1 1
001 001
05 05
0.005 0.005
2 2 2 2
0 1 o 1 0 1 o 1
2 0 2 o 2 0 2 o
o 1 o 1 o 1 o 1
2 2 2 2 2 2 2 2
— | — — | — — | — — | —
10 10
004 3 004 3
0035 0035
25 25
003 003
2 2
0025 0025
002 15 002 15
0015 - 0015

001 001 o
05 05
0005 0005
2 2 . 2 2
0 1 0 f 0 1 0 f
2

(c) t=5.5 (d) t=6
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Conclusions

@ Boundary elements solve static or dynamic contact problem on T’

@ Barbosa-Hughes stabilization of hp-methods for BEM:
a priori estimates for Tresca friction: convergence, estimates not
optimal due to S # Sy,
a posteriori error estimates for Tresca and Coulomb

@ a priori estimates for dynamic contact in cases where existence of
solutions is known

@ Recent & current work on time domain BEM:
a posteriori analysis and adaptivity, not yet contact (with Stephan)
stabilization of dynamic contact (with Barrenechea)
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